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Editor’s Statement 


A large body of mathematics consists of facts that can be presented and 
described much like any other natural phenomenon. These facts, at times 
explicitly brought out as theorems, at other times concealed within a proof, 
make up most of the applications of mathematics, and are the most likely to 
survive change of style and of interest. 

This ENCYCLOPEDIA will attempt to present the factual body of all 
mathematics. Clarity of exposition, accessibility to the non-specialist, and a 
thorough bibliography are required of each author. Volumes will appear in 
no particular order, but will be organized into sections, each one comprising 
a recognizable branch of present-day mathematics. Numbers of volumes 
and sections will be reconsidered as times and needs change. 

It is hoped that this enterprise will make mathematics more widely used 
where it is needed, and more accessible in fields in which it can be applied 
but where it has not yet penetrated because of insufficient information. 


GIAN - CARLO ROTA 
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Foreword 


The Cauchy problem (whose name was coined by Jacques Hadamard in 
his classical treatise Lectures on Cauchy’s Problem in Linear Partial Differen- 
tial Equations published in the Silliman Lecture Series by Yale University 
Press in 1921) is one of the major problems of the theory of partial 
differential equations, both in its classical form as it arose in the late 
nineteenth and early twentieth centuries and in the modern theory, which 
has seen such a meteoric development since the Second World War. In the 
classical period, it appeared in two significantly different forms: first as the 
basic formulation for the most fundamental result in the theory of partial 
differential equations in the analytic domain—the Cauchy—Kowalewski 
theorem—as well as the classical boundary value problem, which was 
relevant to the study of both the wave equation and the more general class 
of second-order equations of hyperbolic type. In the Cauchy—Kowalewski 
theorem, the basic local existence theorem for a general (or in the classical 
case, general second-order) partial differential equation in analytic form 
with the highest normal derivative near a point on a surface written in terms 
of derivatives of lower normal-order is given in terms of the Cauchy 
data—that is, the prescription of the lower normal derivatives on the 
surface. The Cauchy problem for the wave equation is solvable globally (i.e., 
for the whole space, or at the very least a non-microscopic region) in terms 
of Cauchy data on a non-characteristic surface. 

The present volume is devoted to an extensive development and exposi- 
tion of the application of the concept of the abstract Cauchy problem to 
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partial differential equations. It might therefore be of value for the relatively 
uninitiated reader to have stated in a simple and nontechnical form, the 
reasons that have motivated this concept and that make it worthwhile to 
study the abstract Cauchy problem even in the domain of partial differential 
equations in which the concrete Cauchy problem still plays a major role. 

The reasons appear in the discussions of Hadamard’s book (and his 
papers that it summarizes) where for the first time a clear view was 
developed of the major thrust of the modern theory of boundary value 
problems for partial differential equations. During the last four decades of 
the nineteenth century both mathematicians and mathematical physicists 
(the two fields not being fundamentally distinct at that time) devoted a 
great deal of effort of the highest degree of originality and technical power 
to the study of a number of classical boundary value problems for partial 
differential equations of the greatest significance in mathematical physics, 
complex function theory, and differential geometry. These include in partic- 
ular the Dirichlet problem for the Laplace equation, the initial-boundary 
value problem for the heat equation, and the Cauchy problem for the wave 
equation. Yet it seems justified to say that the significance of these results 
for a general theory of partial differential equations and a corresponding 
theory of boundary value problems was first clarified by Hadamard’s very 
simple criterion for the well-posedness of boundary value problems: that 
solutions should exist for general classes of reasonable non-analytic data, 
that they should be uniquely determined by data in such classes, and 
continuous in appropriate norms on the data and the solutions. Hadamard 
pointed out that many non-classical problems could be easily shown to be 
ill-posed. It is to this criterion and the corresponding analysis of partial 
differential operators in terms of their characteristic forms that we owe the 
basic principles of classification of partial differential equations, a principle 
clearly absent in the fundamental result in the analytic case—the theorem 
of Cauchy—Kowalewski. 

We must look beyond these remarks (which of course appear in every 
contemporary textbook on partial differential equations) to a conceptual 
consequence of considerable historical interest. Hadamard’s remark was 
essentially the application to the concrete analytic area of partial differential 
equations of a fundamental principle from another developing area of 
mathematical study: functional analysis. His criterion could be most clearly 
stated in the general language: Examine the mapping or operator T, which 
assigns to each datum element f the corresponding solution u of the 
boundary value problem. Then the problem is well-posed if u = T(/) is 
well-defined for each f, and continuous from the space of data (ap- 
propriately normed) to the space of solutions. 

The abstract Cauchy problem is both a refinement and a more specific 
form for the direction of thought implied by Hadamard’s criterion. Whatever 
the formal dates may be for its detailed formulation, it seems to have arisen 
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between the two World Wars as a response to developments in two 
originally distinct mathematical domains. Most explicitly, it appears in the 
study of the initial-value problem for the Schrédinger equation, which is 
central in the Schrodinger formulation of the quantum theory, an ordinary 
differential equation of first order for an unknown function u from the real 
line to an infinite-dimensional Hilbert space. The initial-value problem for 
this equation, 


du i 
a 7 REC), 


gives a paradigm for the study of such initial-value problems in infinite- 
dimensional spaces. The corresponding development in the 1930s and 
beyond of the theory of Markoff processes and more general stationary 
random processes with such basic principles as the semi-group law em- 
bodied in the Chapman—Kolmogoroff equations gave rise to strong motives 
for the post-war study of the theory of one-parameter semi-groups—that is, 
maps from the non-negative real numbers ¢ in R* to operators U(r) in such 
infinite-dimensional spaces as C((2) or L'(du) satisfying the semi-group law 
U(t)U(s) = U(t + s). The central theme of this study was the determina- 
tion of the infinitesimal generator of the semi-group—that is, an operator A 
such that U(t)f = u(t) could be characterised as the solution (at least for 
suitably nice f ) of the differential equation du/dt(t) = Au(t), with u(0) = f. 
Conversely, the theory of analytic semi-groups [and its extension to the 
corresponding theory of evolution equations that generalize the semi-group 
law to the corresponding composition conditions that are valid for ordinary 
differential equations 


& = A(s)u(s)] 


developed a sophisticated apparatus for the generation of semi-groups by 
linear operators A (usually closed and densely defined but not continuous), 
which is a significant branch of the modern theory of linear functional 
analysis. More recently still, there has been a very flourishing development 
of a corresponding theory for nonlinear operators A and nonlinear map- 
pings U(t), the latter being non-expansive or Lipschitzian mappings, which 
has extended a significant part of the linear theory to the nonlinear domain. 

The present volume by Professor Fattorini appears at an interesting 
juncture in this process of development. The paradigm of the theory of 
one-parameter semi-groups of linear mappings and their relation to their 
infinitesimal generators has reached and passed its apogee. Even the nonlin- 
ear theory has probably achieved its principal goals as far as very general 
results are concerned. Yet the application of this now-classical machinery to 
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the basic core of problems concerning the classical equations of mathemati- 
cal physics has not been thoroughly exposed and digested in the expository 
literature available to nonspecialists and the mathematically interested in 
various domains of science and engineering. One needs a form of exposition 
to use in the analysis of applied problems rather than on the frontier of 
technical research in this area of functional analysis. 

Professor Fattorini’s book makes an important contribution to this pro- 
cess. Its central concern is with the equations of mathematical physics. It 
spends relatively little space on the other broad theme of application—the 
theory of stochastic processes. This is perfectly natural, however, since the 
nature of the terrain of these two major domains of application have such 
significant conceptual and technical differences. One may hope with such 
treatments as this book presents that the relatively completed paradigm of 
the abstract Cauchy problem will become an easily usable and well-under- 
stood instrument in the domains for which it was designed to apply. 


FELIX E. BROWDER 


Preface 


Consider an initial value or initial-boundary value problem 
u,= Au, u=uy for t=0, (1) 


where A is, say, a partial differential operator in the “space variables” 
X,,..., X,,- It was discovered independently by E. Hille and K. Yosida 
about forty years ago that (1) can be studied to advantage under the form of 
an “ordinary differential” initial value problem 


u’(t) = Au(t), u(0) = uo, (2) 


where now A is thought of as an operator in a suitable function space E, u is 
a function of ¢ taking values in £, and the boundary conditions (if any) are 
included in the definition of the space or of the domain of A. The formal 
similarity of (2) with a system of ordinary differential equations provides us 
with heuristic insight on the original problem; for instance, we may expect 
to be able to write the solution of (2) (thus of (1)) in the form u(t) = 
exp(tA)u, (this is in fact true if the exponential is correctly interpreted). 
Moreover, results on (2) may apply to many different types of partial 
differential equations or even to more general equations, an expectation that 
is borne out in practice. 

A large body of theory along these lines was developed during and after 
the forties and now permeates most advanced treatments of hyperbolic and 
parabolic initial-boundary value problems; it applies equally well to 
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equations not purely differential, such as the neutron transport equation. 
Highlights of this development have been the introduction of dissipative 
operators by R. S. Phillips and the extension of many of the basic results to 
operators A depending on ¢ by T. Kato and H. Tanabe. Finally, the theory 
of the initial value problem (2) has been extended in the last twenty years to 
include nonlinear equations; this has proved to be a deep and fruitful field 
where important research is taking place even today. Along the way, the 
theory of abstract differential equations and its equivalent 
formulation—semigroup theory—have found significant applications in 
many areas; among the most recent have been singular perturbations and 
control theory. We may also mention that semigroup theory has been an 
essential language in such computational developments as finite difference 
methods for partial differential equations. 

Nowadays, many volumes devoted wholly or partly to the treatment of 
semigroup theory exist, foremost among them the encyclopedic treatise of 
Hille and Phillips, still the standard reference in many areas. In contrast, 
accounts of the applications to particular partial differential and other 
equations are scarcer, usually being part of treatises on partial differential 
equations. Other basic applications are only found within the research 
literature and are for this reason not readily accessible to nonspecialists. 

I have attempted to bridge this gap, at least partly, in the present volume 
by collecting some basic results on the equation (2) and on its time-depen- 
dent version that can be readily applied to a variety of equations and are (or 
may be suspected to be) in a reasonably definitive form. Most of the 
material presented is on applications of these results. Anything resembling 
completeness in so vast a field is of course out of the question, but I hope 
the wide range of examples presented will provide the reader with fairly 
general and useful ideas on how to fit an equation like (1) into the mold of 
abstract differential equations, and on what the general results mean when 
applied to particular equations. A specialist may find here and there 
(perhaps in the large bibliography) some new facts; however, the intended 
audience for this book is scientists, engineers, and applied mathematicians 
looking for efficient ways to handle particular problems. 

The prospective reader is expected to have some familiarity with ordinary 
differential equations and a good knowledge of real variable theory, in 
particular the Lebesgue integral and Lebesgue spaces; an acquaintance with 
complex variable at the undergraduate level is sufficient. Also, a knowledge 
of elementary functional analysis is necessary; most of what is needed is 
included, partly without proofs, in the introductory Chapter 0, although the 
only indispensable information there is that on resolvents of unbounded 
operators. No familiarity with the theory of partial differential equations is 
assumed (except in some parts of Chapters 1 and 4); however, some 
information on the classical equations (Laplace, wave, heat) may help to put 
results in perspective. Within these requirements this book is essentially 
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self-contained with the exception of numerous results on Sobolev spaces and 
two on singular integrals, which are stated without proof in Chapter 4. Some 
distribution theory is used through the text; the few facts on vector-valued 
distributions needed in Chapter 8 are presented there with complete proofs. 

The contents of this book can be described as follows. Chapter | consists 
almost exclusively of examples drawn from problems of mathematical 
physics; the resulting equations are treated by ad hoc methods (Fourier 
series and transforms) and the results provide motivation for the definition 
of well-posed Cauchy problem. The resulting theory is examined in Chapter 
2. Chapter 3 discusses the particular case corresponding to dissipative 
operators and some related facts (such as semigroups in Banach lattices) 
with applications to second order ordinary differential operators and sym- 
metric hyperbolic equations. Chapter 4 is on abstract parabolic equations 
(chiefly the analytic case) and on applications to second order parabolic 
equations. Chapter 5 deals with perturbation theory; the applications 
include the neutron transport equation and the Schrodinger and Dirac 
equations with potentials. Other topics include continuous and discrete 
approximations to abstract differential equations, among them finite dif- 
ference methods, which are illustrated with a parabolic initial-boundary 
value problem. Further considerations on the idea of well posed problem 
are found in Chapter 6, where formulations different from that of Cauchy 
problem are introduced in several examples. The theory of the equation (2) 
with A depending on ¢ is the subject of Chapter 7. Finally, we present in 
Chapter 8 a brief account of the theory of the Cauchy problem in the sense 
of distributions. Here the restriction to purely differential equations of the 
type of (2) is unreasonable and we consider instead hereditary equations; 
relations with system theory are pointed out. In the case of the equation (2) 
this formulation is seen to be equivalent to the so-called mildly well-posed 
Cauchy problem, brought into existence as a tool for the treatment of 
hyperbolic equations with multiple characteristics. 

Some shortcuts through the text will be evident to the reader. For 
instance, Chapter 1 may be passed over except for the definition of 
well-posed Cauchy problem and for some results on self-adjointness of the 
unperturbed Schrodinger and Dirac operators to be used in Chapter 5. 
Chapters 2, 3, and the first two sections of Chapter 4 are basic for the 
understanding of most of the subsequent material, as are Sections 1 and 3 of 
Chapter 5; the rest of these chapters and the remaining ones are fairly 
independent of each other. 

Numerous paragraphs labelled “Example” can be found throughout the 
text. Some of these are worked out in detail; others are not and should be 
understood as exercises. The most difficult ones are starred and references 
are given. 

Sections and paragraphs in small type can be omitted without detriment 
to the comprehension of subsequent material. 
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Each chapter ends with “Miscellaneous” comments; these give historical 
information, discuss parts of the theory not treated in detail, and provide 
bibliographical indications. 

The selection of topics reflects of course the tastes and limitations of the 
author. Without a doubt, the most important subject we have not covered is 
that of nonlinear equations (although some references to quasilinear equa- 
tions are found in Chapter 2). Even within the field of linear equations 
much has been omitted or is barely mentioned in passing. Some of these 
topics are: applications of semigroup theory to probability, random evolu- 
tions and differential operators of order greater than two, as well as the 
theory of the equation (2) not directly associated with the well posed 
Cauchy problem. 

I am happy to acknowledge my indebtedness to numerous individuals 
and institutions in relation to the writing of this book. A set of lecture notes 
that became part of Chapters 2, 3, 4, and 5 was written during 1972 and 
1973 at the Universidad de Buenos Aires, in preparation for a projected 
course on applications of functional analysis. My thanks go to my col- 
leagues there for making possible a fruitful stay, which would not have been 
viable without the support of the Consejo Nacional de Investigaciones 
Cientificas y Técnicas of Argentina. Likewise, I am grateful to my col- 
leagues at the Universita di Firenze and to the Consiglio Nazionale delle 
Richerche of Italy for their arrangements for my visit during the spring of 
1975, at which time the actual writing began. 

Finally, I wish to point out that the completion of this book would have 
been impossible without the effective and understanding support of the 
National Science Foundation given during the entire period of its prepara- 
tion. 

To my wife Natalia go my sincere thanks for her patience and under- 
standing, as well as for her constant encouragement. 
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Chapter 0 


Elements of Functional Analysis 


1. BANACH AND HILBERT SPACES. BOUNDED OPERATORS. 
INTEGRATION OF VECTOR-VALUED FUNCTIONS 


We shall denote by E, F, X, Y,... etc. real or complex Banach spaces; a 
Hilbert space will be named H. Unless otherwise stated all spaces will be 
assumed complex. We denote by ||-||,, the norm in a Banach space E, by 
(-,+),, the scalar product in a Hilbert space H, and by (E; F) the space of 
all linear bounded operators from E into F endowed with the norm 
|| A]| = sup{|| Au] -3||ul| <1} (the “uniform operator norm’). Clearly we 
have ||Au||- <||Allcz. ry|lulle; also, if AE (F; X) and BE(E; F), then 
ABE (E; X) and ||AB||cz. x) <||Allcr. xyl|Bllcz, ~). When confusion is not 
likely (that is, nearly always), we shall drop the subindices from norms and 
scalar products; also (E; E) sometimes will be abbreviated to (£). 
The following two results are basic. 


1.1 Banach-Steinhaus Theorem. Let {A,,) be a sequence in (E; F) 
such that (a) ||A,,|| < C for all n. (b) lim A,,u exists for u in a dense subset of E. 
Then Au=lim A,,u exists for allue E, AE (E; F), and ||A|| < limin{] A,]||. 


1.2. Uniform Boundedness Theorem. Let % be a subset of (E; F) 
such that {Bu; B&&) is bounded in F for each u€ E. Then ||B\|<C 
(B € 8); that is, & is bounded in (E; F). 
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For proofs see Hille-Phillips [1957: 1, pp. 41 and 26]. 


We recall that invertible operators are an open subset of (E; F). In 
fact, if A € (E; F) possesses an inverse A~'€ (F; E), then so does every 
operator B € (E; F) with ||B — Ajj <||A~ ‘|| ' and 


oe BYA') (FE); (1.1) 


the series convergent in the norm of (F; E) in the range of B indicated 
above. 

Given A € (E), the resolvent set of A (written p or p(A)) is the set of 
all complex A such that AJ — A (J the identity operator in £) has an inverse 
R(A) = (AI — A)! €(E), which is called the resolvent or resolvent operator 
of A. The complement o = o( A) is the spectrum of A. As a consequence of 
our previous observations on inverses, we deduce that p(A) is always open; 
precisely, if \ € p( A), then every p with |u — A| <||R(A)||_' belongs to p( A) 
and 

R(w)= Y (A-H)"R(AN"™, (1.2) 
n=0 
the series convergent in the indicated range; moreover, p( A) contains the set 
{A;|A| > ||Al]} and 


RU a Ne OA (t3} 
n=0 


In particular, p( A) is never empty and o(A) is compact. It can be shown 
(Hille-Phillips [1957: 1, p. 125]) that o( A) is nonempty as well. 

If E is a real Banach space, all the previous statements have an 
immediate counterpart, except that o(A) may be empty (this can be 
exemplified by a real matrix without real eigenvalues). 

Back in the general case, let f be a function defined in a compact 
interval a<t<b and taking values in E. If f is continuous (or only 
piecewise continuous), the Riemann integral of f can be defined and shown 
to exist in the same way as in the scalar case as a limit of Riemann sums, 


[1 di= lim ay arr dees 


the limit understood in the norm of E£. Integrals over multidimensional sets 
are similarly defined, and improper Riemann integrals (that is, integrals 
over noncompact sets) are obtained in the usual way as limits of integrals on 
a convenient sequence of compact subsets. All the properties of ordinary 
Riemann integrals that make sense in the vector-valued setting can be 
proved by rather trivial modifications of the classical proofs. An important 
existence criterion for improper integrals (which, to fix ideas, we state only 
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for the real line) is the following: if J is a (finite or infinite) interval in 
IR = (— 00, 00) and fis an E-valued piecewise continuous function defined in 
J and such that || f(-)|| is integrable in J, then f is integrable over J and 


Lo dt 


This result holds as well, of course, in multidimensional regions. We note in 
passing that the fundamental theorem of calculus holds: if f is an E-valued 
continuous function defined in a < t < b and 


a(t) =f f(s) ds, (1.5) 


< fif(oilat. (1.4) 


then 
Bay) (eat =), (1.6) 


the derivative understood as the limit in E of the corresponding quotient of 
increments. Conversely, if g is continuously differentiable in a <¢ < b with 
derivative f, then g is given by (1.5) modulo a constant (that is, modulo an 
element of E that does not depend on £). 

Let A(-) be a function defined in an interval J of the real line with 
values in (FE; F). If A is continuous, the previously outlined integration 
theory can be automatically applied to it. However, we shall have to 
contend most of the time with functions that are merely strongly continuous, 
that is, such that t > A(t)u is continuous in F for each u € E. The integral 
can then be defined “elementwise”’; that is, although {A(7) dt may not make 
sense, fA(t)udt does for every u € E. We state the following useful result, 
restricted for definiteness to the real line. 


1.3 Lemma. Let A(-) be strongly continuous in an interval J. As- 
sume that || A(-)|| is integrable in J. Then the operator defined by 


Au= [ A(t)udt (1.7) 
i 
belongs to (E; F’); precisely, 
Alls [IAC)iae. (1.8) 
af 


The proof is an immediate consequence of (1.4) and the preceding 
comments. 


We note in passing that the integrand in (1.8) is not necessarily 
continuous under the present assumptions. However, ||A(t)|| = 
sup{|| A(t) u||; ||u|| < 1}, where each ¢ — || A(t) u|| is continuous, so that || A(-)]| 
is lower semicontinuous. On the other hand, if J’ is a compact subinterval of 
J, \|A(-)ul| is continuous, hence bounded in J’ for each u€ E. It follows 
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from the uniform boundedness theorem (1.2) that || A(-)|| is bounded in J’. 
This gives sense to the integrability assumption in Lemma 1.3. 

A rather complete exposition of the theory of Riemann (or, more 
generally, Riemann-Stieltjes) integration of vector-valued functions can be 
found in Hille-Phillips [1957: 1, Sec. 3.2] and in Hille [1972: 1, Sec. 7.4]. We 
shall also use a few times the theory of Lebesgue integrals (as generalized by 
Bochner) of vector-valued functions, which is in Hille-Phillips [1957: 1, Sec. 
3.7] and Hille [1972: 1, Sec. 7.5]. We note that both integration theories can 
be made to function equally well in a real or in a complex space. 


2. LINEAR FUNCTIONALS: THE DUAL SPACE. 
VECTOR-VALUED ANALYTIC FUNCTIONS 


Using the notation in the previous section we define E*, the dual of E, as 
E* =(E;C) (C the complex numbers). The elements of E* are the bounded 
linear functionals in E. Application of a functional u* € E* to an element u 
of E will be denoted (u*,u), u*(u), or (u,u*). It is clear from the 
definition of the norm in E£* that the “Cauchy-Schwarz inequality” 


Ku*, u >| < |u| [lu (2.1) 


holds for all ue E, u*¥ € E*. 
The existence of abundant linear functionals in E is assured by the 


2.1 Hahn- Banach Theorem. Let N be a subspace of E,f: N->C a 
linear functional such that | f(u)| < C||u|| (u€ N). Then there exists a u* © E* 
such that (a) u*(u) = f(u) (uE N). (b) |lu*|| < C. 


Theorem 2.1 is actually a very particular case of the general 
Hahn-Banach theorem whose proof can be found in Banach [1932: 1, p. 27] 
or Hille-Phillips [1957: 1, p. 29]. We note that the Hahn—Banach theorem 
holds also in real spaces (actually, this was the case originally proved by 
Banach). 


2.2 Corollary. Let N be a closed subspace of E, u€ E. Then there 
exists a functional u* © E* such that u*(N)= {0}, u*(u)=1, ||u*|| =1/d, 
where d = dist(u, N) > 0. 


The proof is immediately obtained by defining a functional f in the 
subspace (w = v + Au; v © N, A € C} generated by N and u by f(v + Au) =A 
and applying Theorem 2.1 (see Hille-Phillips [1957: 1, p. 30]). Taking N 
itself equal to {0}, we obtain 


2.3 Corollary. Let u€ E. Then there exists a u* € E* with 
(u*, uy = lull? = lle ||?. (2.2) 
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By virtue of the obvious bilinearity of the function {u*, u} > (u*,u), 
an element u € E gives rise to a u** € E** = (E*)* through the formula 


(Usa XU (2:3) 


It is clear that the map u— u** from E into E** thus obtained is linear; 
moreover, it follows from (2.1) that ||u**|| ,«. < ||u||,,, and from (2.2) that we 
actually have ||u**|| -+» = ||u||. We thus see that E can be identified (linearly 
and metrically) with a subspace of E**; in a less precise fashion we may say 
that. “-E is. a closed subspace of .E**.” If E=£**—that-is, if .every 
continuous linear functional in E* can be expressed by the formula (2.3) for 
some u € E —we say that the space E is reflexive. 

Let 2 a domain (open connected set) in the complex plane, and /(¢) 
a function defined in Q with values in E. We say that f is analytic, or 
holomorphic, in if the derivative f’({) exists (as the limit in the norm of E 
of the corresponding quotient of increments) for all § @Q. We can also 
define analyticity by means of linear functionals as follows: fis analytic in Q 
if and only if the scalar function (u*, f(-)) is analytic in Q for all u* © E*. 
Clearly the first definition implies the second. Remarkably enough, the two 
are actually equivalent. If A(-) is an (£; F’)-valued function defined in Q, 
the first definition of analyticity (existence of the limit of the quotient of 
increments in the norm of (E; F)) is likewise equivalent to the statement 
that (u*, A(-)u) is an ordinary analytic function for any u€ E and any 
u* © F* (for a proof see Hille-Phillips [1957: 1, p. 93]). Vector-valued 
analytic functions share most properties of ordinary analytic functions. 
Roughly speaking, the proofs are carried out by imitating the proof for the 
scalar case (replacing when appropriate modulus by norm) or by applying 
functionals and then using the scalar theory. We state a few facts that will 
be of use later. 


2.4 Lemma. Let f be a E-valued analytic function in Q. Then (a) if T 
is a simple closed contour such that V and its interior are contained in Q, then 
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(2.4) 


if z belongs to the interior of and I is oriented counterclockwise. (b) If z EQ 
f can be developed in power series about z, 


(oe) 


UD Spee PA (2.5) 


where a,, = f‘"(z)/n! and the series (2.5) converges absolutely and uniformly 
in |§-—z|<d’ if d’<d=dist(z, boundary of Q) (that is, La,|||f — z|” 
converges uniformly in |§ — z| < da’). 
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2.5. Lemma. An arbitrary power series La,(§ — z)" with coefficients 
in E converges absolutely and uniformly in |\{ — z|< d’ if d’<r, 


1/r = limsuplja,,||'”” (2.6) 


and diverges if |{—z|>r. The function f(§)=La,({—z)" is analytic in 
| — z| <r and the successive derivatives are obtained by differentiation of (2.5) 
term by term. 


For the proofs of these and other results the reader may consult 
Hille-Phillips [1957: 1, Sec. 3.11]. We note the following interesting conse- 
quence of Lemma 2.5. Let A€ (E). Define r = r(A), the spectral radius of 
A, by r=sup{|A|; A € o(A)}. It follows from (1.2) that R(A) is analytic in 
o(A). Applying then Lemma 2.4 to R(1/A), we deduce that (1.3) must 
converge for |A| > 7; thus it results from Lemma 2.5 that 


r(A) =limsup]||A"||'””. (2.7) 


We note finally that the limsup on the right-hand side of (2.7) is actuaily a 
limit; this follows from Polya-Szego [1954: 1, p. 17, Nr. 98] and from the 
obvious inequality ||A’’*”|| < || A|]’"|| Al”. 

A thorough treatment of the theory of vector-valued analytic func- 
tions can be found in Hille-Phillips [1957: 1, Ch. 3] and also in Hille [1972: 
1, Ch. 8]. We note in particular that the facts concerning Laurent series and 
development in power series about singular points extend to the present 
case. 


3. UNBOUNDED OPERATORS; 
THE RESOLVENT. CLOSED OPERATORS 


We shall deal most of the time with operators (e.g., differential operators) 
that are neither bounded nor everywhere defined. We extend then our 
previous definition of linear operator by allowing A to be defined in a 
subspace D(A) of a Banach space E and to take values in another Banach 
space F. Only the case E = F will be used. The subspace D(A) is called the 
domain of A; in most instances D(A) will be dense in E (we say then that A 
is densely defined) but not always. The sum of two operators is defined by 
(A+ B)u= Au+ Bu with D(A+ B)= D(A)N D(B) while the product or 
composition is (AB)u = A( Bu), where D( AB) consists of all u€ D(B) with 
Bu € D(A). (Note that, even if A and B are densely defined, A+ B and AB 
may not be; in fact, both D(A + B) and D( AB) may reduce to {0).) If A is 
bounded (|| Au|| < C||u||, uw € D(A)) and densely defined, we can extend A by 
continuity to all of E; we shall then usually assume that all bounded 
operators are everywhere defined. 

An intermediate notion between that of bounded operator and the 
general definition introduced in this section is that of closed operator. An 
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operator A is closed if and only if whenever {u,,) is a sequence in D(A) such 
that vu, > u and Au, > v for some u,v € £, it follows that u © D(A) and 
Au=v. Clearly a bounded, everywhere defined operator is closed. An 
equivalent definition of closedness is the following. Consider the Cartesian 
product E xX E endowed with any norm that imparts to it the product 
topology (for instance, ||(u, v}|| -.¢ = ||u||+||ol)). Then E x E is a Banach 
space. The graph of the operator A is 


['(A) = ({u, Au}; ue D(A)}. 


Clearly P(A) is always a subspace of E X E and it is closed if and only if A 
is closed according to the previous definition. 
A fundamental result is: 


3.1 Closed Graph Theorem. Let A be closed and everywhere de- 
fined. Then A is bounded. 


This theorem is equivalent to the following result, which is of great 
importance in its own right: 


3.2 Open Map Theorem. Let BE(E; F). Assume that B(E)= F. 
Then if U is an open set in E, B(U) is an open set in F. 


3.3 Corollary... Let BE(E; F). Assume that B is one-to-one and 
B(E) = F; that is, assume that B has an inverse B~'. Then B~' € (F; E). 


For proofs of these and more general results, see Banach [1932: 1, p. 
38], Hille-Phillips [1957: 1, pp. 46-47], or Dunford-Schwartz [1958: 1, pp. 
55-58]. 


3.4 Lemma. Let A be a closed operator in E. Assume that u(-) is 
defined in a (bounded or unbounded ) interval J and takes values in D(A); 
suppose, moreover, that u(-), Au(-) are continuous (or only piecewise continu- 
ous) and that ||u(-)||, || Au(-)|| are integrable in J. Then [,u(t) dt € D(A) and 


Af u(t) de= f Au(t) de (3.1) 


The proof is immediate for compact intervals; in fact, we only 
have to approximate fudt by a sequence of Riemann sums u, = 
Le (ten — tk-1,n)UCEx,») and observe that Au, is a sequence of Riemann 
sums approximating /Audt. If J is not compact, we approximate /,udt by 
f,udt, where J, is a sequence of compact subintervals of J, and apply the 
previous observation. 


Naturally, this result can be greatly generalized; the integral may be 
multidimensional or understood in the sense of Lebesgue—Bochner. For a 
very general statement the reader may consult Hille-Phillips [1957: 1, p. 83]. 

Given an operator A (not necessarily densely defined) in E, we 
define, as in the bounded case, the resolvent set of A (denoted again p(A)) 
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as the set of all complex A such that AJ—A has a bounded inverse 
R(X) = R(A; A). In the present situation this means 


(XL ARK) =I (3.2) 


and 
R(A)(AI—A)u=u (ue D(A)). (3.3) 


Note that, in view of the definition of the domain of the composition of two 
operators, (3.2) includes the requirement that R(A)E C D(AI — A) = D(A). 
The spectrum of A, o(A), is again defined as the complement of p(A). 
Unlike as in the case where A is bounded, there are examples where p( A) or 
o(A) are empty, but it is still true that p(A) is open and that R(-) is an 
analytic function in p(A). Its Taylor development about A © p(A) is given 
as before by 


R(w)= Y (A—p)"RA)"™, (3.4) 
n=0 

the series convergent in (E) for |u—A|<||R(A)||~' (in particular, every 
such p belongs to the resolvent set p(A)). For a proof see Dunford-Schwartz 
[1958; 1, p. 566]. An important ingredient in the proof is the following 
observation: if B € (E; E) is one-to-one, then its inverse B~' (which may 
not be everywhere or even densely defined) is closed. This shows that 
AI — A=R(A)7! is closed if A € p(A), a fortiori A itself is closed. The 
converse is not true: a closed operator may very well have an empty 
resolvent set. It follows immediately from (3.4) that powers and derivatives 
of the resolvent are related by the following formula: 


ROO eA Hea) 1 SCA apts ie (3.5) 
An immediate consequence of formula (3.4) and following comments is: 


3.5 Lemma. Let the sequence {X,,} belong to p(A); assume that 
\,, 2A and that ||R(A,,)|| remains bounded (or, more generally, that ||R(X,,)|| 
= 0(|A—A,,|). Then \ € p( A). 


In fact, the disk |u — A,,| <||R(A,,)||| must be contained in p(A) for 
all n; for sufficiently large n the disk contains A. 


In intuitive terms, Lemma 3.5 states that “the resolvent must blow 
up (rapidly enough) when we approach the spectrum.” 

The next result, equally elementary, establishes that the resolvent 
may be constructed by analytic continuation. 


3.6 Lemma. Let Q be an open connected set in © such. that 
QM p( A) # @, and let Q(X) be a (E)-valued analytic function in Q such that 
Q(A) = R(A) in 2 p(A). Then QC p(A) and Q(A) = R(A) in Q. 


To prove Lemma 3.6 use Lemma 3.5 as follows. Take A, € 2. p( A), 
A € @ and join them by a curve I in Q. Let [’=I'M p( A). Then I’ is open 
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in TP; but R(A)=Q(A) remains bounded in I’ so that by Lemma 3.5 I’ 
must as well be closed in p(A). By connectedness ['’=T. 


Equalities (3.2) and (3.3) are sometimes called the first resolvent 
equation(s). The second resolvent equation, which results rather easily from 
the definition, is 


R(A)— R(n) = (H-A)R(ANR(w) (A, HE p(A)). (3.6) 

Another useful equation involving the resolvent can be obtained 

taking u € D(A”), writing (3.3) in the form R(A)u=A7~'w+A7'AR(A)u, 

replacing the left-hand side into the right-hand side, and iterating. The 
result is 


+2 R(X) AM (\ € p(A),A #0). (3.7) 


We have observed in the previous section that if A is bounded, then 
R(A) exists for |A| large enough. This property is shared by the resolvents of 
some unbounded operators. However, we have: 


3.7 Lemma. Assume R(A) exists for |\|>a and has a pole at 
infinity. Then A is bounded. 


In fact, we must have 
BON) = i MB HIN): (3.8) 
(= —CS 
where B, €(E) (~o<n<m). The coefficients are given by the usual 
formulas 
1 


Bn Signe 


sf A" DR(A) dA, 
|A|=a+l 


and it follows then from Lemma 3.4 that B,(£)C D(A). Making use of 
(3.2) in (3.8) and equating coefficients in the power series thus obtained we 
arrive at the relations B,, =0, B, = AB,,, (n* —1), B_, = AB, + J, which 
show that B, = B,=--- =B, =0, B_,=I, B_,=A, so that AE (E) as 
claimed. 


3.8 Example. (a) Let E = L’(0,1) (see Section 7), A the operator 
Au(x)=u'(x), (3.9) 


D(A) defined as the set of all u € L*(0, 1) that are absolutely continuous in 
0 <t<1 and such that u’ € L*(0,1). Then A is densely defined and closed 
but p(A) = (the equation (AJ — A)u=v has multiple solutions.) (b) Let 
By be the restriction of A defined by u(0)=0. Then B, is densely defined 
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and p(B,)=C. R(A) has an essential singularity at infinity. (c) Let B be the 
restriction of A defined by u(0)=u(1)=0. Then p(B)= (the equation 
(AI — B)u=v has no solution except for certain right-hand sides.) 


It is sometimes useful to classify complex numbers in the spectrum of 
an operator. We shall only single out eigenvalues —that is, complex num- 
bers A such that there exists u © D(A), u+ 0 such that (AJ — A)u=0, or 


Au=Xu. (3.10) 


Solutions u+0 of (3.10) are called eigenvectors (corresponding to the 
eigenvalue A); when A is an eigenvalue, the set of all solutions of (3.10) is a 
nontrivial subspace E(A) of E called the eigenspace corresponding to i. If A 
is closed, its eigenspaces (if any) are closed. Given an eigenvalue A, a vector 
u © D(A") is called a generalized eigenvector if there exists an integer m > 1 
such that 

(AI— A)”"u=0 (3.11) 
for some u € D(A”), u * 0; generalized eigenspaces E,()) are defined in the 
obvious way. A generalized eigenvector has degree m if it satisfies (3.11), but 
(AI — A)” u +0 for m’<m; the degree of an eigenvalue ) is the maximum 
of the degree of all its generalized eigenvectors (which may be infinite). 
Equally infinite may be m(A), the multiplicity of X, defined as dim E() and 
dim E,(A), the generalized multiplicity of X, denoted m,(A). Obviously 
E(X)CE,(X), so that m(A) < m,(A). 


3.9 Example. Spectral theory of finite-dimensional operators. Let E = 
Cc” (C”™ is m-dimensional unitary space), A an operator from E into E. 
Then (a) o( A) consists of a finite number of eigenvalues A,,...,A,, (1 <_™), 
(b) E=E,(A,)®--- ®E,(A,,), where © indicates direct sum (so that 
TEA) tee ee OU Ny) meen) 


*3.10 Example. Spectral theory of compact operators. An everywhere 
defined operator A in a Banach space E is compact if and only if {Au,,} 
contains a convergent subsequence whenever {u,} is bounded. Then (a) 
o(A) consists of a (finite or countable) sequence {A,,A5,...} of complex 
numbers having an accumulation point at zero when the sequence is infinite, 
and (b) Each nonzero A € o( A) is an eigenvalue with m g(A) <0 (hence 
with finite multiplicity). However, unlike in the finite-dimensional case, the 
space E may not be spanned by the generalized eigenvectors, even in an 
approximate sense. Consider the Volterra operator 


Vu(x)= fu(s) at (23) 


in L*(0,1); A is compact and o(A) = {0}. Since 0 is not an eigenvalue of V, 
V has no generalized eigenvectors at all (see Dunford-Schwartz [1958: 1, 
Sec. 7.4] or Kato [1976: 1, Sec. 3.7] for complete treatments of spectral 
properties of compact operators). 
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3.11 Example. Let 4 be an operator in a Banach space with p(A)+2 
and such that R(A) is compact for some A © p(A). Then: (a) R(A) is 
compact for all A €p(A) (use (3.6) and the fact that the sum of two 
compact operators and the composition of a compact operator and a 
bounded operator is compact). (b) o( A) is empty or consists of a (finite or 
infinite) sequence A,,A,,... of eigenvalues with m,(A,)<oo. If the se- 
quence is infinite, then |A,|— 00. The case o0(A) = is exemplified by the 
operator B, of Example 3.8(b); here Bj '=V (V the Volterra operator 
defined by (3.12)). 


*3.12 Example. A functional calculus for bounded operators. Let 
A€(E), SC(A) the class of all (scalar-valued) functions f holomorphic in 
some open set 0, > o( A) (depending in general on f). For every f € (A) 
we define 


fA) = 55 [FORO A, (3.13) 


where I is a finite union of simple closed curves contained in 0, and 
containing o( A) in their interiors. Then: (a) f(A) € (E).: (b) If f, g © SC(A), 
then f + g and fg belong to K((A) and (f+ g)(A) = f(A)+ g(A), (fe)(A) 
= f(A)g(A). (©) If f(A)=1, g(A)=A, then f(A)=J, g(A)= A. (d) If 
f(A) =2Xa,,X", the series convergent in a disk |A| < a containing o( A), then 
f(A) =a, A", the series convergent in (£). (e) Spectral mapping theorem: if 
f €K(A), then o( f(A)) = f(o(A)) (see Dunford-Schwartz [1958: 1, p. 
566]). The functional calculus can be extended to unbounded operators A 
with “sufficiently small spectrum”; the algebra S((A) consists now of all 
functions f holomorphic in some open set 0, > o(A) and at infinity. For- 
mula (3.13) becomes 


f(A) = f(oo) 1+ == [ f(A)R(A) dd, (3.14) 
Th 


with I described as before. The properties are rather similar to those for the 
case A € (E); for additional details see Taylor [1958: 1] or Dunford-Schwartz 
[1958: 1]. 


4. ADJOINTS 


If B€(E£), its adjoint is defined by the well-known formula ( B*u*, u) = 
(u*, Bu) (ue E, u* & E*). Then B* € (E*) (moreover || B*||¢*) = || Bllczy) 
and 

(A+ B)*=A*+ B*, (AB)*= BtA*, (4.1) 


if A belongs as well to (£) (see Hille-Phillips [1957: 1, p. 43]). The definition 
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of the adjoint is more complicated when we consider unbounded operators. 
Let A be a densely defined operator in E. Then u* € E* belongs to the 
domain of the adjoint A* if and only if u > (u*, Au) is a continuous linear 
functional of u—that is, if there exists v* © E* such that 


(v*,u) = (u*, Au), (4.2) 
and we set 
Atu= ov". (4.3) 


Since we assume D(A) dense in E, (4.2) is sufficient to identify v*, thus A* 
is well defined. It may well be the case, however, that D( A*) reduces to {0}. 
As we shall see below, this rather unfortunate situation can be avoided if we 
impose some mild assumptions on A. To clarify this we begin by identifying 
the dual of E X E endowed with the norm |Ku, v)|| = ||u||+|]o]]. 


4.1 Lemma. The dual space (E X E)* can be linearly and isometri- 
cally identified with the space E*X E* normed with |Ku*, v*)]| p»y p+ = 
max(||u*||,||0*||), an element of E* xX E* acting as a functional on EXE 
through the formula 


CLu*, 08} tS O)) Ue a Cs (4.4) 


The proof is simple. It is clear that (4.4) defines a linear functional in 
E X E whose norm does not surpass max(||w*||,||0*||). These two numbers 
must in fact coincide; if, say, ||u*|| > ||v*||, we can insert in (4.4) elements of 
the form (0, v} with ||v||=1 and ||u*(u)|| arbitrarily close to ||u*||. On the 
other hand, let ® be a continuous linear functional in E x FE. Then ®({u, v}) 
= (u*,v)—(v*, u), where u*, v* are defined by (u*, v) = ®({0, v}) (v € E) 
and (v*,u) = — ®({u,0}) (ue E). 


The reasons for choosing the identification (4.4) over the far more 
symmetric ({u*, v*},{u, v}) = (u*,u) + (v*, v) (which works equally well) 
will be clear in a few lines. 

We digress now briefly. If K is a subset of a Banach space E, we 
define K + C E*, the orthogonal of K, as follows: 


K+ ={u*e E*; (u*,u) =0,uEK). 


It is easy to check that K~ is always a closed subspace of E*. If E is a 
reflexive space, then K ~ + = (K +)+ may be considered as a subspace of E. 
We have: 


4.2 Lemma. Let E be reflexive, K a subspace of E. Then K+ + = K 
= closure of K; in particular, if K is closed, then K++ = K, 


To prove this we observe that K * * 3 K even if K is not a subspace. 
On the other hand, if u¢ K, we may construct through Corollary 2.2 a 
functional u* such that u*(K ) = {0}, u*(u) = 1, which proves that u¢ K+ +, 
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The relation with adjoint theory is established by: 


4.3 Lemma. Under the identification established in Lemma 4.1 we 
have 


P(A) = 1 (A)=—. (4.5) 


The proof is an immediate consequence of (4.2) and the definition of 
orthogonal, and is left to the reader. 


If E is a reflexive space, it is easy to see that the product E X E is as 
well reflexive; that is, E x E can be identified with the dual of (E x E)* = 
E* x E* using formula (4.4). We obtain combining the previous results: 


4.4 Theorem. Let A be densely defined and closed and E reflexive. 
Then D(A*) is dense in E*. 


In fact, if this were not true, we could find a nonzero u€ E with 
(u*,u) =0 for all u* € D(A*). But then (0, vw} © T'(A*)+, and because of 
Lemma 4.2 (0, uv} = (A), which is impossible (A0 = 0 + u). 


If E is not reflexive, D(A*) may not be dense in E*; we note, 
however, that A* is always closed. This follows directly from the definition 
or from (4.5). ee coe 

The operator A is called closable if I'( A) is the graph of an operator 
A, which is then called the closure of A. Clearly A is closable if and only if 
whenever a sequence {u,,) in D(A) is such that u, > 0 and Au, > v, then 
v = 0 (observe than an arbitrary subspace of E X E is the graph of some 
linear operator if and only if it does not contain any element of the form 
{0, v}, v + 0). 

Since an arbitrary set and its closure have the same orthogonal, we 
obtain from Lemma 4.3 that 


(4) =0(4)*=T(A) =1(4)*=1r(49 


that is, A* = A*; the adjoint of a closable operator coincides with the adjoint 
of its closure (so that it is densely defined if E is reflexive). 


4.5 Lemma. Let A be densely defined and closable and E reflexive. 
Then 


A**= A. (4.6) 

In fact, [( A**) = T(A*) + =1(A)+ + =F(A)=I(A) (we have used 

Lemma 4.2 in the third equality). Note that A** =(A*)* is well defined 
since A* is densely defined. 


Computations with adjoints of unbounded operators are consider- 
ably more complicated than those involving bounded operators. For in- 
stance, instead of (4.1) we have 


A*+ B*C(A+B)*, A*B*C (BA)*, (4.7) 
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where A C B means ['( A) C I'(B) (that is, B is an extension of A). To prove 
(4.7) (which is immediate), we assume of course that both D(A) and D(B) 
are densely defined; also in the first inclusion D(A + B), and in the second 
D( BA) must be dense so that every adjoint can be calculated. 

Better results can be obtained if B is assumed to be bounded and 
everywhere defined. In that case we have 


(A*+ B*)=(A+B)*, A*B*=(BA)*, (4.8) 


under the sole assumption that A is densely defined (note that D(A + B) = 
D( BA) = D(A)). The proofs are again a direct consequence of the definition 
of adjoint and are omitted. 


4.6 Lemma. Let A be densely defined. Then 
p(A*) > p(A) (4.9) 


R(A; A*) = R(A; A)*. (4.10) 


and 


Proof. Let A € p(A). By virtue of the first equality (4.8), (AJ — A)* 
= )I— A*; we apply then the second inclusion relation (4.7) obtaining 


R(A; A)*(AL— A*) CL, (4.11) 


which is (3.3) for A*. On the other hand, making use of the rather evident 
fact that 
ACB implies B*C A*, (4.12) 


we apply the second equality (4.8) to R(A; A)(AI — A) CI obtaining 
(AI=A*)R(A; A)* =F. (4.13) 
This shows that A € p( A*) and that (4.10) holds. 


4.7 Corollary. Let A be densely defined and closed and E reflexive. 
Then 


p(A*) = p(A) (4.14) 
and (4.10) holds. 


Proof. According to (4.6), A**= A. The results then follow from 
two applications of (4.9). 


4.8 Example. Let A, By, B be the operators in Example 3.8. Then A* = 
— B, B*=— A, BJ =— B,, BS = — By, where B, is the restriction of A 
defined by u(1) = 0. 


4.9 Example. Let 4€(E), f € S((A) (see Example 3.12). Then 
KB aSftays 
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5. GENERALIZED SEQUENCES. WEAK CONVERGENCE 


A set @ = (a, B, ...) with a partial ordering relation < is called a directed set 
if given a, B € @ there exists y € @ with a< y, B < y. A generalized sequence 
or net in E is a function a> u, from a directed set into E. We say that u, 
converges to u€& E (in symbols, u, > u) if, given e> 0 there exists ag © @ 
with 

|lu—u,||<e whenever a> ap. 


A net {vg; 8 € %) is a subnet of {u,; « € @) if and only if there exists a map 
j: % —.@ with the following properties: u 'i(B) = Ug and for every a € @ there 
exists B € 3 such that if y > 8 in %, then j(y) > @ in @ (note that, although 
we use the same symbols for elements and order relations in the two 
directed sets @ and %, these sets may be quite different). 

A generalized sequence in E is said to converge E*-weakly tou € E if 
and only if 


(Ug, u*) > Cu, U*) 


for all u* © E*, and a generalized sequence {u*} in E* converges E-weakly 
to u* € E* if and only if 
(ug, u) > (u*, u) 


for all u€ E. Clearly both notions are weaker than ordinary convergence; 
note that in the space E* we have two different definitions, that of E-weak 
convergence and E**-weak convergence, the second one being in general 
more demanding than the first since E C E**. Both notions coincide if E is 
reflexive, of course. 

It is easy to see that if wu, > u weakly (in any of the two possible 
ways if the net is in E*), then 


||2¢]| < lim inf]],||, 


where the liminf of a real-valued generalized sequence is defined in the 
same way as for a sequence. 


5.1 Theorem of Alaoglu. Let {u*} be a bounded generalized se- 
quence in E*. Then there exists a subnet {vg} of {ux} that converges E-weakly 
to some u* © E*. 


A proof can be found in Dunford-Schwartz [1958: 1, p. 424]. 
A space E is separable if it contains a countable dense set. The 


following sequential version of Theorem 5.1 holds: 


5.2 Theorem. Let E be separable, and {u*} a bounded sequence in 
E*. Then there exists a subsequence {uy.,)} of (ux) that converges weakly to 
some ue EF. 
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We return for a moment to the matter of adjoints. In case E is not 
reflexive, it is important to have some indication that D(A*) is “large 
enough.” This is provided by the following weak analogue of Theorem 4.4. 


5.3. Theorem. Let A be a densely defined, closed operator in the 
Banach space E. Then D(A*) is E-weakly dense in E* (that is, for every 
u* © E* there exists a generalized sequence {u*)C D(A*) with ux — u* 
E-weakly). 


For a proof, see Hille-Phillips [1957: 1, p. 43]. 


The role of generalized sequences in topology is discussed with more 
detail in Dunford-Schwartz [1958: 1, 1.7.1] or in Kelley [1955: 1, Ch. 2]. 


6. NORMAL, SYMMETRIC, SELF-ADJOINT, 
AND UNITARY OPERATORS IN HILBERT SPACE 


Let H be a complex Hilbert space. Then, as is well known, if u* € H*, there 
exists an element yu* € H such that 


(u*,u)=(yu*,u) (ue). (6.1) 


It is immediate that the map y: E* — E is additive, isometric, and trans- 
forms E* onto £; on the other hand, since (u*,u) is linear in u* while 
(v, u) is conjugate linear in v, we have 


y(Au*) =Ayu* (u*e E*, AEC). (6.2) 


Hitherto we have defined adjoints with respect to the bilinear form 
(u*, u); in the present case we can also use the scalar product (u, v) and the 
operators thus obtained will be called Hilbert space adjoints (we use the 
notation A* for them). Clearly A* is an operator in H (instead of H*), and 
A* and A“ are related by 


= edt eA yA (6.3) 


Most of the time we will ignore this distinction, however, and write A* also 
for A*. This will originate no confusion. A closed, densely defined operator 
A is called normal if 

A*A= AA*. (6.4) 


(This equality of course includes the requirement that D( A*A) = D(AA*).) 
A densely defined operator A is symmetric if 


(Au,v)=(u, Av) (u,v €D(A)). 


Clearly this is equivalent to 
AC A*. (6.5) 
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A is called self-adjoint if 
A= A*. (6.6) 
It is evident that if A is everywhere defined and symmetric, then it is 
self-adjoint (note also that, since 4= A*, A must also be closed, thus 
bounded by the closed graph theorem). Finally, a bounded, everywhere 
defined operator B is called unitary if B* = B~'. 
A projection is a bounded symmetric operator P with 


P* = P; (6.7) 


A spectral measure (denoted P(dX)) is a map from the Borel sets in the 
plane to (H) whose values are projections and which satisfies P(@) = 0, 
P(C) =I, 


P(Ue)u=) Ple,)u (ue E) (6.8) 
for every sequence e,,e,, --- of disjoint Borel sets, and 
Ley Oeste) bes) (6.9) 


for any two Borel sets e,, e. 


6.1 Theorem. Let A be normal. Then there exists a spectral measure 
P(dX) such that P(e)=0 if eNo(A)=2, P(e)H C D(A), and AP(e)D 
P(e)A for any bounded Borel set e (moreover, P(e) commutes with all 
bounded operators that commute with A), the domain of A consisis of all u with 

f_IAPIP(dA) ul? <2 (6.10) 
a(A) 


and 
(Au, v) =f A(P(dA)u,v) (ue D(A),vEH). (6.11) 
0(A) 


Note that L\|P(e,)ull? = L(P(e,)u, P(e,)u) = L(P(e,)u, u) = 
(P(e)u, u) =(P(e)u, P(e)u) = ||P(e)||*, where the e, are disjoint Borel sets 
and e=UVe, so that ||P(dA)u\|? is a measure; the same is true of 
(P(dX)u, v). Moreover, it follows from the definition of P(dd) that 


J 


o( 


||P (dX ) ull? = ul]? (6.12) 
A) 


for every u€@£. Observe next that, since (P(e)u,u)= \|P(e) ull? = 0, 
(P(u)u,v) is a (semidefinite) scalar product so that (P(e)u,v)< 
\| P(e)ull?||P(e)v||? < ||P(e)ul|7||o||?. By the Cauchy-Schwartz inequality, 
| ([A(P(dA)u, v)| <|Jvl|? [AP ||P(dA) ull? so that the right-hand side of (6.11) 
exists and defines an element of H if u satisfies (6.10). 

Theorem 6.1 particularizes to self-adjoint and to unitary operators as 
follows: a normal operator A is self-adjoint if o( A) is contained in the real 
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axis and, conversely, if A is self-adjoint, then A is normal and every element 
in the spectrum is real. It follows that the spectral measure provided by 
Theorem 6.1 vanishes for any e that does not intersect the real axis. 
Therefore, condition (6.10) takes the form 


(ie NI] P(dA)ul|? <0 (6.13) 


and the integral defining A is 
(Au,v)=[~ A(P(dd)u,v) (vED(A),0EH). (6.14) 


We note that o(A) is contained in A > w if and only if (Au, u) > w||u||* for 
u € D(A). Finally, in the case where A = U is unitary, o( A) is contained in 
the unit circle |A| =1 and (6.11) becomes 


(Uu,o)= J _ MP(adr)u); (6.15) 


the spectral measure P(d2) vanishes outside of |A| =1. Observe that when A 
is bounded (which is automatically true in the unitary case) condition (6.10) 
is always satisfied since P must vanish in the complement of o( A). 

The spectral measure in Theorem 6.1 (which is uniquely determined 
by A) is called the resolution of the identity associated with A. 

Theorem 6.1 is the basis of the following functional calculus for A. 
Le. S(A) be the set of all complex-valued Borel measurable functions 
defined in o(A) and essentially bounded with respect to the resolution of 
the identity P(dA) (|f(A)| < C except in a set e with P(e) = 0). Define 


B(ue)=f SA)(P(dr) uv) (u,v€H). (6.16) 


Then ®, is linear in v, conjugate linear in u, and bounded (\®,(u, v)| < 
C||u|| ||o||). Therefore, there exists a unique operator B € (H) with (Bu, v) = 
®,(u, v) (u,v © H). We define then 


f(A)=B. (6.17) 

The functional calculus enjoys the following properties: 
(f+ s)(A)=f(A)+8(4), (fe)(A)=f(A)g(A), (6.18) 
ACA DI = IF IL (6.19) 


where ||f|| indicates the essential supremum of f with respect to P(dX). 
Moreover, if f(A) =1, f(A) = JI. We also have 


FAP fey: (6.20) 


The functional calculus can be defined as well when f is unbounded, in 
which case the operator f(A) will be in general unbounded. We shall not 
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find occasion to make use of this general version. For a proof of Theorem 
6.1 and for further details see Dunford-Schwartz [1963: 1]. 

A problem of considerable interest is that of extending a symmetric 
operator A to a self-adjoint operator, if such an extension exists. To this end 
we define the deficiency indices of a symmetric operator A as follows: the 
positive deficiency index d, of A is the dimension of the orthogonal comple- 
ment of (4+i/)H (which, of course, may be infinite), and the negative 
deficiency index d_ is similarly defined with respect to (A —iJ)H. Then A 
can be extended to a self-adjoint operator if d, = d_ and, in particular, A is 
self-adjoint if and only if d, =d_=0. If d_ and d, are different, this 
extension is not possible, although we can always extend A to a symmetric 
operator such that one or the other of the deficiency indices are zero; these 
operators are maximal symmetric (that is, they are not properly contained in 
any other symmetric operator). 

We note, finally, an important particular case of Theorem 6.1 and of 
the functional calculus. When the spectrum of A consists of isolated points 


A,,A,---, then each A; is an eigenvalue of A with eigenspace H, = P,H, 
P, = P({X,}). Here (6.12) becomes 
Li|Pull? =llull? (we £) (6.21) 
J 


while, by virtue of (6.9), (P;u, Pu) = (P;P,u, u) = 0 if i+ 7. Condition (6.10) 
describing the domain of A becomes 

DIA, IP wll? < 00 

J 


and 
Au= 0d, Pu. 
if 


In particular, it results from (6.19) and the comments following that u can 
be developed in a series of eigenvectors of A, any two terms in the 
development being orthogonal (in fact, eigenvectors corresponding to differ- 
ent eigenvalues are always orthogonal). 


6.2 Example. When 4 is a bounded self-adjoint operator, both the “ho- 
lomorphic” functional calculus in Example 3.12 and the “measurable” 
calculus described above apply. The latter contains the former: if f € 3C(H), 
the operator f(A) can be defined by (6.16) and (6.17). A similar observation 
holds in relation to the functional calculus for unbounded operators in 
Example 3.12. 


6.3 Example. Let A be a symmetric operator. Then its deficiency index 
d, (resp. d_) is the dimension of the subspace H) = {u © D(A*); A*u = Au} 
for any complex A with ImA > 0 (for any complex A with ImA <0). See 
Dunford-Schwartz [1963: 1, p. 1232]. 
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6.4 Example. From the operators in Example 3.8, none is self-adjoint or 
even symmetric. However, iB is symmetric and both deficiency indices equal 
1. For a complex, |a|=1, let A, be the restriction of A defined by the 
boundary condition u(1) = au(0). Then each iA, is a self-adjoint extension 
of iB. If a=e'?, then o(iA,) consists of the sequence of eigenvalues 
=(P + 2k) =a f= YO as 


7. SOME SPECIAL SPACES AND THEIR DUALS 


We denote as customary by R” m-dimensional Euclidean space, the ele- 
ments of R”™ indicated by x = (X,.--,Xj)s ¥ = (Mi5--+> Ym)» and so on. Let 2 
be a Borel subset of R™” and p a positive Borel measure in 2. Given p, 
1< p<oo, L?(Q; p) is the space of all y-measurable functions u in Q with 


1/p 
ll] = Well, = 4 coco. wy = [fjm(irm(as)} < 00. (7.1) 


Here ||-||,, is a norm and L?(Q;) is a Banach space with respect to it. 
(Strictly speaking, the elements of L?(Q;) are not functions but equiva- 
lence classes of functions, the equivalence relation being equality almost 
everywhere with respect to .) The space L*(Q; 1) consists of all u-measur- 
able, p-essentially bounded functions u with the norm 


|u|] = ness. sup{|u(x)|; x € Q) (7.2) 


and is likewise a Banach space; the same observation on equivalence classes 
applies. When p is the Lebesgue measure, we write simply L?(Q; w) = L?(Q). 


7.1 F. Riesz Representation Theorem. Let 1< p<co. Then the 
dual space L?(Q; w)* can be linearly and metrically identified with L? (Q; p), 
p’-'+ p-'=1, an element u* of L? acting on L” as follows: 


(u*,u) = fu*(x)u(x)e (dx). (3) 
Q 

For a proof see Dunford-Schwartz [1958: 1, p. 286] (note that 
inequality (2.1) becomes the Hdélder inequality fu*udu < Ile" || ,-llull_,)- 

The spaces L?(Q; u) are always separable if 1 < p<oo. The space 
L?(Q; w) is a Hilbert space; the scalar product is 


(u,0) = f a(x)o(x)u(de) (7.4) 


(compare with (7.3)). We shall make occasional use of L? spaces of 
vector-valued functions; we limit ourselves here to the finite-dimensional 
case. The space L?(Q;)” consists of all vector-valued functions u(x) = 
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(u,(x),...,u,(x)), where each of the components is -measurable and 


p \/p 
Il“ll, = [fs Homa) < 00 


in the case 1 < p < 00; again L’(Q; uw)” is a separable Banach space, and the 
duals can be identified as in the scalar case. The space L7(Q; .)” is a Hilbert 
space, the scalar product being 


(u,v)= J (u(x), o(x))m(dx) 


- {| 2 Hs) (s)] (a). (7.5) 
j=l 

The other spaces where subsequent developments take place are 
spaces of continuous functions. Let K be a compact subset of R”. The space 
C(K) consists of all continuous functions u in K endowed with the 
supremum norm 


||u|| = sup{ju(x)|; x € K). 


Then C(K ) is a Banach space and its dual can be identified as follows. Let 
XK ) be the space of all finite Borel measures defined in K. For »p € Y(K ) 
define the measure ||, the total variation of w by the formula 


Jue) = supL|n(e,)I, (7.6) 


where e is any p-measurable set and the supremum is taken over all possible 
decompositions of e into a disjoint union of a finite number of u-measurable 
sets {e,}. Then |u| © L(K ) and we can define a norm in 2K’) that makes it 
a Banach space thus: 


[eel = HICK). 


7.2 F. Riesz Representation Theorem. The dual space C(K )* can 
be linearly and metrically identified with L(K ), an element pw of X(K ) acting 
on C(K) as follows: 


(usu) =f u(x)u(dx), (7.7) 


See Dunford-Schwartz [1958: 1, pp. 97, 127 and 265] for the proof of 
a more general result where K may be a compact Hausdorff space. 


Subspaces and extensions of C(K ) will also be used. If J is a closed 
subset of K, we denote by C,(K ) the subspace of C(K ) consisting of all u 
that vanish in J; the dual C,(K )* can then be identified with the quotient of 
+(K ) by the equivalence relation: w, ~ , if 4, and p, coincide outside of 
J—that is, if w,(e)=p,(e) for every Borel subset e of K such that 
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e(\ J =. This space can in turn be linearly and metrically identified with 
the subspace L,(K ) of X(K ) consisting of all measures p with p(J) = 0. To 
see this it suffices to notice that for every » © L(K ), there exists another 
uy © X(K) such that p ~ w, and p.,(J) = 0, the measure p, being defined by 
wj(e)=ph(eN(K\J)); note that w, is the element of least norm in its 
equivalence class. In applications, however, we will most of the time ignore 
the equivalence relation and represent linear functionals by (7.7), the value 
of . on J being irrelevant. The set J will usually be the boundary of K or a 
subset thereof. 

If K is closed but not compact, define C,(K ) to be the space of all 
continuous functions in K with 

| i u(x)=0. 

The space (K) is defined and normed in the same way as when K is 
compact. The identification of the dual of C,(K ) is provided by 


7.3 Theorem. The dual space C)(K )* can be linearly and metrically 
identified with X(K ), an element w © & acting on Cy(K ) according to (7.7). 


Theorem 7.3 is an immediate consequence of Theorem 7.2. In fact, 
let K U{oo} be the Alexandroff or one-point compactification of K (Royden 
[1968: 1, p. 168]). Then Co(K ) coincides with the subspace C,,.)(K U{0o}) 
consisting of all functions in C(K U{oo}) that vanish at oo; accordingly, 
C)(K )* can be linearly and metrically identified with ,,..(K U{oo}), which 
is linearly and metrically isomorphic to U(K ). 


The same observations made in connection with C,(K ) apply to the 
space Cy ,(K ) consisting of all u © C)(K ) that vanish in a closed subset J 
of K: the dual space Cy ,(K )* can be identified with L,(K ) linearly and 
metrically. 

Although we will work most of the time with complex L’, C, C,, and 
» spaces (i.e., the functions and measures take complex values), we shall 
also find occasion to use spaces of real-valued functions. When necessary to 
distinguish between the two cases we shall do so by means of the subindices 
C and R. (For instance, we shall write L?(K; w)e, C(K )p, ete.) 

We note finally that the spaces C(K ) and C)(K ) (and of course any 
of their subspaces) are separable. 

Let now & be a domain (open connected set) in R”. The space )(Q) 
(of Schwartz test functions in Q) consists of all infinitely differentiable 
functions » whose support supp y ={x; p(x) ¥ 0) is compact and con- 
tained in Q. When Q = R”, we write simply )(R”) = % and we introduce as 
well the space 5(R™)=5 (whose elements are also called Schwartz test 
functions), consisting of all infinitely differentiable functions y dying down 
at infinity faster than any power of |x| together with all their derivatives. 
o))(Q) consists of all functions p, k times continuously differentiable and 
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having compact support contained in Q. Clearly D(Q) = 9 ,)*(Q). On the 
other hand, %)(Q) consists of all functions » defined and k times 
continuously differentiable in Q, vanishing outside a bounded set and such 
that all partial derivatives of order <k are continuous in 2. The space 
C‘*)(Q) is defined in the same way but omitting the requirement of 
bounded support; obviously, if 2 is bounded 9?(Q) and C)(Q) coincide. 
We also define D(Q) = 9 ,D“(Q) and C°(Q) = 9 ,C“(Q) and write 
simply 0), C™, and so on when Q=R”. More often than not these 
spaces will be given no topology or notion of convergence, with the partial 
exception of “) and other spaces of test functions in Chapter 8; also the 
functions in them may be real or complex, the distinction indicated with a 
subindex C or R as in L? or C spaces. 

Some liberties with the notations just introduced (and with others) 
will be taken in subsequent material. For instance, C(Q) will be written 
C[a, b] (not C({a, b])) when Q=[a, b], C(Q) will be abbreviated to C 
whenever {2 has been previously identified, and so on. 


8. CONVOLUTION AND MOLLIFIERS. SOBOLEV SPACES 


We consider the spaces L?(R”)= L?(R”; w), where p(dx)=dx is the 
ordinary Lebesgue measure and 1< p<oo. If f= L?(R”), g& L7(R”), we 
define their convolution by 


(f* 8)(x) = [f(x- y)a(y) a. (8.1) 
(All the integrals in this section are over R”.) 


8.1 Theorem of Young. If f € L? andgE&Li,1<p,q<aw,p '+ 
q_'>1, then the integral in (8.1) exists for almost all x €R", f * g belongs to 
L’ (r-'= p-'+q_'-1) and 

If * sil, SIlfIlpiiglla- 


For a proof see Stein-Weiss [1971: 1, p. 178]. As a particular case of 
this result we obtain that if B is a function in L', the operator Ju = B * u is 
bounded and ||J|| < ||A|l,. 


An important instance of this kind of operator is the following. Let B 
be a nonnegative function in “) with support in (say) |x| <1 and /Bdx =1. 
For n > 1 define B,(x) =n"B(nx), and 

J,u= 8B, * u. (8.2) 


8.2 Theorem. (a) The operator J, is a bounded operator in L?(R"), 
1< p<oo, with norm <1 (n=1) (b) if 1< p<o, 
lJ, — ull, 70 as noo 
for any ue L?. 
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Part (a) results from the preceding comments; see Stein-Weiss [1971: 
1] for a proof of part (b). 


The interest of this result lies in that each J,u is infinitely differentia- 
ble; in fact, if D* =(D!)*---(D”)% (a=(a,...,4,,), DJ = 0/dx,) is an 
arbitrary differentiation monomial, then 


D*(J,u) = D*(B, * u) = DB, * u 


so that we can approximate an arbitrary u € L? by infinitely differentiable 
functions in the L? norm. Moreover, if the support of u is bounded, 
supp(J,u) C {x; dist(x,supp u) <1/n} is also bounded. Since any function 
u in L? can be approximated by a function with bounded support (say, its 
restriction to |x|<n for n large enough), we obtain in particular that “) is 
dense in L?(R”), that is, 


Q=L?(R") (l<p<o). 


We shall call the sequence {8,} a mollifier, or mollifying sequence, or a 
6-sequence. 

Given an arbitrary domain (}CR”, an integer j>0 and a real 
number p, 1< p<oo, we define W/.?(Q) as the space of all functions 
u © L?(Q2) such that 

Due L?(Q) 
for |a|=a,+--- +a, < j (the derivatives understood in the sense of distri- 


butions). Then the space W/:?(Q) is a Banach space with the norm 


Well = Well, p = Wells. 2c) 


\/p 
-| De [pew(siras| : (8.3) 


leles (© 
Clearly W/?(Q) is a Hilbert space for any j, the scalar product defined by 


(4,0) =H, Oye — Cano ya ees) 


=> [ Dea x) D%e(x) de. (8.4) 


jal < J 


For proofs of these facts and those that follow, as well as for additional 
details, the reader may consult Dunford-Schwartz [1963: 1, Ch. 16], Lions- 
Magenes [1968: 1, Ch. 1], or Friedman [1969: 1, Part 1]. When p =2 the 
notation H/(Q) is often used instead of W/:*(Q). 

In case & =R”, the space H/(R”) = W/(R”) can be easily char- 
acterized using the Fourier-Plancherel transform in L7(R”’), 


ule YS uel Sain ——_ | eu(x)dx (8.5) 
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where o = (0,,...,0,,), (6, X) =0,x,+ --: +0, x,,, and the limit in (8.5) is 
understood in the sense of the norm of L?(R”).' The operator ¥ is an 
isometric isomorphism from L2(R”™) onto L2(R”) (subindices are self 


explanatory). The inverse of % is given by 


at : 1 veu) 
u(x) =F a(x) = lim ~eea gl e"*a(g)do, (8.6) 
a> (27) 7? Nol <a 
the limit understood as in (8.5). A function u € L* satisfies D*u € L2 if and 
only if o*$u © L2, where we have set 0° = o@'o$2- + - 6%"; moreover, 
F(D*u)(o) = (—ic)*Fu(o). 

It follows that u€ H/(R™) if and only if (1+|o|?)//*a@ © L? (here |o|* = 
07 + --- +o,) and the norm |ju||, . = ||(1+|o|*)//*al|, is equivalent to the 
norm of H/(R™). These observations make natural the introduction of the 
spaces H°(R”) (here s is a nonnegative parameter) that consist of all u © L2 
such that (1+|o|*)°/*a belongs to L?. These are Hilbert spaces under the 
scalar product 


(u, v) aa (u, Dies os (u, v) 1k") 
=| (1+|o|?)°a(0)6(0) do (8.7) 
R” 
corresponding to the norm 


= 2\3/2 ~ 
mcr”) = II(1+]o|?) iil| r2¢R™)- 


We shall also make use of H° spaces of vector-valued functions u= 
(u,,...,u,). These spaces are denoted by H*(R”™)’; the scalar product is 
defined by (8.7) with (u(o), v(a)) in the integrand. 

Sometimes, functions that belong to L? of W/*? only locally will 
appear. For instance, let 2 be a domain in R”. We write ue LP. (Q) or 
u€ Lf. in Q to indicate that the function u, defined in Q, belongs to L?(K ) 
for every compact set K CQ. Similarly, ue W/,?(Q) means that uve 
W/?(Q’) for every bounded domain Q’ with Q’c Q. 


INeel] = Wells 2 = le 


'Note that, due to the factor (27) ”"/? in our definition of the Fourier transform, the 


convolution formula takes the form F(u * v) = (27)"/* FuFv. 
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The purpose of this chapter is to introduce the notions of properly 
posed Cauchy problem in ¢>0 (Section 1.2) and in —ao<t<o 
(Section 1.5) for the equation u’(t) = Au(t) in an arbitrary Banach 
space E. These definitions will be fundamental in the rest of this 
work. In the case A is a differential operator in a function space E, 
there are relations with Cauchy problems that are well posed in the 
sense of Hadamard; these relations are explored in Section 1.7. The 
rest of the chapter is understood as motivation for the central idea of 
well posed Cauchy problem: several equations of mathematical physics 
are examined by ad hoc Fourier series and Fourier integral methods 
with the aim of discovering properties of solutions which will be 
generalized later to wide classes of equations. 


Sections 1.1 and 1.3 deal with the heat-diffusion equation in a 
two-dimensional square. We find that (a) the equation produces a 
properly posed Cauchy problem in the spaces L” (1 < p < oo) and in 
spaces of continuous functions; (b) nonnegative initial data give rise 
to nonnegative solutions; (c) the L' norm of nonnegative solutions is 
preserved in time; (d) solutions become extremely smooth in arbi- 
trarily small time. All of these properties are instances of general 
theorems on parabolic equations to be found in Chapter 4. 


Section 1.4 treats the Schrédinger equation. Its properties are 
in a sense opposite to those of the heat-diffusion equation; for 
instance, the Cauchy problem is well posed in the space L* (but not in 
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L? spaces, p * 2 or in spaces of continuous functions), the L* norm of 
arbitrary solutions remains constant and, finally, solutions do not 
become smoother than their initial data. Conclusions of the same type 
are obtained for the Maxwell and Dirac equations in Section 1.6; 
these are the prototype of results on symmetric hyperbolic systems to 
be found in Chapters 3 and 5. 


1.1. THE HEAT EQUATION IN A SQUARE 


Consider the equation 
Fn wtwne| Sh 4 Se) (t>0) Gl she) 
t x y 


(k a positive constant) in the square Q = {(x, y); 0 < x, y <7) with initial 
condition 


u(x, y,0)=uo(x,y) (0<x,y<7) Ce) 
and boundary condition 
u(x, y,t)=0 ((x,») eT, tr), (21:3) 


where IT is the boundary of &. It is customary to call u=u(x, y,t) a 
classical solution of (1.1.1), (1.1.2), and (1.1.3) if u is continuously differen- 
tiable up to the degree required by the equation and the initial and 
boundary conditions and satisfies identically all of them. We make precise 
these somewhat vague requirements by assuming that: uw is continuous in 
Q x [0, 00), u, exists and is continuous in the same region, u,,U,,Uy.,Ux ys Uy, 
exist in Q X[0,00) and are continuous in { X[0,0o), the equation (1.1.1) 
holds in Q X[0, 00), and the initial and boundary conditions are satisfied. 
We can write the initial-boundary value problem (1.1.1), (1.1.2), 
(1.1.3) as a pure initial value problem for an ordinary differential equation 
in a Banach space as follows. Using the notation in Section 7 we take 
E =C,(), the space of all continuous functions in Q that vanish at the 
boundary I’, endowed with the supremum norm, and define an operator A 


in E as follows: 

Au=k(u,, +u,,) =KAu (1.1.4) 
where D(A) consists of all u€ E such that u,,u,,U,.,Uxy,U,, exist in Q 
and are continuous in 2, and Aueé E (that is, Au=0 on IT). Let u be a 


classical solution of (1.1.1), (1.1.2), and (1.1.3) in the sense made precise 
above. Define a function t > u(t) € E in t > 0 as follows: 


u(t)(x,y)=u(x,y,t) (20, (x, y)€2). fi) 
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Clearly u(t) € D(A) for all t > 0. On the other hand, if we define v(t) € E 
by 


o(t)(x, y)=u,(x, yt) (¢20, (x,y) € 2) 


(note that u, = «Au € E by hypothesis), we see, on account of the uniform 
continuity of wu, on compact subsets of 2 X[0, 00), that v(-) is continuous in 
t > 0. Moreover, if t > 0, |h| <¢, we have 


A '(u(t+h)—u(t))—o(olle 


= sup |h~'(u(x, y,t+h)—u(x, y,t))—u,(x, y,t) 
(x,y) EQ 


—-0 as h-O 


by virtue of an elementary application of the mean value theorem and of the 
continuity of u, in 2 X[0,00); the same can be proved when ¢ = 0, but we 
have to take h > 0. It turns out that u(-) is continuously differentiable in the 
sense of the norm of E in t >0 and 


u'(t) = Au(t)- \(t>0). (1.1.6) 
On the other hand, 
u(0)=upo, (1s) 


where uy, is the initial function in (1.1.2). Conversely, let t > u(t) € E be a 
function defined and continuously differentiable in t>0, and such that 
u(t) © D(A) and (1.1.6) is satisfied for ¢ > 0. Then it is rather easy to show 
that 


u(x, y,t)=u(t)(x,y) (t>0, (x, y) EQ) (1.1.8) 


is a classical solution of (1.1.1), (1.1.2) (with uo(x, y)=u(0)(x, y)), and 
(1.1.3). This shows the complete equivalence of our original initial-boundary 
value problem and the initial value or Cauchy problem (1.1.6), (1.1.7). 
Making use of this equivalence we try to obtain additional information on 
the latter, taking advantage of the fact that (1.1.1) can be explicitly solved 
by separation of variables. Let 


Uj(x,y)= » YD a,,, sin mxsin ny (1.1.9) 
m=l|ln=1 
with 
ie.e) co 
x x (m?+n?)la,,,| <0. (1.1.10) 


Then we obtain a classical solution of (1.1.1), ( 1.1.2), and (1.1.3) setting 


u(x, yjth= Yo cer 04 A sinonx sin ny: Gol) 


m=l1n=1 
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(this follows from elementary theorems on differentiation of multiple 
Fourier series, which can be found, for instance, in Zygmund [1959: 1]) and 
a fortiori a solution of (1.1.6) and (1.1.7). On the other hand, let u(-) be an 
arbitrary solution of (1.1.6) and (1.1.7), and let u(x, y,t) be the function 
defined by (1.1.8). Then it follows from the maximum principle for the heat 
equation (Bers-John-Schechter [1964: 1, p. 96]) that 


Ju(x,y,t)|< sup |uo(é,n)| ((x, y) €Q,1>0) 
(En) EQ 


IluClle <llMolle (4 > 0). (1.1.12) 


We have then proved that solutions of the Cauchy problem (1.1.6), (1.1.7) 
exist for uv, satisfying (1.1.10) (note that the subspace of all such uy is dense 
in £) and that arbitrary solutions are continuously dependent on their 
initial value (as inequality (1.1.12) and linearity of the equation (1.1.6) 
show). Clearly this last property implies in particular that solutions are 
unique; that is, if two solutions coincide for t = 0, they coincide forever. 


Or 


1.2. THE ABSTRACT CAUCHY PROBLEM 


Taking as motivation the observations in the previous section we examine 
the equation 
u'(t)=Au(t) (t>0) C120) 
where A is a densely defined operator in an arbitrary (real or complex) 
Banach space E. A solution of (1.2.1) is a function ¢ > u(t) continuously 
differentiable for ¢ > 0 (i.e., such that u’(t) = lim h~'(u(t + h)— u(1)) exists 
and is continuous in the norm of E in ¢ > 0, the limit being one-sided for 
t = 0) and such that u(t) € D(A) and (1.2.1) is satisfied for t > 0. We may 
of course define solutions in intervals other than [0, 00), say (— 00,00) or 
[On 271; 
We say that the Cauchy problem (or initial value problem) for (1.2.1) 
is well posed (or properly posed) in t > 0) if the following two assumptions 
are satisfied: 


(a) Existence of solutions for sufficiently many initial data. There 
exists a dense subspace D of E such that, for any u, € D, there 
exists a solution u(-) of (1.2.1) in t>0 with 

u(0) =uy (1:22) 

(b) Continuous dependence of solutions on their initial data. There 
exists a nondecreasing, nonnegative function C(t) defined in t>0 
such that 

Ile (2 I< C(2)Iju(O)| (2 > 0) (1.2.3) 


for any solution of (1.2.1). 
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Note that (b) refers to any solution of (1.2.1), that is, not only to the 
solutions in (a), where u(0)€ D. Note also that, since our definition of 
solution requires that u(t) € D(A) in t > 0, we must have 


DCD(A). (1.2.4) 


Hypothesis (b) can be given the following equivalent but slightly 
more natural form: 


(b’) Let {u,(-)} be a sequence of solutions of (1.2.1) with u,(0) — 0. 
Then u,(t) — 0 uniformly on compacts of t > 0. 


We examine some immediate implications of assumptions (a) and 
(b). Let u € D. Define, for ¢ > 0, 


S(t)u=u(t), (22:5) 


where u(-) is the (only) solution of (1.2.1) with u(0) = u. In view of (1.2.3), 
S(t) is a bounded operator in D (with norm < C(t)). Since D is dense in E 
we can extend S(t) to a bounded operator in E, which we denote by the 
same symbol, and 


IS(t)I<C(t) (t>0). (1.2.6) 


The operator-valued function S(-) is called the propagator (or solution 
operator or evolution operator) of the equation (1.2.1). If u(-) is an arbitrary 
solution of (1.2.1), then 


u(t)=S(t)u(0) (¢>0), (1.2.7) 


where uy = u(0). This is just the definition of S(t) when u(0) € D; if u(0) 
does not belong to D, let {u,,} be a sequence of elements of D such that 
u, > u(0). Then it results from (1.2.3) that S(t)u, > u(t), whereas, by 
definition of S outside of D, S(t)u(0) = lim S(t)u,,, thus proving (1.2.7) in 
general. 

Let u be an arbitrary element of EF, and let {u,,} be a sequence in D 
with u, > u. It follows from (1.2.6) that the (continuously differentiable) 
functions S(-)u, converge uniformly to S(-)u on compacts of t > 0, thus 
S(-)u is continuous in ¢>0. The function u(t) = S(t)u will be called a 
generalized solution of (1.2.1). Clearly, u(-) need not be a genuine solution of 
(1.2.1) if uw does not belong to D. 

Generalized solutions of (1.2.1) can be defined in a way more akin to the 
general distribution-theoretical idea of solution of a differential equation. Let A be 
closed and let u(t) be a continuous (or just locally integrable) function in r> 0. 
Then we say that u(-) is a weak solution of (1.2.1) and (1.2.2) if and only if, for every 
u* € D(A*) and every test function gm € %) we have 


[ater uC) 9(0) dem ~ [Cut u(t)y 9") at — (ur, uo) @(0). 


(1.2.8) 


As the following result shows, both definitions are equivalent. 
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1.2.1 Lemma. Assume the Cauchy problem for (1.2.1) is properly posed, and 
let u(-) be a continuous (or only locally integrable) weak solution of (1.2.1) and (1.2.2). 
Then 


u(t)=S(t)uy (t>0) (1.2.9) 


(almost everywhere if u(-) is only assumed to be locally integrable). Conversely, every 
function of the form (1.2.9) is a weak solution of (1.2.1) and (1.2.2). 


Lemma 1.2.1 shows that generalized and weak solutions of (1.2.1) and (12222) 
coincide. We postpone the proof until Section 2.4, where a more general result will 
be shown (Theorem 2.4.6). 


The case where the operator A in (1.2.1) is everywhere defined and bounded 
is of no special interest in applications since nontrivial differential operators are 
never bounded in the spaces considered in this volume or in other usual Banach 
spaces of functions. However, the theory becomes utterly simple here and provides 
some heuristic suggestions for the general case. 


1.2.2. Example. Let 4 €(£). Then the Cauchy problem for (1.2.1) is properly 
posed in t> 0 with D = E. To see this we define S({) for any § complex by 
co n 
tO Fae Proce. § (t>0), (1.2.10) 
the series being convergent in the norm of (£) uniformly on compacts of C since 
|§"A" || < |§|"||A||”; moreover, 


Isis De 


n=0 


Aq] = el SIA, (ZL) 


It follows from the elementary theory of vector-valued analytic functions (see 
Section 2, especially Lemma 2.5) that S is analytic in C and that 
S'(f) =AS(S) =S()A. 

Hence u(-) = S(-) up is a solution of the initial value problem (1.2.1), (1.2.2) for any 
Uy & E thus proving (a). In view of (1.2.11) we only have to show that solutions of 
(1.2.1) with the same initial data coincide or, equivalently, that if u(-) is a solution 
with u(0)=0, then u(t)=0 (t>0). To see this, we integrate u’(s)= Au(s) in 
0<s<t, apply A on both sides, use (1.2.1), integrate again, and so on. We obtain 


l t Leah as 
0 Veer pemmyl eno) A"u(s) ds, (1.2.12) 


whence ||u(t)||< Ca" ||A||"/n! in 0<t<a, where C is a bound for ||u(‘)|| there. 
Letting n > oo, it follows that u vanishes identically in ¢ > 0. 

There exists an interesting Laplace transform relation among the propagator 
S(-) and the resolvent operator R(A) = (AI — A)~' corresponding to the scalar 
relation £(e“’)=1/(A — a). (£ indicates the Laplace transform.) Noting that the 
partial sums of (1.2.10) are bounded in the norm of (£) by exp(|{|||A]|), we take 
AX €C such that ReA>||A|| and integrate exp(—Ar)S(t) in t>0; term-by-term 
integration is easily justified and yields 


oo [oe} 
i e~ S(t) dt= ¥ A~"*)4" = R(A). (1.2.13) 
0 n=0 
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(See (1.3).) This formula, generalized to unbounded A in Chapter 2, will be the basis 
of our treatment of the abstract Cauchy problem. Of some importance also is the 
representation of the propagator as the inverse Laplace transform of R(A); in our 
case, we can verify by means of another term-by-term integration that 


S(9) = 55; [eR an (1.2.14) 


where I is a simple closed contour, oriented counterclockwise and enclosing o( A) in 
its interior. Formula (1.2.14) has counterparts for unbounded A (see Example 2.1.9). 
Note also that (1.2.14) is nothing but the prescription to compute e’4 according to 
the functional calculus sketched in Example 3.12. 


1.2.3. Example. (a) Using (1.2.14) show that if rm, =sup({ReA; A © o(A)} 
and if w > ry, then 


IS(t)I| < Ce’ (t>0) (1.2.15) 


for a suitable constant C. (b) Show that (1.2.15) does not necessarily hold if w = r,,. 
(c) Using (1.2.13) show that (1.2.15) cannot hold if w < ry. 


1.3. THE DIFFUSION EQUATION IN A SQUARE 


Equation (1.1.1) describes the evolution in time of the temperature of an 
homogeneous plate occupying the square 0 < x, y<7 (xk is the ratio of the 
conductivity to the specific heat; see Bergman-Schiffer [1953: 1, Ch. 1)), 
the boundary condition (1.1.3) expressing the fact that the temperature at 
the boundary is kept equal to zero. In this case, the choice of the space EF in 
Section 1.1 is natural enough. However, the equation is also a model for 
diffusion processes; in that case u(x, y, t) is the concentration at (x, y) at 
time ¢ of the diffusing substance while the boundary condition (1.1.3) 
expresses that particles reaching the boundary I are absorbed. (See 
Bharucha-Reid [1960: 1, Ch. 3], where the interpretation of k« is also 
discussed.) In the diffusion case the supremum norm has no obvious 
physical meaning; on the other hand, fu(x, y; t) dx dy is the total amount of 
matter present at time ¢ and this suggests that the L' norm is the natural 
choice here. (Observe, incidentally, that only nonnegative solutions should 
be admitted since densities cannot be negative; the same is true for heat 
processes if we measure temperatures in the absolute scale. We shall 
comment on this later in this section). Since no additional complication is 
involved, we take E = L?(Q), where 1 < p<oo. The main difference with 
the case E = C,(Q) considered in Section 1 is that now functions in E are 
only defined modulo a null set, and thus it makes no sense trying to impose 
the boundary condition on every function in E. This difficulty, however, 
may be readily circumvented by including the boundary condition in the 
definition of the domain of A. In fact, we define here D(A) to be the set of 
all u such that u,,u,,U,,,U,,,U,, exist in Q, are continuous in Q, and such 
that u=0 on [. Condition (a) of the definition of well-posed Cauchy 
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problem with E = L?(Q) is a consequence of the same condition in E = 
Cy(Q); in fact, since C.(Q)¢ L?(Q) and convergence in C,(Q) implies 
convergence in L?(Q), a solution of (1.1.6) and (1.1.7) in C,(Q) is as well a 
solution in L?(22). (We take D again to be the set of all uy whose Fourier 
development (1.1.9) satisfies (1.1.10).) 

We check now condition (b). Let u(-) be an arbitrary solution (in 
E=L?(Q)) of 


u’(t)=Au(t) (#20), (351) 
u(0) = up. (di32,) 
For each ¢ > 0 we develop u(x, > Dias = u(t)(x, y) in Fourier series, 
u(x, y,t)~ ¥ y a,,,(t) Sin mx sinny. (1e 333) 
n=1m=1 
We have 
(ent 
sae h 


wtth)- 5 Wa TEN oc J 
ean SREP ats ceepene nee 
Q 


h—>0 a2 h 


(1.3.4) 


The quotient of increments in the integrand converges in the norm of L?(Q) 
to Au(t)(x, y)=KAu(x, y,t). An application of Holder’s inequality shows 
that we can take limits under the integral sign, obtaining 


a’_,(t)= ae f Au(x, y, t) sin mx sin ny dx dy 
nm /Q 


4k(m* +n?) 
ee 


u(x, y, ¢) sin mx sin ny dx dy 
Q 


=—k(m?+n*)a,,(t) (t>0). 
Since a,,,(0) = a,,,,, where {a,,,,,} are the Fourier coefficients of ug, it follows 
that a,,,(¢) = @,.,eXP(— k(m? +n*)t) and thus that u(x, y,t) equals the 
sum of its Fourier series in ¢ > 0: 


Aleem) 


ioe) [oe) 
= 2 » en (mr tn ig sin mx sin ny 


[hi ». ve «(mm +n)t sin mx sin mésin nysin ny | uy(é,n) dé dn 


= [G(x ¥, & 0, uo) dédn (1>0, (x, y) EQ), (1.3.5) 


where the interchange of summation and integration is easily justified and G 
is well defined and infinitely differentiable for t > 0. We deduce next some 
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immediate properties of G. Observe first that, as pointed out in Section 1.1, 
if uy€D, then the function u(x, y,t) defined by (1.3.5) is a classical 
solution of (1.1.1), (1.1.2), and (1.1.3) to which we can apply the maximum 
principle; it follows in particular that if uy is nonnegative, the same is true 
of u(x, y, t). Then, if {@,} is a mollifying sequence in °)(R*) (see Section 8), 


[G(x », 8.0 t)@,(2'—& 0) dédn > 0 (1.3.6) 


for (x, y), (x’, y’)€Q, and n large enough. But the integral (1.3.6) ap- 
proaches G(x, y, x’, y’,t) when n — 00, so that 


G(x, y,é,n,t)>0 (t>0,(x, y), (én) EQ). GIES Pe 3 


On the other hand, if n is a positive integer, we can choose , € “)(R) with 
support in 2 such that 0 < 9,(, 7) <1 and 


] 
[0 e(En)) dédn< =. (1.3.8) 
Again by the maximum principle, 
[G(x v.80, )o,(E0) dédn <1 (1.3.9) 


for (x, y) = Q, whereas, by virtue of (1.3.8), the integral on the left-hand 
side of (1.3.9) converges to [G(x, y, §,n, t) d&dyn as n > co. We deduce then 
that 


[G(x y, 81,1) dédn<! (t>0, (x, y)€Q). (13-10) 


We go back now to (1.3.5). Let 1 < p < 00, p’'=1-— p_'. Applying Holder’s 
inequality we obtain! 


|u(x, y, ¢)| 


=| [Gla ys fn.t)ug( sm) dé dy 


< [ G(x, y,é,n,t) ?|uo(€,n)|G(x, y, £,n, t)'” d&dn 


1/p’ 


l/p 
<[ [G(s 9.1. uo(En)raéda] [fs y.8n0) a8 dn 


(13a) 
where we have used (1.3.7). It follows from (1.3.10) and from the immediate 
fact that G is symmetric in (x, €) and in (y, 7) that 


[G(x ¥. 1,1) dedy <1 


'The argument is modified in an obvious way when p = 1. 
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for (€,7) € Q. Taking then the p-th power of (1.3.11) and integrating in Q 
we obtain 


u(t), <luoll, (¢> 0) (1.3.12) 


for 1< p<oo, where ||-||,, indicates the norm of L?(&) and u(-) is the 
L?-valued function u(t)(x, y)=u(x, y,t). Since u(-) was an arbitrary 
solution of (1.3.1) and (1.3.2), inequality (1.3.12) completes the proof that 
the Cauchy problem for (1.3.1) is well posed in L?((2). 

We note that (1.3.7) together with the representation (1.3.5) (which 
holds for an arbitrary solution of (1.3.1)) establish the important fact that a 
solution whose initial value is nonnegative remains nonnegative forever, a 
fact that is essential if the diffusion interpretation of (1.3.1) is to make 
sense. The same property holds of course for the solutions in C,(Q) treated 
in Section 1.2 since, as we have pointed out before, a solution of (1.1.6) in 
Cy(Q) is automatically a solution of (1.3.1) in L?(Q). 

We have seen in Section 1.1 that in the C,(Q) setting there was a 
complete correspondence between classical solutions of the original equa- 
tion (1.1.1) and solutions of the abstract differential equation (1.1.6). In the 
L?(Q) case, however, one wonders what kind of solution of (1.1.1) is 
provided by solutions of (1.3.1). Differentiability of u in the space variables 
of course depends on how the domain of the operator A is defined. It turns 
out that differentiability with respect to ¢ in the L?” sense involves no more 
than existence of the partial derivative in the sense of distributions and 
“mean continuity” conditions on it. We make this more precise below. 


1.3.1 Lemma. Let Q be an arbitrary domain in Euclidean space R", 
and let t > u(t) be a function with values in L?(Q) (1 < p < 00) defined and 
continuously differentiable in 0<t<T. Then the function u(x,t) =u(t)(x) 
satisfies D,u=v in the sense of distributions, where v(x, t) = u'(t)(x). Con- 
versely, let u(x, t), v(x, t) be functions in L?(Q X (0, T)) such that D,u= v in 
the sense of distributions and assume that v(t)(x) = v(x, t) is continuous in 
0<t<Tas a L?(Q)-valued function. Then we can modify u(x, t) in a null set 
in Q X(0, T) in such a way that u(t)(x) = u(x, t) is continuously differentiable 
as a L?(Q)-valued function and u'(t)= v(t) (O<t<T). 


Proof. Let p €°) with support in Q x (0, 7). Then we have 


i u(x,t) D,p(x, t) dx dt 
Q (0, T) 


I 


lim [ Panne OC) ee 
h>0*°QX(0,T) h 


lim i u(x,t—h)—u(x,t)}p(x,t) dxdt 
h>049x 0,7) 


=| v(x,t) p(x, t) dxdt. 
Vx; F) 
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(Here we take |h| < d, where d is the distance from the support of @ to the 
top and bottom of the cylinder 2 x(0,7).) This proves the first half of 
Lemma 1.3.1. To prove the converse, we consider the function 


w(x, t) = ['v(x,s) ds (xeER; 0<1<T): 
0 
This function is defined almost everywhere in Q x (0, 7), and an integration 
by parts shows that, always in the sense of distributions, 
Dw=od 
in Q X(0,T) (note that we L?(Q X(0,T)) if v does). It then follows that 


D,(u—w)=0, thus u—w must equal almost everywhere a function of x 
alone; this implies that 


l h 
D(u(x,tth)—u(x.=> f" v(x, s) ds (13:13) 
h hy 
almost everywhere (of course we take h sufficiently small; if ¢=0, then 


h> 0, if t=T, then h<0). We obtain making use of Holder’s inequality 
that 


| peux m)— u(x.) 0(x. 9) 


a Laff oGss)= 2s.) ds 


P 1/p 
ax| 
] 


l/p 
A jo( 5) o( 1) dra] SQ as Woe 
h QX (1, t+ h) 


(with the adequate modifications if h < 0). This ends the proof. 


Lemma 1.3.1 shows, roughly speaking, that solutions of an equation like 
(1.1.1) considered as an equation in a L? space will only be weak solutions in the 
sense of distribution theory, at least as regards t-dependence. This need not concern 
us unduly since classical solutions are in no way “required by nature” (see 
Truesdell-Toupin [1960: 1, p. 232]) and weak solutions of one kind or another are 
perfectly acceptable to model physical phenomena. On the other hand, weak 
solutions are, from a mathematical point of view, usually conducive to simpler and 
more powerful theories, as made evident by the work of Sobolev, Friedrichs, and 
Bochner in the thirties and forties and by the widespread use of distribution theory 
in the modern treatment of partial differential equations. 

It should be pointed out, however, that Lemma 1.3.1 is somewhat 
irrelevant for the heat-diffusion equation and will only come fully into its 
own in the next two sections. The reason for this observation is the 
following result, where Q is again the square {(x, y); 0 <x, y<7). 


1.3.2 Lemma. Let u(-) be an arbitrary solution of (1.3.1) in L?(Q), 
l<p<o or in C,(Q). Then u(x, y, t)=u(t)(x, y) = (S(t)u)(x, y) can be 
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extended to a function u(z,,2Z,,§) holomorphic for z,€C, z,€C, and 
Re{>0. Any of the partial derivatives can be obtained by term-by-term 
differentiation of (1.1.11). 


For the proof, it suffices to observe that if |Imz,|, |Imz,| <a, and 
Re¢ >, where a and € are positive, the general term of the series in (1.3.5) 
is bounded in absolute value by 


ale ean es (1.3.14) 


where the |a are uniformly bounded. 


Sal 


As a consequence of this result we see that the solution u(-) will in 
fact be a classical solution (and more) for t > 0 (although the derivative on 
the right at t= 0 must be understood in the L? sense). 

Another notable property of the heat-diffusion equation is that, due 
to the rapidly decreasing multipliers exp(—«(n?+m7)t) in the Fourier 
series (1.3.5) of a solution, the values of a family of solutions at any fixed 
t>0 tend to “bunch up” even if the family of initial values is widely 
dispersed. A precise statement of this phenomenon is: 


1.3.3 Lemma. Let {u,} be a sequence in L'(Q) with ||u,||;}<C 
(n> 1) and let t > 0. Then the sequence {S(t)u,} © Cp(2), (S(-) the evolution 
operator of (1.3.1)) contains a subsequence convergent in the norm of C,({). 


Proof. Using Lemma 1.3.2 for the computation of the derivatives 
we have, noting that |a,,,,| <4 ~ *||w(0)||, for any L' solution of (1.3.1): 


S(t) ug lle @)> || D/S(t) ux lhe <C 


for k >1 and some constant C > 0. The second set of bounds and the mean 
value theorem are easily seen to imply that the family {u,(7)} is equicontinu- 
ous (more precisely, equi-Lipschitz continuous) in Q, thus the result follows 
from the Arzela-Ascoli theorem (Dunford-Schwartz [1958: 1, p. 266)). 


Considering the relations between the different L? norms among 
them and with the norm of Cy, we obtain as a consequence of Lemma 1.3.3 
that the propagators S(t) of (1.3.1) in any of the spaces L? or Cy are 
compact operators for any ¢>0 (see Example 3.10 for definitions and 
properties). 

A somewhat similar treatment of the heat-diffusion equation can be 
given for the boundary condition 


DAO t= Or Oey aL )s (C1 3s15) 


where pv denotes the outer normal vector at the boundary (which is well 
defined except at the four corners of 2) and D” is the derivative in the 
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direction of v. The role of the function G is now played by 


] 7 ila 
He Vnbo ie ee es naa ye e~ "cog mx cos mé 
7 TT m=1 


= Kn°t 


e cos ny cos nn 


aa 
Ms 1M 
1 f418 


—K(m?>+n7)t 


4+. 
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e cos mx cos mEcos nycos nn. 


3 
ll 
= 


(1.3.16) 


The following computation is easily justified by the analogue of 
Lemma 1.3.2 for the present boundary conditions and the fact that u(x, y, ¢) 
is nonnegative for all f: 


d d d 
gle = a [les Ol dedy = Fe [ule yt) dxdy 
= [ Dyu(x, y,1) dxdy = f Au(x, y,1) dt 
Q Q 


=«{ D’udo =0 (t>0) (1.3.17) 
T 


where do is the differential of length on I. It follows that, in Banach space 
notation, 


(2) = loll (¢>0). (1.3.18) 


This is not surprising since the diffusion interpretation of the boundary 
condition (1.3.14) is that no diffusing matter enters or leaves . through the 
boundary T (Bharucha-Reid [1960: 1]). On the other hand, there is no 
physical reason for the conservation of norm property (1.3.18) to hold in L? 
norms (p > 1) or in the supremum norm; even in L', we cannot expect the 
norm of solutions of arbitrary sign to remain constant. Elementary exam- 
ples confirm this negative insight. 


1.3.4 Example. (a) Exhibit a nonnegative classical solution u of (1.1.1) 
with boundary condition (1.3.15) such that 


luz), <Iu(O)|, C<p<oo,t>0), 
and similarly for the supremum norm. (b) Exhibit a classical solution with 


MC) < MeO), (¢> 0). 


1.3.5 Example. Complete the analysis of the boundary condition (1.3.15) 
by showing that 


H(x,y,&,t)20 (t>0, (x, y),(é,7) €Q) 
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and 


[Hs yt) dédy=1 (1>0, (x,y) €Q). 


State and prove the analogues of Lemmas 1.3.2 and 1.3.3. 


1.4. THE SCHRODINGER EQUATION 


In quantum mechanics, the state of a particle of mass m (say, in three- 
dimensional space) under the influence of an external potential U is 
described by the equation 


aaron at Ge (1.4.1) 


where h is Planck’s constant and the function ||? is interpreted as the 
probability density of the particle (the probability of finding the particle in 
a set e at time ¢ is [,|(x, t)|* dx). Clearly this interpretation imposes that 


ih |W (x, t)|2 dx =1 
R3 


for all ¢ and suggests that L7(R*), is the proper space for the study of 
(1.4.1). We shall only consider here the free particle case (U = 0) and carry 
out our study in R” for any m > 1 as no additional difficulties are involved. 
(For complete details about the physical situation modelled by (1.4.1) see 
Schiff [1955: 1] or Fock [1976: 1].) 

We study then the equation 


u(t) = @u(t) (1.4.2) 
where @ is the operator in E = L*(R”™) defined by 
@u=ixkAu=ix((D')'ut ---+(D")u), (1.4.3) 


k an arbitrary real number. The domain of @ consists of all u € L*(IR”) such 
that Au (understood in the sense of distributions) belongs to L?. The 
simplest way to study (1.4.2) is by means of the Fourier-Plancherel trans- 
form % (see Section 8). The operator & is an isometric isomorphism from 
L7(R”) onto L?(R”) that transforms the operator @ into the multiplication 
operator 


MN ia(o) = —iklo|*a(c), 
D(O) defined as the set of all @€ L7(R”) such that |o|*#e€ L*(R™); 
precisely, u € D(@) if and only if $u= ae D(M) and 
F(@u) = MN (Fu). 
Hence, if up € D(@), we obtain a solution of (1.4.2) setting 
u(x,t) =% ~'(exp(— ik|o|?z)Fuy(c)) (1.4.4) 
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where % ~! is the inverse Fourier transform (verification of this formula is 
based on the isometric character of § and § —' and is left to the reader). 
Since D(@) is dense in E part (a) of the definition in Section 1.2 is verified. 
To check condition (b) we observe that if u€ D(@), then (@u,u)= 
(F@u, Fu) = ik {|o|?|a@|? do so that 


Re(@u,u) =0. (1.4.5) 
Accordingly, if u(-) is a solution of (1.4.2) we have 
D,|\u(t)\? = 2Re(u(z), u(t) 
= 2Re(@u(r), u(t)) =0 
so that ||w(t)|| is constant: 


|| (z)I] = |! (0)II. 


We note that the preceding arguments can be justified just as well for 
t negative as for t positive; in other words, the Cauchy problem for (1.4.2) is 
“well posed for all 7.” This idea will be formalized in the next section; in the 
rest of this one we examine the equation (1.4.2) in the space E = L?(R”), 
where 1 < p < oo. The operator @ is still defined by (1.4.3) but now we take 
D(@)=5(R”) =5, which is dense in L?. If u€5, then (1.4.4) provides a 
solution of (1.4.2) in L”; this follows easily from the facts that the Fourier 
transform % and its inverse § ~' are continuous isomorphisms of 5 onto 
itself and that convergence in 5 implies convergence in any L?” space (see L. 
Schwartz [1966: 1]). Because of the convolution theorem for Fourier trans- 
forms of distributions (L. Schwartz [1966: 1, p. 268]), we can write (1.4.4) in 
the form u = ¥ ~ '(exp(— ik|o|?1))* uy for uy ES, or 

1 


u(x,t) = —————~ [|_ e#™ 91° /4*ty, (y) dy. (1.4.6) 
(47rixt)”” J ” ; 


We examine in detail the case E = L'(R”). If the Cauchy problem for 
(1.4.2) were properly posed in L', then, given t>0 there would exist a 
constant C such that 

Iu (2)Il, < Clluolh, (1.4.7) 


for any function of the form (1.4.6). Assume this is the case, and let {@,) be 
a 6-sequence (Section 8). Setting uy=@, in (1.4.6) and calling u,, the 
function so obtained, we see that 


u,(x, to k(x, p= (4rixt) /* exp(i|x — y|?/4xt) 


for all x. Since ||,||,=1 for all n, it follows from Fatou’s theorem that 
k(-,t) must be in L', which is false. This shows that (1.4.7) cannot hold, and 
then that the Cauchy problem for (1.4.2) is not properly posed in L'. Much 
more is true. In fact, we have 
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*1.4.1 Example (Hormander [1960: 1, p. 109]). Let « be a real number, 
xk + 0. Then the operator 
Bu = § ~ "(eis Fy) 
from 5 into 5 satisfies 
||Bull, <Cllul|, (ues) 


if and only if p = 2. 


However, this sweeping negative result does not mean that L” results 
for the Schrédinger equation are totally nonexistent. We shall reexamine the 
subject in the next section. 

An important difference between the Cauchy problem for the 
Schrédinger equation and for the heat-diffusion equation is the following 
(another one is pointed out in the next section). While solutions of the heat 
equation either in C,(Q) or in L?(Q) become extremely regular with the 
passage of time (Lemma 1.3.2), a solution of the Schrodinger equation has 
no tendency to become smoother than its initial value. A concrete formula- 
tion of this statement is: 


1.4.2 Lemma. Let u(-) be a solution of (1.4.2) in L?(IR™), and 
assume that u(t,)€& H*(R”) for some ty. Then u(t) & H*°(R™) for 
— 00 <t< oo; in particular, u(0) € H*(R”). 


To prove this result we only have to observe that (1.4.4) can be 
obviously generalized to 


u(x;t) =F ~'exp(- ik|o|?(t — to))Fug(o, to) 


and take a look at the definition of the spaces H* (see Section 8); we note 
that the H*® norm of a solution is constant for all ¢. 


1.4.3. Remark. The domain of the operator @ in (1.4.3) coincides with 
the space H7(R™) if «+*0O (see Section 8); moreover, the norm 
(Jul| + «~*||@ul|*)!/? (obviously equivalent to the graph norm ||u||+||@u||) is 
nothing but the norm ||-|/,. in H ?(IR™) (see Section 8). 


1.4.4 Remark. The operator @ is closed. This can be seen as follows. 
Assume {u,)C D(@), u, >u, Qu, > v in L?(R™). Then Su, > Fu and 
|o|?Fu, > Fv in L?(R™). Passing if necessary to a subsequence we may 
assume that Fu, > Fu and |o|?Fu, > Fv ae., thus $v =|o|?Fu, and it 
follows that u€ D(@) and @u=v. As the following example shows, this 
result holds in much greater generality, although the proof cannot use the 
Fourier transform, since p = 2. 


1.4.55 Example. Let 
Cus yy ALDiu (1.4.8) 


Jal<r 


be a differential operator of order r in L?(R”™)” (see Section 7) with 
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m,v>1, 1< p<co, where the A, are y Xv complex-valued matrices and 
D(@) is the set of all ue L?(R™”)”’ such that @ue L?(R™)” (derivatives 
understood in the sense of distributions). Then @ is a closed operator. 


1.4.6 Example. Let @ be as in Example 1.4.5, p = 2, P(A) = P(Aj,--- An) 
the characteristic polynomial of @, 


P(A\= YS MA (1.4.9) 
jal<r 
where A* = Aw!- - - A%. Assume that (A) commutes with its complex matrix 
adjoint 
St NView as Via NA oa (1.4.10) 
lal<r 
(Equivalently, assume that A, A, = A, A, for |a|,|B8| <r.) Then @ is normal. 
To see this we use the Fourier-Plancherel transform %, still defined by (8.5) 
as a vector integral in L?(R”)’, and having properties emilee to those in the 
case y=1. To compute @*, take u € D(@*). Then v > (u, @v) is a continu- 
ous linear functional of v in the L? norm for v € D(@); in other words, 


[(@(-i0Fu(o), 6(0)) do < c{ fete \P do)  4an 


where 6 indicates a generic element of %D(@). Since this subspace is dense 
in L7(R™)’, it follows that ?(—io)Fu(o) belongs to L*(R™)” and 


@*u=F ~'(P(-ic)Fu(c)). (1.4.12) 
Conversely, if ue L7(R™)” is such that P(—io/Fu(o) € L7(R™)’, then 
u © D(@*) and (1.4.12) holds. Since @ itself can be expressed by 

Qu=% ~'(9(-ic)Fu(o)), (1.4.13) 
the domain of @ consisting of all u€ L*(R”)” such that ?(—io)Fu(o)€ 
L?(R”')’, it follows easily from the equality P(A) P(A) = P(A)’ P(A) that 

@*@ = @e@* 

so that @ is indeed normal. Obviously, the commutation condition for P(A) 
is automatically satisfied in the scalar case—that is, when v = 1. In view of 
the expression (1.4.10) for P(A)’, we see that @* can also be defined, in the 


same fashion as @, as the operator whose domain consists of all u € L?(R”)” 
such that @’u € L?(IR™)”, where @’ is the formal adjoint of @, 


Gar ye Cap aspen (1.4.14) 
ja|<r 


with @*u = @’u. In particular, if @’ = @, the operator @ is self-adjoint. 
It follows from the preceding remarks that if @ is the Schrédinger 
operator (1.4.3), then 7@ is self-adjoint. 
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1.5. THE CAUCHY PROBLEM IN (— 00, 0) 


We present here an abstract formulation of the situation encountered in 
Section 1.4 in relation to the Schrodinger equation. As in Section 1.2, A is a 
densely defined operator in an arbitrary Banach space E. 

We say that the Cauchy problem for 


u'(t)=Au(t) (—2o<t<oo) Cle oat) 


is well posed (or properly posed ) in — 00 < t < co if and only if (a) and (b) of 
Section 1.2 hold with the following modifications: in (a) we replace “there 
exists a solution of (1.2.1) in t > 0” by “there exists a solution of (1.5.1) in 
— 00 <t<oo” and in (b) we assume the existence of a function C(t) such 
that C(t) and C(— ¢) are nondecreasing in ¢ > 0 and 


\|u(t)|| < C(t)|u(O)|| (—wo<t<oo). C52) 


In this language, the results of the previous section can be expressed by 
stating that the Cauchy problem for the Schrédinger equation is properly 
posed in (— 00, 00) with E = L?(R”). We note that this is far from true for 
the heat equation considered in Section 1.1; in fact, consider the initial-value 
problem (1.1.6), (1.1.7) in the space E = C,(Q) with u(x, y)=u,(x, y) = 
sin nx sin ny. A solution in (— 00, 00) 1s given by 


u(t)(x, y)=e72"""tu (x, y). (12533) 
However, if t < 0, ||u(t)|| = exp(2n7|t|) whereas |||] =1, which shows that 
an inequality of the type of (1.5.2) will never hold for ¢ negative. The same 
counterexample works of course in L?(Q) for any p >1. We can thus say 
that the problem of solving the heat (or diffusion) equation backwards in 
time is “improperly posed.” We shall study some problems of this type in 
Chapter 6. 


1.5.1 Example. If 4 €(£), the Cauchy problem for (1.5.1) is properly posed in 
—0o <t<o; it suffices to notice that the manipulations in Example 1.2.2 make just 
as much sense for t<0 as for t>0. We note the following analogue of (1.2.13) 
(which is similarly proved), expressing R(A) by means of the propagator S(t) for 
t<0: if ReA < —||A]|, then 


[es(-1) at=- RQ). (1.5.4) 
0 


1.6. THE MAXWELL EQUATIONS 


Let &, KU be three-dimensional vector functions of x = (x,, x, x;) and t. We 
consider the system 


06 
pata Ste 1eGel 
oy crot ( ) 
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OK 
ay = 7 erot& (1262) 
where c is a positive constant and &, ‘{ are supposed to satisfy in addition 
div & = div I =0 (1.6.3) 


for all x, t. The system (1.6.1), (1.6.2), (1.6.3) describes the evolution in time 
of the electromagnetic field (6, () in a homogeneous, isotropic medium 
occupying the whole space, in the absence of charges and currents (see 
Kline-Kay [1965: 1] for a thorough description of the physical setting and of 
the constant c). We write (1.6.1), (1.6.2) as a vector differential equation 
u’(t) = Wu(t) as follows. The space E is L*(R*)° (see Section 7), consisting 
of all six-dimensional complex vector functions (6, IC) = u = (uy, Up,...,U6) 
with components in L*(R*) with scalar product (u,v) = L(u,, v,), where 
D =(U,,0),---,0,) and (-,-) in the sum indicates the scalar product in 
L?(R*). This choice is of course motivated by physics, since the function 


sollu(s)I?= a fC ty? + [IC (x, 2)|*) dx 


is interpreted as the energy of the electromagnetic field, which should 
remain constant in time in the absence of external excitation. The operator 
Y is symbolically expressed by 


0 0 0 0 —cD? cD? 
0 0 0 cD? 0 —cD! 
x = 0 0 0 —cD? cD! 0 
0 cD? —cD? 0 0 0 
— cD? 0 cD' 0 0 0 
cD? —cD! 0 0 0 0 
= A,D'+ A,D? + A,D?°, (1.6.4) 


where D/ = 0/0x, and A,, Aj, A; are 6X6 symmetric matrices, the domain 
of X consisting of all those u € L?(IR*)° such that 2 u (taken in the sense of 
distributions) belongs to L?(R*)°. 
A Fourier analysis of the equation 

u(t) = Wu(t) (12635) 
is carried out much in the same way as for the Schrédinger equation. The 
Fourier-Plancherel transform of functions in L*(R*)® is defined again by 
(8.5) (which is now a vector integral) and defines an isometric isomorphism 
from L7(R3.)° into L7(R3)° that transforms the operator % into the multi- 
plication operator fi(o0) > (— io, A,)i(o). If uo <= D(A), we obtain a 
solution of (1.6.5) thus: 

3 
-it> 0,4; 
j=l 


u(st)=#" [ox Fite |. (1.6.6) 


If u € D(A), then (Wu, u)=(FAu, Fu) = ifLo,(A,u(a), u(o))do so that 
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again we have 

Re(%u, u) =0, (1.6.7) 
which implies (as in the previous section) that if u(-) is a solution of (1.6.5), 
then 


Iu (Z)I = I]u(O)] (— 20 <t <0). (1.6.8) 
We have then proved that the Cauchy problem for (1.6.5) is well posed in 
— 00 <t<oo in the space L?(R’*)®. 
We have, however, neglected the two equations (1.6.3). To take care 
of them we simply note that 


< (div&(x,1)) = div 2 (x, t) 
Renard rave (1.6.9) 


(the differentiations understood in the sense of distributions; see Lemma 
1.3.1 in relation to the t-derivative), and we prove similarly that 


+ (div H(x,1)) =0 (1.6.10) 


so that conditions (1.6.3) will be satisfied for all ¢ if they are satisfied by the 
initial conditions &(x,0), IC(x,0).” 

We consider now different spaces. Denote by C)(R*)° the Banach 
space of all vector functions u = (u,, u5,...,u,), where all the components 
belong to C,(R°), with norm 

|ul|= sup [lulls 
l<j<6 
and by L?(R*)° (1< p<co) the space consisting of all 6-vectors with 
components in L?(R°*) (see Section 7 for details). The operator 2 is defined 
by the expression (1.6.4), but we now take as D(2) the space S° of all 
6-vectors with components in 5. As in the case of the Schrédinger equation, 
it is easy to show that the function given by (1.6.6) provides a solution of 


u’/(t)=Au(t) (—00<t<oo) (4s6, 1:1) 


in C,(R*)°, and in L?(R*)° for 1< p<oo. But there is no continuous 
dependence on initial data, as the following result shows: 


*1.6.1 Example (Brenner [1966: 1]). Let A,, A5,...,A,, be v X v symmet- 
ric matrices, and let 5” be the set of all v-dimensional vectors with 


m 


*The argument runs as follows. The function ¢ > &(-,¢) with values in L?(IR") is 
continuously differentiable. Since L?(R”) is contained in the space (IR) (of all distributions 
defined in R”) with continuous inclusion, t > &(-, t) € D’(R”) is continuously differentiable 
as well, and so is t—>div&(-,t) since div is a continuous operator in %/(R”). Now, 
D, div &(-, t) = div D,&(-, t) = 0; hence div&(-,r) is constant. We are making use here of the 
fact that functions with values in a locally convex space that have derivative zero everywhere 
must be constant; this can be easily proved applying linear functionals and using the “scalar” 
theorem. A similar reasoning takes care of JC. 
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components in 5. The operator 


Bu=§' 


ol iy 04] 


satisfies 
|| Bul], <C|lull, 


(||:\, is the norm in L?(R”)’) for p*2, 1< p<oo if and only if the 
matrices A,,...,A,, commute. 


However, we cannot discard offhand the possibility that the restrictions 
(1.6.3) on the space may improve the situation. This is in fact not the case, but a 
little more work is necessary to clarify the point. 


1.6.2 Lemma. Let p =(\, 92,93) be a three-dimensional vector function 
with components in 5. Then we can write 


p=yrn (1.6.12) 
where the components of W, n are infinitely differentiable and 
divp=0, rotn=0. (1.6.13) 


Moreover, ~ and n belong to L?(R*)? for every p, 1< p<, and there exists a 
constant C = C, depending only on p such that 


I¥llp<Cllollp» lll, <Cllell, (1.6.14) 


Proof. Let S be the (closed) subspace of L?(R*)? consisting of all solenoidal 
vectors y (divy = 0 in the sense of distributions).* Applying the projection theorem 
we obtain a decomposition of the type of (1.6.12) with y Ee S,n € S +. Now, if € is 
an arbitrary vector with components in 5,rot  € GS; it follows that 


J (a,r0t €) dx = 0 


for all such £, hence rotn =O in the sense of distributions. Observe next that 
An = grad div(p — Y)—rotrot n = graddivg. Define a function 7 by 


1 ] é 
A(x)=— Ze Jf pp sraddive(x—y) ay. C615) 


Then 7 is infinitely differentiable; moreover, Aj = grad div» (Courant-Hilbert [1962: 
1, p. 246]) so that A(y — 4) = 0 in the sense of distributions. 

Let 4, be the first component of 9. We write the integral in (1.6.15) as the 
limit of the integral 7, , in |y|>e and apply the divergence theorem twice. The 


Vectors in S need not have first derivatives in lip 


1.6. The Maxwell Equations 47 


details of the computation follow: 
] 
tt hee) = = Ss — Di divy(x— y) d 
ee ree ee yy erdive (xy) dy 


1 Ea 
= div, Kay id 
aad Pisin vb 


I 
= div, p(x — y) do 
aia 
1 
= div, p(x — y) dy 
Te aie 
1 
= div, p(x — y) do 
rene Geer 
1 1 
Tag) — (ie (x = ¥)+ yivrp2( = y) 


ely|* 


ee ee 


aelte ly|> el (yl? —3y7)@i(x— y)—3y1y292(x - y) 


—3y, 393 (x — y)) dy 


where do indicates the area differential on |y| =e. We take now limits as e > 0. The 
first surface integral is easily seen to tend to zero on account of the fact that y,|y|~? 
is homogeneous of degree —1. In the second integral we note that y,y;|y| ~* 1 
homogeneous of degree —2 with 


4a ae 
if a a ifj=1 
yi=ely| 0° y= 253 


| 
and write p(x — y)= rs — y)— y(x)). The final result is 


Q; 
a(x) =49i(x > taf ee aula 


=e Oyi>e [yl 


where the Q ); are smooth off the origin, homogeneous of degree zero, and satisfy 


f[  &()do=0 (j=1,2,3). 

ly|=1 
Accordingly, the second inequality (1.6.14) for 4, follows from the Calderon- 
Zygmund theorem for singular integrals (Stein-Weiss [1971: 1, p. 255]); 7, and 7; 
are similarly handled. It remains to be shown that n= 1% a.e. which reduces to 
proving that a function f € L*(R*), which satisfies Af =0 in the sense of distri- 
butions, must be identically zero. To do this we note that if p € %), then o * f is an 
ordinary harmonic function tending to zero at infinity, thus by Liouville’s theorem 
(Stein-Weiss [1971: 1, p. 40]) p * f is identically zero; since @ is arbitrary, f = 0 ae. 
as desired. 
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We observe finally that each of the inequalities (1.6.14) implies the other, so 
that the proof of Lemma 1.6.2 is finished. 


We can now deal with the complete system (1.6.1), (1.6.2), (1.6.3) in 
L?(R3)° for 1< p <oo. Let &? be the closed subspace of L?(IR*)° consisting of all 
vectors u with 

div(u,,u,,u,) =div(uy,us,u,) = 0. (1.6.17) 
Consider % ,, the restriction of & to D(X,) = D(A)N EP, the space of all 6-vectors 
with components in 5 satisfying (1.6.17). Assuming that the Cauchy problem for 
u/(t) = A ,u(t) (1.6.18) 
is well posed in ©?, we shall obtain a contradiction below. 
Let u € D(X) =S°. Write 
(bi S30) ae 1) 
where the vectors bv, 1» correspond to the decomposition (1.6.12) in the first and last 
three coordinates of u, so that » € €? and 
Tot( w,, W2, W3) = rot(w4, Ws, We) = 0. (1.6.19) 
By virtue of Lemma 1.6.2, 0 € L7(R*)° and Xm = 0, where Y is the operator (1.6.4) 
as defined in L*(R*)°. Accordingly (0,4, + 0,4, + 0,;A;)%t =0 and it follows 
that 


3 
'[oo(-w v4) |=». (1.6.20) 


j=1 


Now, if u(-) is the solution of (1.6.11) with u(0) = u, we have, by virtue of (1.6.6) 
and (1.6.20), 


Ho" [ox i y “4, 


3 
= a[exo(—1 yy 04, +1 
j=l 

=v(t)+. 
If S,(-) is the propagator of (1.6.18), an approximation argument shows that 
v(t) =S,(t)v, thus for t fixed we must have 


MC, <P COM, FIM, <CiP|l, +UP|, <Cllull, (ves) 


(where we have used both inequalities (1.6.14) at the end). However, this estimate is 
forbidden by Example 1.6.1. This is a contradiction and shows that the Cauchy 
problem for (1.6.18) cannot be well posed in ©? for any p in the range 1< p<oo 
except for p + 2. 


Let ©, be the subspace of C)(IR°*)® consisting of all vectors u 
satisfying (1.6.17). That the Cauchy problem for (1.6.18) is not well posed in 
the space ©, (that is, that the Cauchy problem for Maxwell’s equations 
(1.6.1), (1.6.2), (1.6.3) is not well posed in the supremum norm) is of course 
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not news for the physicist; in fact, an electromagnetic wave that is initially 
small everywhere may become enormously large (even infinite) in certain 
regions at a later time through the phenomenon of “focusing of waves.” 
Examples of these regions are the focuses and caustic surfaces of geometri- 
cal optics. (See Kline-Kay [1965: 1], especially p. 326 for a discussion of 
caustics; for explicit examples of focusing of waves for the wave equation, 
to which the system (1.6.1), (1.6.2), (1.6.3) can be reduced, see Bers-John- 
Schechter [1964: 1, p. 13].) 

The failure of the present treatment in the L? (p+ 2) and the CG 
cases for the Schrédinger and Maxwell equations confronts us with the 
following problem. Assume, say, that we want to predict the behavior of an 
electromagnetic field at some fixed point x, in space. Then it is obvious that 
mean square estimates like (1.6.8) are of small comfort and we really need 
bounds in the supremum norm. Although existence of this type of estimate 
seems to have been ruled out by the previous counterexamples, we can try to 
remedy the situation by measuring the initial state of the field in a different 
norm. To make the result more widely applicable, we work with the 
symmetric hyperbolic system 


m 
D,u= \ A,D/u+ Bu, (1.6.21) 

j=l 
where u=(u,,...,u,) and A,,...,A,,, B are complex constant matrices, 
A,,.--,A,, self-adjoint, and B skew-adjoint. The basic space for the treat- 
ment will be H°(IR”)”, consisting of all vector functions u = (u,,...,u,) with 


(1+ |o/?)°"Fu(o) € L2(R™)’ 


endowed with the L?-norm of (1+]|o|*)°/?%u(o) (see Section 8). It is 
exceedingly simple to extend the Fourier analysis carried out for (1.6.5) to 
the space L?(R”)’; the operator @ is 


@u= )) A,D/u+ Bu (1.6.22) 
j=l 
where D(@) is the space of all ue H°(R”)” such that @u (always under- 
stood in the sense of distributions) belongs to H°(R”)’; equivalently, 
u © H* belongs to D(@) if and only if 
(1+ or) |- Y 6 A,+B]Fu(o) = L7(R”)” 
j=l 


(where the factor —i and the summand B may of course be omitted). If 
uy € D(@), the function 


Fy (1.6.23) 


n= eo|—i DojpA cht 
j=l 
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is a solution of 
u’(t)=@u(t) (—0o<t<oo). (1.6.24) 


Moreover, if u € D(@), we have 


(@u,u) y= f(t jr)" E 6(4,a(0).a(0))+(2(0),a(0))| do. 


(1.6.25) 


Since Aj = A,, (A;H(a), U(o)) is real; on the other hand, B’= — B so that 
( Bi(o), a(o)) is imaginary, and 


Re(@u, u) 7: = 0. (1.6.26) 


This implies again that an arbitrary solution of (1.6.24) has constant H° 
norm, hence the Cauchy problem for (1.6.24) is properly posed. As we shall 
see below, this will yield estimates in the L? and C, norms for the solution 
in terms of the H° norm of u(0). Let u be an arbitrary element of H°(R”)’. 
Since (1+ |o|?)°77#E L? and (1+|o|?) °” €L? if s>m/2, we obtain 
from the Schwarz inequality that @(0) = (1+ |o|?)°/7a(0)(1+ |o|*) °”* be- 
longs to L'(R”™) with norm 


a V2 
lal, < Ke |all yp, 


where K, = {(1+|o|*)~‘°do. It follows from well known properties of the 
Fourier transform that u (if necessary modified in a null set) belongs to 
C)(R”) with norm 


— i Ds —m/2 ps 
llellc, < (277) a = Gay 7 Reales: 


If s << m/2, estimates in the supremum norm are no longer possible; we use 
L? norms instead. Let 


2m 


2). = < 00 (1.627) 


m—2s ~ 


and p’ defined by p’~'+ p~'=1 so that 


Define next g = 2/p’>1 and q’ by q’_'+q~'=1; we have 


‘— 2 , mt+2s 
pate 225 ees 


hence 


p’q's = ar Uh 


and we obtain from Holder’s inequality for the exponents gq, q’ applied to 
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the product |a@|? = |(1+ |o|*)°/7a|? (1+ |o|*) 7°” that #@E L” with norm 
IIAII >< K( p Ia ys 


where K(p)= Ky, h=1/p'q'=(2- p')/2p'=(p—2)/2p, r= p'q's/2= 
p's /(2— p’) = ps /( p —2). We make now use of the Hausdorff-Y oung theo- 
rem for Fourier integrals (Stein-Weiss [1971: 1, p. 178]) to deduce that 
u © L? with norm 


lull, < (2m) “ 
where d = m( p —2)/2p. 
We collect all these observations. 


1.6.3 Theorem. The Cauchy problem for (1.6.24) is well posed in 
— 00 <t<oo inall spaces E = H*(R")’, s > 0, in particular in E = L*(R")’; 
if u is a solution in L? such that u(0) € H°, then u(t) © H® for all t and 


eC) =e (O)l = © (— 00 <t <0). (1.6.28) 
For s>m/2,u(t) (after eventual modification is a null set) belongs to 
C,(R”) and 
MCI, < Cllu(O)Ilys (—00<t<oo) (1.6.29) 
with C= (27)""”K}”. If s<m/2 and p satisfies (1.6.27), then u(t) € L? 
and 
u(2 Iz» <C( plu): (— 20 <t <0) (1.6.30) 
with C(p)=(27) 4K(p). In particular, if s=m/2, u(t)€ L? and the 
estimates (1.6.30) hold for any p >). 
Observe that estimates for the derivatives of u(t) can be obtained in 
the same way. For instance, if s>m/2+k and a=(q,,...,qa,,) is a multi- 


index of nonnegative integers with |a| <k, the Fourier ranean of D*u is 
(—io)*a € H’~*; hence estimates of the form 


|D*u(t lc, <Cllu(llys (—2<t<oo) Ch6.31) 


hold. The same remark applies of course to L? norms; details are left to the 
reader. 

We note finally that results of precisely the same form hold for the 
Schrédinger equation. The proofs are identical: once (1.6.28) is established 
by direct Fourier analysis, inequalities (1.6.29) if s>m/2 or (1.6.30) if 


s<m/2 apply. 


1.6.4 Example. Prove in detail the results about the Schrédinger equation 
mentioned above (see Lemma 1.4.2). 


1.6.5 Example. The theory of the symmetric hyperbolic system (1.6.21) 
can be easily modified to embrace the case where B is an arbitrary v Xv 
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complex matrix. Write 

B=B,+B,, 
where B, =4(B+ B’) is self-adjoint and B, =5(B— B’) is skew-adjoint. 
Using (1.6.25) we obtain 


|Re(@u, u) x 


< [ (1+ 0/7) |(B,a(0), a(0))|do 
< w||u|| p> (1.6.32) 


instead of the stronger condition (1.6.26), where w is the maximum of the 
absolute value of the eigenvalues of B,. Accordingly, if u(-) is an arbitrary 
solution of (1.6.24), we must have 


[D,llu(2)|I?| < 2e||u(t)II? 
which is easily seen to imply that 
\|u(t)I| <e2!"Ju(O)| (—co<t<oo). (1.6.33) 


This estimate guarantees continuous dependence on the initial datum. 
Existence of solutions is proved in the same way. 


1.6.6 Example. Relativistic quantum mechanics: the Dirac equation. A 
relativistic description of the motion of a particle of mass m with spin 4 
(electron, proton, etc.) is provided by the Dirac equation 


3 
ihD,wW = ihe Da, DAp — Bmc*y + Uy. (1.6.34) 
j=l 
Here / is again Planck’s constant, c is the speed of light, a,,a,, a, 8 are the 
4x4 matrices 


0) (0 toe (oO EO 
SO 0b eee G 0 Oo eee 
SOROS Th O<) FeO) ee ee eee 
aed | eee me Faia | iiaieeis eahde 1 
One Oia cal tO Re aie es 
Ome. a ea Te Oms tel pa ea 
aes (6 pelea es ox PWN ew eT IP 
Oo leo 0 GeO eet 


and (x,t) is defined in R* for each ¢ and takes values in C‘, that is, 
W = (v1, bo, v3, 4). For each t, |W(x, t)|? =X|b,(x, £)|? is interpreted as a 
probability density as for the Schrodinger equation. (See Schiff [1955: 1, p. 
323] for additional details.) In the case of a free particle (U=0), the 
equation (1.6.34) can be written as a symmetric hyperbolic system of the 


1.6. The Maxwell Equations 53 


form (1.6.21), where 


@ =ca,D'+ca Be (156535) 
2 3 ae: 6. 


Thus Theorem 1.6.3 applies; in particular, the Cauchy problem for the 
Dirac equation is well posed in E = L*(R*)* and the conservation of norm 
property (1.6.28) holds. 


In perturbation results in Chapter 5, a better identification of the 
domain of @ will be necessary. The following result holds for the general 
symmetric hyperbolic equation (1.6.22): 


1.6.7 Example. Assume that 
cy Y 6,4;}*0 (lo|=1). (1.6.36) 


J=1 


Then we have 

D(@)S4(R")*, (1.6.37) 
the norm of H'(IR”)” equivalent to the graph norm |{u||+||@u|| in D(@). 
Note first that, independently of Assumption (1.6.36), H'C D(@) and 
||@ ul] < C||ul|,,, for u © H'. On the other hand, if (1.6.36) is satisfied, we use 
the facts that each Lo,A, is nonsingular for any 6, |o|=1 and that the 
function 6 > Lo, A, is homogeneous of degree 1 to conclude the existence of 
a constant 8 > 0 such that if ueC’, 


[3 a, 


j=1 


ul>6l|o| |u| (o ER”) (1.6.38) 


wherefrom the opposite inclusion and inequality among norms follow. 
Condition (1.6.36) is satisfied for the Dirac equations (where det(Lo,a,) = 
—c*|o|*), but not for the Maxwell equations since in that case det(Xo, A F) 
= 0. We note (see the next Example) that condition (1.6.36) is necessary for 
the coincidence of D(@) with H'. 

In the applications of perturbation theory to the Dirac equation it is 
important to compute the best constant @ in (1.6.38). This is immediate 
since 0,a, + 6a, + 63a, is an orthogonal matrix, the length of each row (or 
column) being c|o|. Accordingly, |(o,a, + 6,a, + 6,a,)u|=c|o| |u| so that 


O=c. (1.6.39) 


1.6.8 Example. Assume det(Xo0,4,) = 0 for some o + 0. Then 
D(@)*H\(R")’. 


1.6.9 Example. The apparent lack of a more precise characterization of the 
domain of the Maxwell operator % in (1.6.4) is in fact due to the neglect of 
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conditions (1.6.3). To see this we consider the restriction &%, of Y& to the subspace 
€?=SxXSCL?(R*)° of all vectors u = (&, I) satisfying (1.6.17). We have 


I, (&, ICI? = c? (rot ||? +|[rot IC||). (1.6.40) 
Let £ = ({, &, &) be a vector in C* such that 
o,f, + o,f, + 036, = 0 
for some o = (0,, 65, 0,) €R*. Then we check easily that 
|o53 — 3|? + Josh) — 018317 + |oiSa — 9284/7 = 071817. 
This identity, applied pointwise to the Fourier transform of a vector & € S, shows 


that rot & € L?(R?)? if and only if 6 € H'(R*)*; applying this and (1.6.40) to both 
components & and I of an element of D(2,) we conclude that 


D(%,) = H'(R?)°n G?. (1.6.40) 


1.6.10 Example. The operators i2{ (2 the Maxwell operator (1.6.4)) and 
i@ (@ the Dirac operator (1.6.33)) are self-adjoint, the first in L7(IR*)°, the 
second in L*(IR*)*. More generally, i@ is self-adjoint in L7(R”)”, where @ is 
the symmetric hyperbolic operator (1.6.22). It suffices to apply the relevant 
portion of Example 1.4.6; the formal adjoint of @ is 

= AD ae 


jJ=1 


1.7. MISCELLANEOUS NOTES 


The classical Cauchy problem is that of solving a general partial differential 
equation or system P(u)=0, the Cauchy data of the unknown function u 
(its value and the value of its normal derivatives up to order r—1, r the 
order of the equation) prescribed on a hypersurface § of m-dimensional 
Euclidean space R”. Extending early work of Cauchy, Sophia Kowalewska 
succeeded in proving in 1875 that the Cauchy problem for a wide class of 
analytic partial differential equations can always be solved (if only locally) 
if the surface § and the Cauchy data of u are analytic and § is nowhere 
characteristic. This result, known as the Cauchy-Kowalewska theorem, is 
usually seen nowadays in the simplified version of Goursat (see Bers-John- 
Schechter [1964: 1]; a different proof has been given by Hérmander [1969: 
1]). A misunderstanding seems to have subsequently arisen in relation to the 
possibility of solving the Cauchy problem above for nonanalytic Cauchy 
data along the lines of the following argument: approximate the Cauchy 
data of u by analytic Cauchy data; solve the equation; take limits. The 
fallacy involved in overlooking continuous dependence of the solution on its 
Cauchy data was pointed out by Hadamard in [1923: 1, p. 33] (although he 
was aware of it no less than twenty years before): “I have often maintained, 
against different geometers, the importance of this distinction. Some of 
them indeed argued that you may always consider any functions as analytic, 
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as, in the contrary case, they could be approximated with any required 
precision by analytic ones. But, in my opinion, this objection would not 
apply, the question not being whether such an approximation would alter 
the data very little but whether it would alter the solution very little.”! 
Hadamard presents the classical counterexample to the approximation 
argument—namely, the Cauchy problem for the Laplace equation (which 
will be found in its essential features in Chapter 6)—and singles out those 
Cauchy problems for which continuous dependence holds; correctly set 
problems in his terminology. Other names (well set, well posed, properly 
posed) are in current use now. 

The concept of a properly posed problem in the sense of Hadamard 
does not fit into the abstract framework introduced in Section 1.2. To 
clarify this we restrict ourselves to the particular case where the equation is 
linear and of first order and where the hypersurface $ is the hyperplane 
X,, = 0. The requirement that $ be nowhere characteristic implies that the 
equation or system can be written in the form 


m—| 
D”u= \) Aj(x)D/ut B(x)ut f(x), (left?) 

a 
where u, f are vector functions of (x,,...,x,,) and the A,, B are matrix 
functions of appropriate dimensions; we assume that A;, B, f have deriva- 

tives of all orders. The Cauchy data of u reduce to its value for x,, = 0, 

Daas eX yO) PUK ea) (CY 72) 
The Cauchy problem is properly posed in the sense of Hadamard if solutions 
exist for, say, » infinitely differentiable and depend continuously on 9; 
according to Hadamard, continuous dependence is understood in the topol- 
ogy of uniform convergence (on compact sets) of derivatives up to a certain 
order, not necessarily the same for the data and the solution. It is remarka- 
ble that,continuous dependence in this sense is a consequence of existence 
and uniqueness, as the following result (where we assume that f = 0) shows: 


1.7.1 Theorem. Let X,, > 0. Assume a unique infinitely differentia- 
ble solution u of (1.7.1), (1.7.2) exists in |x,,|< X,, for every p = )(R™~'). 
Then, given a,b>0O and an integer M>0 there exists an integer N>0O 
such that if {9,)}CD(R™~') with the support of each 9, contained in 
x? +-++-+x2_,<b? and 

lim |D%~p,(x)| =0 
n— co 


uniformly in R™~'| for B = (B,,..-;Bm—1) with |B| < N, then 
lim |D“u,,(x)|=0 


n> co 


"From J. Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential 
Equations, (New Haven: Yale University Press, 1923). 
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uniformly in x? + +++ +x2. <a, |X| < X,, for all |a|< M 

Proof. Let °%), the subspace of )(R”™~') consisting of all m with 
support in x? + --- +x?2_,<b*. The space %, is a Fréchet space equipped 
with the translation invariant metric 


eo 
e(e. v= L 2 Ip- V,/O FIle — ile), (1.7.3) 
k=0 
where ||-||, denotes the maximum of all partial derivatives of order <k. 
Similarly, the ei cy a of all infinitely differentiable functions of x,,...,x,, 
defined in |x,,|< "is a Fréchet space endowed with the translation 
invariant metric 


2 


loo) (oe) 
d(u, oy" 2 a= ole /OHe ole Ds 4) 

k=0/=0 
where I lees Genote: ae maximum of all partial derivatives of order <k in 
x? +--+ +x2_,<I’, |x,,| < X,,- The linear operator S p = u (from %, into 


(Es ¥) from Cauchy carta @ to solution u provided by the assumptions of 
Theorem 1.7.1 is easily seen to be closed, thus it must be continuous by 
virtue of the closed graph theorem for Fréchet spaces (Banach [1932: 1, p. 
41}). It follows that there exists 6 > 0 with 


d(u,0)<2~“+!*) if p(@,0) <4 
with / > a. Accordingly, if N is so large that 
2 oe OA) 
and q is such that 
IPlly < 8/4 


(note that ||-||, increases with K), we shall have p(g,0)<6 so that 
ell ae: /O +llullas)) <2, thus ||u||,,, must remain bounded. Hence there 
exists a constant C (depending on a, b, M) such that 


lle a < Cllolly (1.7.5) 
This concludes the proof. 


We note that a rather obvious approximation argument based on 
(1.7.5) shows that (1.7.1), (1.7.2) will actually have a solution for every 
initial datum with support in x7 + --- +x2_,<c? <b? having continu- 
ous derivatives of order < N, pass SOLES having continuous derivatives 
of order < M in x} +---+x2_,<a’, |x,,|<X,,; it suffices to approxi- 
mate the in CeCe in the norm ft lly by a sequence (g,} in % with 
support in xf + --- +x2_, <b? and let n > 00; of course, we assume that 
M>1s0 that ieee can ibe faker in the equation (1.7.1). 

There is evidence in [1923: 1] that Hadamard was aware of the 
relation between existence of solutions for sufficiently differentiable initial 
data and continuous dependence. Contrasting properly and improperly 
posed problems, he states on p. 32: “On the contrary, none of the physical 
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problems connected with V?u=0 is formulated analytically in Cauchy’s 
way. All of them lead to statements such as Dirichlet’s, i.e. with only one 
numerical datum at every point of the boundary. Such is the case with the 
equation of heat. All this agrees with the fact that Cauchy’s data, if not 
analytic, do not determine any solution of any one of these two equations. 

“This remarkable agreement between the two points of view appears 
to me as an evidence that the attitude which we adopted above—that is, 
making a rule not to assume analyticity of data—agrees better with the true 
and inner nature of things that Cauchy’s and his successors’ previous 
conception.” 

The first result of the type of Theorem 1.7.1 was given by Banach 
[1932: 1 p. 44] as an application of his inverse function-closed graph 
theorem; the result there is not restricted to Cauchy problems, however. 
Many variants have been proved using the same basic idea: we note the 
following result, due to Lax [1957: 2], where the phenomenon of finite 
domains of dependence is deduced from mere existence and uniqueness of 
solutions of (1.7.1), (1.7.2) for m having arbitrary growth at infinity. 


1.7.2. Theorem. Let X,,>0. Assume a unique infinitely differentia- 
ble solution u of (1.7.1), (1.7.2) exists in |x,,|<X,, for every yp infinitely 
differentiable in R™~'. Then, given a> 0 and an integer M > 0, there exists 
b, C > 0 and an integer N > 0 (all three depending on a, M) such that 


lll a <Cllolin.o- (1.7.6) 


The proof is essentially the same as that of Theorem 1.7.1; this time 
the space of Cauchy data is C‘~)(R™~') consisting of all @ infinitely dif- 
ferentiable in R™ ' endowed with a metric of the type of (1.7.4). Inequality 
(1.7.6) implies that the solution u in x?+---+x2_,<a’, |x,|<X,, 
depends only on the restriction of the initial datum to x? + --- +.x2,_, <b’. 


An abstract version of the Cauchy problem incorporating 
Hadamard’s basic ideas could be formulated along the lines of Section 1.2 
by looking at the differential operator on the right-hand side of (1.7.1) as a 
x,,-dependent linear operator in C()(R”~') or D(R™~') with values in 
Co(R”—'); setting x, =7, F=C@(R"~'), and E=9(R""') or 
C‘~)(IR”~'), depending on whether the setting is that of Theorems 1.7.1 or 
1.7.2, we are led to the following abstract Cauchy problem in the sense of 
Hadamard: given two linear topological spaces E, F with E C F (but where 
the topology of E is not necessarily that inherited from F’) and a family of 
operators { A(t); 0 <t<T)} with domains D(A(t)), the Cauchy problem for 


wG)=Ar)u@) (O<r<T) Claree) 
is properly posed in the sense of Hadamard if solutions u(-) (defined in an 


*From J. Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential 
Equations, (New Haven: Yale University Press, 1923). 
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obvious way) exist for initial data u(0) in a dense set DC E and depend 
continuously on them, in the sense that limu,(t)=0 in F, uniformly in 
0 <t <T whenever (the generalized sequence) {u,(0)} converges to zero in E 
(note that in the examples considered above D( A(t)) = E and A(t): E > F 
is continuous). Different abstract schemes of this type, corresponding to 
different definitions of solution could be devised. A setting where E and F 
are Banach spaces is the following: E is the Banach space BC? (R”™~') of 
functions with bounded and continuous partial derivatives of order < N 
(equipped with the norm ||-||,, the supremum of all these derivatives in 
R”~') and F= BC(”(R™~'). This last version, however, is probably not 
very faithful to Hadamard’s formulation since it incorporates a priori 
restrictions on the behavior of the solutions at infinity (implicit in their 
membership in BC‘”)(R™~') for all ¢), which are wholly absent from his 
original definition of correctly set problem; however, these restrictions at 
infinity allow us to treat as well characteristic Cauchy problems (such as the 
usual initial value problem for the heat equation) for which the local 
schemes in Theorems (1.7.1) and (1.7.2) are inadequate, since solutions may 
not exist or uniqueness may fail (see Hormander [1961: 1, p. 121)). 

The abstract Cauchy problem in the sense described above does not 
seem to have been studied in full generality; for the case where E and F are 
Banach spaces, see Krein-Laptev-Cvetkova [1970: 1], where T = oo and the 
problem is understood in a somewhat different sense (see also Sova [1977: 
1]). On the other hand, there exists a vast literature on properly posed 
“concrete” Cauchy problems for partial differential equations, undoubtedly 
one of the central questions in the theory: see, for instance, Petrovskii [1938: 
1], A. Lax [1956: 1], Lax [1957: 2], Hormander [1955: 1] and [1969: 1] 
(additional references can be found there), Strang [1966: 1], [1967: 1], [1969: 
1], Flaschka-Strang [1971: 1], Gelfand-Silov [1958: 3], and Friedman 
(19632B); 

The abstract Cauchy problem for differential equations in Banach 
spaces was introduced by Hille [1952: 3] (see also [1953: 2], [1953: 3], [1954: 
1}, [1954: 2], [1957: 1], Phillips [1954: 2]). It should be pointed out that 
Hille’s prescription for a well-set Cauchy problem is somewhat different 
from that in Section 1.2 not only in the minor technical matter of definition 
of solution but in that continuous dependence is not assumed; the matter of 
interest is that solutions (that satisfy a certain growth condition at infinity) 
should be unique. That continuous dependence follows from existence and 
uniqueness in certain cases can be seen much in the same way as in 
Theorems 1.7.1 and 1.7.2, as the following result (which is due to Phillips 
[1954: 2] in a slightly more general formulation) shows. 


1.7.3, Theorem. Let A be a densely defined operator in the Banach 
space E such that p(A)*®@. Assume that for every u€ D(A) there exists a 
unique solution of 


u'(t)=Au(t) (t>0) (1.7.8) 
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in the sense of Section 1.2 with u(O) = u. Then the Cauchy problem for (1.7.8) 
is properly posed in the sense of Section 1.2. 


Proof. Let T>0, C=C (0, T; E) the Banach space of all E-val- 
ued continuously differentiable u(-) defined in 0 <t < T endowed with the 
norm ||u(-)||, =sup||u(¢)||+ sup||u’(t)|| (the suprema taken in 0<t<T). 
Consider D(A) equipped with (the norm equivalent to) its graph norm 
|(AZ — A)u|| for some A € p(A) and the operator ©: D(A) > C" defined 
by Su=u(-), u(-) the solution of (1.7.8) with u(0) = wu. If u,, > u in D(A) 
and Gu,(-) > v(-) in C™, it is easy to see taking limits in (1.7.8), and using 
the fact that A is closed that v(-) is a (then the only) solution of (1.7.8) with 
v(0) =u; it follows that © is closed, hence bounded by the closed graph 
theorem. Given u€ D(A), it is plain that v(-)= R(A)Gu is a (then the 
only) solution of v(t)= Av(t) with v(0)= R(A)u, so that GR(A)u= 
R(A)Gu. Hence we have, for u(-) = Gu, 


sup||u(t)|| = sup||(AZ — 4)S R(A )u| 
<C'lo(- Ih, < CIAL — A) R(A ) ul] = Clu). 
Since T is arbitrary, the result follows. 


The definition of properly posed abstract Cauchy problem given in 
Section 1.2 was introduced by Lax in a 1954 New York University seminar 
(where A was allowed to depend on time). The time-invariant version was 
published in Lax-Richtmyer [1956: 1]. Although also inspired by Hada- 
mard’s basic idea, this formulation is less general since solutions and initial 
data are measured in the same norm. Yet, it seems to be ample enough 
(together with its time-dependent counterpart, to be examined in Chapter 7) 
to model linear physical systems where a “measure of the state” such as 
energy, amount of diffusing matter, or temperature, remains bounded or at 
least does not become infinite in finite time; ideally, the norm of the space 
E should be this measure (although the choice of norm is many times 
dictated by mere mathematical convenience, as is the L* norm in the 
treatment of the heat equation). However, not all physical systems fit into 
this scheme; see Birkhoff [1964: 1, p. 312]. The term propagator was used to 
denote the operator S(t) by Segal [1963: 1]. 

An interesting problem in this connection is: given a system (or class 
of systems) of partial differential equations, we seek functional norms that 
allow the Cauchy problem to fit in the scheme of Section 1.2, or, alterna- 
tively, we look for conditions on the system that permit the use of a given 
functional norm like the L* or the C norms. For results in both directions 
see Birkhoff-Mullikin [1958: 1], Birkhoff [1964: 1], Lax-Richtmyer [1956: 1] 
Richtmyer-Morton [1967: 1], Kreiss [1959: 1], [1962: 1], [1963: 1], and 
Strang [1969: 1], [1969: 2], [1969: 3], [1969: 4]. See also L. Schwartz [1950: 
1], where the “state spaces” are spaces of distributions. We note that the 
surge of interest in the theory of the abstract Cauchy problem during and 
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after the fifties was motivated in part by the rapid development of finite- 
difference methods (to approximate solutions of differential equations) 
made practical by the availability of high-speed computers. 

The notion of properly posed problem in Section 1.2 may of course 
be modified in many ways: solutions may be defined in suitably weak 
senses, the function C(-) in the a priori estimate (1.2.3) can be assumed only 
finite, and so on. Different properties of the propagator S(-) result. Some of 
these variants will be examined in Section 2.5. 

In relation to the examples in Sections 1.4 and 1.6, we note that the 
Schrodinger, Maxwell, and Dirac operators are skew-adjoint (that is, 7 times 
a self-adjoint operator). This was implicitly known when the corresponding 
equations were introduced in physics, since the conservation of norm 
property for the solutions (required on physical grounds) is a consequence 
of skew-adjointness, as we have seen in the corresponding examples. An 
abstract formulation of this argument is: 


1.7.4 Example. Let A be a self-adjoint operator in the Hilbert space H. 
Then the Cauchy problem for 


u'(t) =iAu(t) (1.7.9) 
is well posed in — 00 <t <oo and, for any solution u(-) we have 
||u(z || = |](0)))- (1.7.10) 


The proof is essentially the same as that for, say, the Schrodinger 
operator, the role of the Fourier transform being taken over by the spectral 
integral and the functional calculus. 


We should mention, however, that the rigorous proof of skew- 
adjointness for the Maxwell, Schrodinger, and Dirac operators is rather 
recent: for the last two see Kato [1951: 1], [1951: 2]. 

In the matter of Example 1.7.4, we point out that the converse is as 
well true (see Theorem 3.6.7) with a partial converse holding in the case 
where the Cauchy problem for (1.7.9) is well posed in ¢>0 and (1.7.10) 
holds there (Theorem 3.6.6). Equation (1.7.9) is sometimes called the 
abstract Schrédinger equation (see J. L. B. Cooper [1948: 1]). 

Example 1.6.1 generalizes an earlier result of Littman [1963: 1], 
where the nonexistence of L? estimates for the wave equation ( p = 2) is 
deduced from direct estimation of the explicit solution. For L? estimates for 
symmetric hyperbolic systems, not necessarily with constant coefficients (as 
well as for estimates in other functional norms), see Brenner [1972: 1], 
[1973: 1], [1975: 1], [1977: 1], and Brenner-Thomée-Wahlbin [1975: 1]; 
estimates for the Schrodinger and other equations are in Da Prato-Giusti 
[1967: 1], [1967: 2], Lanconelli [1968: 1], [1968: 2], [1970: 1], and Marshall- 
Strauss-Wainger [1980: 1]. Most lie deeper than Theorem 1.6.3. 

Example 1.2.2 deserves some comment. As pointed out there, it does 
not apply to any nontrivial differential operator A in the usual Banach 
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spaces of classical analysis. However, many differential operators are con- 
tinuous in certain linear topological spaces (such as the spaces of Schwartz 
test functions %), 5 or the distribution spaces )’, 5’) hence we may ask 
whether (1.2.10) makes sense in these conditions. The answer is in the 
negative, as the series is in general divergent. 

We note finally that it is possible in some cases to deduce that a 
Cauchy problem is properly posed in the sense of Hadamard from the fact 
that it is properly posed in the sense of Section 1.2; this is usually done 
using “comparison-of-norms” results like the Sobolev embedding theorems. 
An example of this sort of reasoning is that following Theorem 1.6.3, 
although estimates in the H° norms involve of course growth conditions at 
infinity. Estimates in local norms could be obtained, however, by using 
domain of dependence arguments. 


Chapter 2 


Properly Posed Cauchy Problems: 
General Theory 


62 


We continue in this chapter our examination of the Cauchy problem 
for the equation u’(t) = Au(t) initiated in Sections 1.2 and 1.5. The 
main result is Theorem 2.1.1, where necessary and sufficient condi- 
tions are given in order that the Cauchy problem be well posed in 
t>0. These conditions involve restrictions on the location of the 
spectrum of A and inequalities for the norm of the powers of the 
resolvent of A. The proof presented here, perhaps not the shortest or 
the simplest, puts in evidence nicely the fundamental Laplace trans- 
form relation between the propagator S(t) and the resolvent of A; in 
fact, S(t) is obtained from the resolvent using (a slight variant of) the 
classical contour integral for computation of inverse Laplace trans- 
forms. Section 2.2 covers the corresponding result for the Cauchy 
problem in the whole real line, and the adjoint equation. The adjoint 
theory is especially interesting in nonreflexive spaces and will find 
diverse applications in Chapters 3 and 4. 


One of the first results in this chapter is the proof of the 
semigroup or exponential equations S(0)=1, S(s + t)=S(s)S(t) for 
the propagator S(t). We show in Section 2.3 that any strongly 
continuous operator-valued function satisfying the exponential equa- 
tions must be the propagator of an equation u’(t) = Au(t). Finally, 
Section 2.4 deals with several results for the inhomogeneous equation 


u(t) = Au(t)+ f(t). 
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2.1. THE CAUCHY PROBLEM IN t> 0 


We examine in this section the question of finding necessary and sufficient 
conditions on the densely defined operator A in order that the Cauchy 
problem for 


u(t)=Au(t) (#>0) (2.1.1) 


be well posed in ¢ > 0. An answer is given in Theorem 2.1.1; the conditions 
on A bear on its resolvent set p(A) and on the behavior of the resolvent 
R(A) = (AI — A)~! in p(A). 

We assume that the Cauchy problem for (2.1.1) is well posed in the 
sense of Chapter 1. Let S(-) be the propagator of (2.1.1). Then 


S(0)=J, “S(s +t) =S(s)S(¢), s,t20: (221.2) 


The first equality (2.1.2) is evident from the definition of S. To prove the 
other one, let u]@ D and ¢>0 fixed, and consider the function u(s)= 
S(s+t)u, s>0. Due to the fact that A does not depend on f,u(-) is a 
solution of (2.1.1); hence it follows from (1.2.7) that u(s)= S(s)u(0)= 
S(s)S(t)u. The second equality in (2.1.2) results then from denseness of D. 

An important consequence of (2.1.2) is the following. Let t > 0, n the 
largest integer not surpassing ¢. Then S(t)=S(t—n)S(1)"; accordingly, 
| S(t)I| < ||SC¢ — n)I| || SC)" < C-C” = Cexp(nlog C) < Cexp(tlogC), where 
C = sup{C(t); 0<t<1)} (here C(-) is the function in our definition of 
well-posed Cauchy problem in Section 1.2). It follows that there exist 
constants C, w such that 


IS@)ila@ee\ a7 20): (2.1.3) 


This implies that every solution (and also every generalized solution) of 
(2.1.1) grows at most exponentially at infinity. 

We can deduce from (2.1.2) more precise information on the behavior of 
S(-) at infinity. In fact, let w(t) = log||S(2)|| (¢ > 0). Clearly w(-) (which may take 
the value — oo) is subadditive—that is, w(s+t)<w(s)+w(t) for all s,¢>0. It 
follows then essentially from a result in Polya and Szego [1954: 1, p. 17, Nr. 98] that 


where we allow the value — oo for wo. Clearly (2.1.3) holds for any w > wy (but for 
NO w < Ww); it may not necessarily hold for wo itself. 

Let A be a complex number such that ReA > w (w the constant in 
(2.1.2)). Define 


O(A)u= fe S(1)ude (ueE): (2.1.4) 


The norm of the integrand is bounded by C||u||exp(w—ReA)r, thus by 
Lemma 1.3, (2.1.4) defines a bounded operator in E. We have already seen 
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in Example 1.2.2 that in the case where A is bounded, Q(A) = R(A), which 
suggests that the same equality may hold in general. This is in fact so, at 
least if we assume A closed. In fact, let u] D, T > 0. Making use of Lemma 
3.4, we have 


A f'e-MS(t)ude = [le NAS(t) uae 
0 0) 


= fle ™(S(t)u)’ at 

10) 

=e '§(T)u—ut rf "eS (1) ude. 
0 


Letting T — co and making use again of the fact that A is closed, we see that 
QO(A)u€ D(A) and AQ(A)u=AQ(A)u—u. Let now ue E£, {u,} a se- 
quence in D with u, >u. Then AQ(A)u, =AQ(A)u, — u, ~AQ(A)u—u 
while evidently Q(A)u,, > Q(A)u. Accordingly Q(A)u € D(A) and AQ(A)u 
= )Q(A)u— u; in other words, Q(A)E C D(A) and 
(AI-— A)Q(A) =I. (2.1.5) 
It is plain that (2.1.5) shows that (AJ — A): D(A) > E is onto. We show 
next that (AJ — A) is one-to-one. In fact, assume that there exists u € D(A) 
with Au=Au. Then u(t)=eu is a solution of (2.1.1); since ||u(t)|| = 
eReA)tiyil this contradicts (2.1.3) unless u = 0. We see then that (AJ — A) is 
invertible and that (AJ — A)~'=Q(A) is bounded. (Compare with (1.2.13).) 
The fact that p(A) contains the half plane ReA > w (in particular, 
that it is nonempty) has some interesting consequences. In fact, let u € D, 
A € p(A). Clearly u(t) = R(A)S(t)u is a solution of (2.1.1), so that in view 
of (1.2.7), 
R(A)S(t)u=S(t)R(A)u (t>0). (2.1.6) 
Since D is dense in E, (2.1.6) must hold for all u€ E. Noting that 
D(A) = R(A)E, we see that 
S(t) DCA) eS D(4) "Gs 0) 
and, making use of (2.1.6) for (AJ — A)u instead of u and then applying 
(AI — A) to both sides, we obtain 


AS(t)u=S(t)Au (ue D(A), t>0). (2.1.7) 


Observe next that if we integrate the differential equation (2.1.1) and make 
use of (2.1.7), it follows that 


S(t)u- u= ['(S(s)u)'ds= f's(s) Auds 


for u € D. Applying R(A) to both sides of this equality and using (2.1.6), we 
obtain 


R(A)(S(t)u—u) = R(X) ['S(s) Auds 


= ['S(s)AR(A)uas. 
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Both sides of this equality are bounded operators of u, thus it must hold for 
all u € D(A). Making use of the fact that R(A) is one-to-one, we conclude 
that 


S(t)u—u= ['S(s)Auds= f'AS(s)uds (2.1.8) 


for all u€© D(A). But then S(-)u must be a solution of (2.1.1) for any 
u & D(A); that is, the assumption that the Cauchy problem for (2.1.1) is 
well posed implies that we may take 


D= D(A). (2.1.9) 
All elements of D(A) are then initial data of solutions of (2.1.1). We try 
now to obtain more information about R(A)=Q(A). Estimates for the 
norm of arbitrary powers of R(A) can be obtained from (2.1.4) by differen- 
tiating both sides with respect to A. On the left-hand side we use formula 
(3.5), whereas on the right-hand side we differentiate under the integral sign. 
(That this is permissible, say, for the first differentiation can be justified as 
follows on the basis of the dominated convergence theorem: the integrand 
corresponding to the quotient of increments is h~'(e~*")" — e~™)S(t)u, 
which is bounded in norm, uniformly with respect to small h by 
Cte~ReA~ |4|-©) The higher differentiations can be handled in the same 
way.) We obtain the formula 


R(A)*u=—— ip {oS (tf )\udt (REA Gon SI): (2.1.10) 


(n— Hi 
Noting that the integrand is bounded in norm by 
deduce from (2.1.10) that 


|R(A)"||<C(ReA-—w) " (ReA>w,n>1). (eh) 
It is remarkable (but not unexpected, in view of a result in Widder [1931; 1] 
that identifies Laplace transforms of bounded functions) that inequalities 


(2.1.11) are as well sufficient for the Cauchy problem to be well posed. In 
fact, we have 


2.1.1 Theorem. Let A be closed. The Cauchy problem for (2.1.1) is 
well posed and its propagator satisfies (2.1.3) if and only if o( A) is contained in 
the half-plane ReX < w and R(X) satisfies inequalities (2.1.11) (C and w the 
same constants in (2.1.3)). 


Gis lon Es ©) we 


We have already proved half of Theorem 2.1.1. To show the other 
half we begin by constructing certain solutions of (2.1.1). Let u€ D(A), 
w’ > w,0. Define 


u(t)=ut tAut4t?A*u 


1 w+ ioo e* 3 
teal : R(A)Audd (t>0). (2.1.12) 
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A simple deformation-of-contour argument shows that the integral on the 
right-hand side vanishes for ¢ < 0, so that 


u(0) =u. (2,413) 
It is also plain that 
\lu(t)\|<C(u)e®’ (t>0). (2.1.14) 


Differentiating under the integral sign (justification of this runs along the 
same lines as that of (2.1.10)) and making use of another deformation-of- 
contour argument and of Lemma 2.1, we obtain that u(-) is continuously 
differentiable, u(t) € D(A) for all t and 


u'(t)— Au(t) = — 407A? u 


l w’ + ico eX! 5 = 
CoE babe ay (Al A)R(A)A3udd=0 (t>0). 
We see then that u(-) is a solution of (2.1.1) satisfying the initial condition 
(2.1.13). We try now to improve the estimate (2.1.14) for u(-). To this end 
we observe that, making use of the equality u’(t)— Au(t) =0, of an argu- 
ment similar to the one leading to (2.1.5), and of the fact that (AJ — A) is 


one-to-one, we obtain 
fo eMu(t) dt=R(A)u (Rer>o’). (2.1.15) 
0 


(Note that the integral in (2.1.15) makes sense in view of (2.1.14); a more 
direct, but less tidy proof of (2.1.15) can be achieved computing its left-hand 
side by replacing u(-), given by (2.1.12), into it.) Differentiating now 
(2.1.15) repeatedly with respect to A and arguing once again as in the 
justification of (2.1.10), we obtain 


Ly Pie 1 - n—1,-—As , 
R(A) aa FAST stew uls)ds, (ReA> ): 
Hence; ii > 0) 
n n n n [oe) 
eS R(*) u=f y,(t,s)u(s)ds (n>w't), (2.1.16) 


where 


l Lae —ns/t 
wlts)= Top (G) en (930,40). 


It is immediate that each y, is positive and infinitely differentiable. It 
follows from (2.1.16) applied to A = 0, or directly, that 


if ¥,(t,s)ds=1 (¢>0,n>1). (2.1.17) 


Clearly y,,(t,0) = y,,(t, 00) = 0. Moreover, y,, as a function of s, increases in 
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ya(1, s) = 128 53 e-4s 
3 


y2(1, s) = 45 e-2s 


0 1 D S 
FIGURE 2.1.1 


O<s<(n-—1)t/n, decreases in (n—1)t/n<s<oo, and we obtain from 
Stirling’s formula that 


m(ts)= tf (Se-7)"(14 0(1)) asn—>oo. (2.1.18) 


In view of this asymptotic relation, of the preceding comments and of the 
inequality pe'!~° <1 which holds for p > 0, p = 1, we obtain: if 0 < t’<+ and 
Gil) /net/ 7s, then 

y,(t,5)<y,(t,t'!) 20 asn>o (0<s<v?’) (2.1.19) 
Let now k be an arbitrary positive constant. An elementary analysis shows 
that the function e**y,(t, 5) (n> kt) is decreasing in s > (n—1)t/(n — kt) 
—>tasn- oo, thus if we select t” > ¢ and make use again of the asymptotic 
estimation (2.1.18), we obtain 


e'y (t,5) 70 asn>00 (2.1.20) 


uniformly in s >t”. 
We prove next that 


u(r) = lim f° y,(t,8)u(s) ds (2:1,.21) 


using the previous estimates for y, in a way familiar in the theory of 


68 Properly Posed Cauchy Problems: General Theory 


mollifiers. Let n > w’t. Then 


u(t) [mts )u(s) ds 


< [val ts )lu(t)—u( s)he 
=1,(8)+J,(8)+K,(8), (2.1.22) 


where the right-hand side of (2.1.22) corresponds to the division of the 
domain of integration into the subdomains (0, t — ),(t — 6, t + 6),(¢ + 6, 00), 
where 0 < 6 <?. Let e> 0. Taking 6 sufficiently small and availing ourselves 
of the continuity of u(-) at t, we may assume that ||u(t)— u(s)||<e/3 for 
t—8<s<1t+6; in view of (2.1.17), this assures that || J,(5)|| < ¢/3 indepen- 
dently of n. Once 6 has been chosen in this way, we use (2.1.19) and choose 
ny so large that ||Z,(5)||<e/3 for n>n,. The third integral is similarly 
treated, observing that by virtue of (2.1.14) and (2.1.20) with k =2w’ we 
have 


livn(t,5)u(s)I<C’p,e-°* (s>t+8), 


where p, > 0 as n > 00. This completes the proof of (2.1.21). 
We combine (2.1.21) with (2.1.16) to obtain 
u(t) = lim (=) R(=) u (t>0) (2.1.23) 
n>o\l t 
Making use of inequalities (2.1.11), we deduce that 
n 


eC < tim c(*) (4-6) “ul= cea (1>0). (2.1.24) 


We define 
S(t)u=u(t) (ue D(A), t>0) 

where u is the function in (2.1.12). Making use of arguments similar to those 
employed in the treatment of S(-) (see Section 1.2), we show that S can be 
extended to a (£)-valued strongly continuous function defined in ¢>0, 
satisfying S(O) = J and 

HSC) Cee r= Oy. (01-25) 
C,w the constants in (2.1.24) (and in the hypotheses of Theorem 2.1.1). 
Clearly, the proof will be complete if we can establish that 

u(t) =S$(t)u(0) (2.1.26) 


for all solutions of (2.1.1) (and not only for those originating in D(A?) 
defined by (2.1.12)). In order to show (2.1.26), we observe first that it 
follows immediately from the definition of S(t) that S(t)R(A)u= 
R(A)S(t)u if ue D(A’); by the usual continuity argument, this equality 
must then hold for all uw € E. This implies that S(t) D(A) D(A) and 


S(t)Au=AS(t)u (ue D(A), ¢>0). 


2.1. The Cauchy Problem int > 0 69 


On the other hand, it is a simple consequence of (2.1.12) and the definition 
of S that M(t)=S(t)R(A)> is a continuously differentiable (E)-valued 
function in ¢>0 and that M’(t)= AM(t). Accordingly, if u(-) is any 
solution of (2.1.1) we have 


SM(t-s)u(s)=0 (0<s<v). 


Then R(A)?u(t) = M(0)u(t) = M(t)u(O0) = R(A)?S(t)u(O), from which 
(2.1.26) results since R(A)? is one-to-one. This ends the proof of Theorem 
Petal 


Note, incidentally, that although solutions of (2.1.1) are initially 
defined only for initial data in D(A’), this is enough to establish that the 
Cauchy problem for (2.1.1) is well posed and thus, by virtue of (2.1.9) and 
preceding comments, solutions actually exist for arbitrary initial data in 
D(A). 


2.1.2 Remark. Formula (2.1.23) can be written in the following manner: 
S(t)u= lim 4) mo (r= 0). (2.127) 


Strictly speaking we have proved this only for u€ D(A*). However, it 
follows from inequalities (2.1.11) that ||(J—(t/n)A)~"|| is bounded for 
n> wt. Therefore (2.1.27) actually holds for all u < E (Theorem 1.1) and can 
be used to justify writing 


S(t)=e4 (¢>0). (2.1.28) 
More results in this direction will be found later (see Section 2.5). 


2.1.3 Example. Using the convergence arguments leading to (2.1.21) show 
that the limit in (2.1.27) is uniform on compacts of ¢ > 0. 


2.1.4 Remark. In the sufficiency part of Theorem 2.1.1, inequalities 
(2.1.11) need only be assumed for p real, 4 > w. In fact, assume that R(p) 
exists for uw > w and 


RCH)" <C(w—w) " (w>w,n>1). (2.1.29) 
Let 4 > w. We know (Section 3) that if the series 


E (w-A)/R(n) (2.1.30) 


I 


converges in (E) for some complex A, then A € p(A) and (2.1.30) equals 
R(A). But, in view of (2.1.29) the series converges in (£) whenever |A — p1| 
<|u—w|. Differentiating term by term and making use of formula (3.5), 
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we obtain 


Dp AGyee (11) 
R(A) => SRO 
] = Ay eae : = 70 F fea 
=—— YY fir de (G0 $2)(H- a)" ER(w)”* 
eA eye 
j=Hn 
(2131) 
in |A—p| <|u— w|. Replacing inequalities (2.1.29) into (2.1.31) we obtain 
the following estimates: 


n g — y, . ieee nes 

R rv Stee sap ike —] re a +2 Seer ae eee 

IR(A) Le Cen eel Joe le coisas 
(2.1.32) 


Let next A be such that ReA > w. Take p real and so large that the disk 

|S —p|<|A—p| entirely belongs to Ref > w and let uy =u — |A — pI. Since 

|A — py] = — Lo, we obtain, making use of (2.1.31) for A = w, that 
TRA) < Cleat. Ciel (2.1.33) 


We let now p > + © and note that wu, > ReA, thus obtaining inequalities 
(2.1.11). Of course inequalities (2.1.29) need only be assumed for a sequence 
By, Bie ct 


Im \ 


Ho =H — [A= pl 


FIGURE 2.1.2 
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*2.1.5 Example (Phillips [1954: 1]). Obviously, the first inequality (2.1.29) im- 
plies all the others if C =1, but if C > 1, not even the first inequality (2.1.11) implies 
necessarily the others (see also Hille-Phillips [1957: 1, p. 371)). 


2.1.6 Example. Let A be a (not necessarily densely defined) operator 
such that R(A) exists for large real A and satisfies the first inequality 
(2.1.29). Then, if ue D(A), 


lim AR(A)u=u. 
A> 0 
(Hint: Prove this first for u< D(A) and use Theorem 1.1.) 


In all the following three examples, A is an operator satisfying the assump- 
tions of Theorem 2.1.1. 


2.1.7 Example. D(A’®)=0°_,D(A”") is dense in E. (Hint: Consider the set of 
all elements of E of the form {p(t)S(t)udt, where u € E and g is a test function 
with support in ¢ > 0.) 


2.1.8 Example. If u€ D(A®), then 


a) n 
t n 
S(t)u~ Au, (2.1.34) 
n=0 
where “~” means “asymptotic in the sense of Poincaré as t > 0”; precisely, we 
have 
l Dal GY 1 
lim —({ S(t)u-— )) —Alu} =—A"u. (2.1.35) 
t—-0 t : j=0 ie n!} 


2.1.9 Example. (a) If u€ D(A), w’>w,0 (w the constant in (2.1.3)), u€ D(A), 
then 
S(t)u= lim so fo eMR(A) uaa (2.1.36) 
fr /00 277i w’—ir pl 
for t > 0, the limit being uniform on compact subsets of ¢ > 0. For t= 0 the limit is 
1 
zu. 
(b) If u€ E, w’> w,0 and we E£, then 
F 1 w’+ ir | r 
= oe Sa eae Kae r DAT, 
S(t)u= lim Filet ~— Je“R(A)ud (2.1.37) 


in t>0 with the same provisos as in (a). Note that this last integral can be 
considered as the Cesaro limit of the integral in (2.1.36). 
The two formulas should be compared with (1.2.14). 


2.2. THE CAUCHY PROBLEM IN —-«<t<oo. 
THE ADJOINT EQUATION. 


We attempt in this section the characterization of those densely defined 
operators A that make the Cauchy problem for the equation 


u'(t) = Au(t) 2) 
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well posed in — co < ¢ < oo in the sense of Section 1.5. This characterization 
turns out to be entirely reducible to the results in the previous section. In 
fact, we have 


2.2.1 Theorem. Let A be closed. The Cauchy problem for (2.2.1) is 
well posed in (— 00, 00) and its propagator S satisfies 


Sey < Cetll, (= c= 71< cc) (222) 
if and only if o(A) is contained in the strip |ReX| < w and 
IR(A)"||<C([ReA|—w) " ([ReA|>,n2>1). (2.23) 


Proof. Assume the Cauchy problem for (2.2.1) is well posed in 
— co <t<oo. Reasoning as in Theorem 2.1.1 we deduce that R(A) exists in 
ReA > w and Red < — w and (compare with (1.5.4)) 


R(A)u= fe ™S(t)ude (ue E, ReA>w), (2.2.4) 

0 

R(A)u=— fo eMS(-t)uat (iE Rev <—w), (225) 
0 


whence inequalities (2.2.3) follow from repeated differentiation as inequali- 
ties (2.1.11) follow from (2.1.4). Conversely, assume that the inequalities 
hold. Then, since R(A; — A) = — R(— A; A) it follows from Theorem 2.1.1 
that the Cauchy problem for (2.2.1) and for 


u'(t)=— Au(t) (2.2.6) 


are both well posed in ¢ > 0. Let u€ D(A), u,(-) (resp. u_(-)) the solution 
of (2.2.1) (resp. (2.2.6)) with wu, (0) = u (resp. u_(0) = uw). Then 


fe, Gite ee) 
HORI ah (1<0) 


is a solution of (2.2.1) in —0o <t<oo. On the other hand, if {u,(-)} is a 
sequence of solutions of (2.2.1) in — co <t<oo with u,(0)— 0, we see by 
applying the second part of the definition of well posed problem to 
u,(t)=u(t) and u_(t)=u(—?¢) in t>0 that u,(t)—0 uniformly on 
bounded subsets of (— 00, 00). This ends the proof of Theorem 2.2.1. 


We introduce some notations. If A is a densely defined operator in 
E, we say that A © ©, (C, w) if the Cauchy problem for (2.1.1) is well posed 
in t > 0 and (2.1.3) holds. When knowledge of one or both constants is not 
essential, we simply write A€ C,(w) or AE C,. It is plain from the com- 
ments preceding inequality (2.1.3) that C,(w)= U{C,(C,w); 1<C < oo), 
C, = U{C,(w); — 0 < w <0}. In the same fashion we say that A € C(C, w) 
when the Cauchy problem for (2.2.1) is well posed in — co <t<oo and 


IS(t)I| < Cee"! (—a0<t<o). (2.24) 
It is clear from (2.1.3) applied to t> S(t) and to t> S(—1) that when- 


2.2. The Cauchy Problem in — oo < t < oo. The Adjoint Equation 73 


ever the Cauchy problem for (2.2.1) is well posed, there exist constants 
C,@ such that (2.2.7) holds (we do not attempt here to distinguish 
between the exponential growth of S(-) for t > 0 and for t < 0). The classes 
C(w), C are defined in the same way as the classes C, (w), C, that is, C(w) = 
UX C(C, a); 1< C < 00), C = U{C(w); 0< w <0). 


2.2.2 Example. Show that C(w)=2 if w <0. 


The problem of deciding whether a given operator A belongs to C or 
to C, is in general not too easy to solve by direct application of Theorems 
2.1.1 or 2.2.1 since their hypotheses involve the verification of infinite sets of 
inequalities for the resolvent operator R(A). The following result is useful 
when the form of the solutions of 


u’(t) = Au(t) (2.2.8) 
can be guessed in advance. 


2.2.3 Lemma. (a) Let S(-) be a weakly measurable (E )-valued 
function defined in t > 0 such that 


SUE) c Ce? *(7'0): 


Let A be a closed, densely defined operator such that R() exists for > w’ 
and assume that for every u€ E, u* € E* 


eee S(t)u) dt=(u*,R(p)u) (w>w,’). (2.2.9) 


Then A & ©,(C, w) and the propagator of (2.2.8) coincides with S(-) 
(b) Let S(-) be a weakly measurable (E)-valued function defined in 
— 00 <t<oo and such that 


IS(e)l< Cee! (~a<t<oo), 


and let A be a closed, densely defined operator such that R() exists for wu real, 
|u| > w’ and the equalities (2.2.9) and 


foetus, S(—t)u) dt=—(u*,R(—p)u) (p>o,0’) (2.2.10) 
0 
hold. Then A € C(C, w) and the propagator of (2.2.8) equals S(-) 

Proof. It follows from (2.2.9) that 


(u*, R(p)"u) = ante tres S(t)u)dt (p>w,w',n>1) 


whence we obtain the inequalities |(u*, R(w)"u)| < C||u*|| ||u||(u — wo)” for 
> w,w’ and n>1. In view of the arbitrariness of u and u*, inequalities 
(2.1.29) result and Theorem 2.1.1 (as modified by Remark 2.1.4) applies to 
show that A€ C,. If S is the propagator of (2.2.8), then comparing (2.1.10) 
(for n=1) with (2.2.9) we find out that the functions (u*, S(-)u) and 
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Kaa; S(-)u) (u* € E, u€ E) have the same Laplace transform, thus by a 
well known uniqueness theorem they must coincide. This ends the proof of 
(a). To prove (b) we only need to observe that it was a consequence of the 
proof of Theorem 2.2.1 that A € Cif and only if both A and — A belong to 
g 


re, 

We examine some artificial—but illustrative—examples where 
Lemma 2.2.3 can be used. Other applications of the theory will be seen in 
the following chapters. 


2.2.4 Example. Let E = C)(— 00,0). Define 
Au(x)=u'(x), (221) 
where D(A) consists of all u€ E whose derivative exists and belongs to E. 


Clearly D(A) is dense in E (any test function belongs to D( A)). To compute 
R(A) we examine the differential equation 


u'(x)—Au(x) =- v(x), (22-12) 
where v € E. It is an elementary exercise to show that if ReA < 0, the only 
solution of (2.2.12) that belongs to E is 


R(A)0(x) =u(x)=- fo eOYy(y)dy (-a<x<oo), (2.2.13) 


and since it follows from (2.2.12) that u’ € E, it is clear that u © D(A). For 
ReA > 0, the formula is 


R(A)o(x) =u(x) = f Oy (y) dy. (2.2.14) 
In both cases u depends continuously on v in the norm of E. 
Let now S(-) be the family of operators in (£) defined by 
S(t)u(x)=u(x+t) (—c<x,t<oo). (22715) 
It is plain that S(-) is strongly continuous and also that ||S(z)||=1 for 
= OO: 1 <0. Moreover, if «0; 


[ [ems(e) odt)(x) = fe Mo(x+ 1) at 


ioe) 
=| ey (y) dy 


and a similar computation takes care of the case  < 0. It follows then from 
Lemma 2.2.3 that A € (1,0) and that S(-) is the propagator of (2.2.8). 


2.2.5 Example. The same analysis applies in the spaces E=L?(— 00,0), 
1 < p<oo. The operator A is defined by (2.2.11), but D(A) is now the set of all 
u € E such that uw’ exists (in the sense of distributions) and belongs to E; equiva- 
lently, D(A) consists of all absolutely continuous functions in E whose derivative 
(which must exist almost everywhere) belongs to E. Formulas (2.2.13) and (2.2.14) 
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make sense in this context (verification that u € E involves Young’s theorem 8.1). It 
is again true that A © C(1,0) and that the propagator of (2.2.8) is given by the 
formula (2.2.15). In each case (as well as in the one examined in Example 2.2.4), 
o(A) coincides with the imaginary axis. The group S(-) is isometric in C)(— 00,00) 
and in L?(— 00,00): 


|S(t) ul] =|lul| (— 00 <t<oo). (6) 


2.2.6 Example. Let E = L?(— 0,0), 1< p<oo, and let A be again defined by 
(2.2.11); now D(A) consists of all absolutely continuous u in E such that u’ € E and 
u(0) = 0. We examine the equation (2.2.12), extending v to — 00 < x <oo by setting 
v(x)=0 for x>0. If ReA>0O, formula (2.2.14) provides a solution satisfying 
u(x)=0 and this solution is unique; clearly, u€ D(A). Moreover, u depends 
continuously on v in the L? norm so that u= R(A)v. Consider now the operator 
valued function 


S(1)u(x) = {OED : 


1 Ga=0i7 = 0) (2.2519) 


For p > 0, we have 
(foerms(ayode)(x)= [Ve mo(x ta) at 
0 0 


0 
=/ ety (y) dy 


almost everywhere in x (recall that integrals are computed in the L” norm), thus A 
belongs to C,(1,0) and S(-) is the propagator of (2.2.8). Note that each S(t) is 
isometric: 


I|S(z) wll = [lull (> 9) (2.2.18) 


although, unlike in Examples 2.2.4 and 2.2.5, S(t) is not invertible except for ¢ = 0. 
The same argument works in spaces of continuous functions, but we must incorpo- 
rate the boundary condition u(0)=0 in the definition of the space to achieve 
denseness of the domain of A. Accordingly, we define E as the space of all 
continuous functions in — co < x < 0 such that u(0)=0 and u(x) > 0 as x > — 
and Au=u’ with domain D(A) consisting of all u in E with u’ in FE. Again each 
S(t) is an isometry. 


S(Oud) 


FIGURE 2.2.1 
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2.2.7. Example. In the previous example replace E by L?(0,00) (I< p<) or 
Co[0,00) and define A in a similar way (although without boundary conditions at 
zero). In each case A € ©, (1,0) and the propagator is given by (2.2.15) (where we 
take the restriction of u(x + ft) to x > 0). 

The last four examples provide results for the partial differential equation 


du Ou 
ATE ea 2DA9 
Ot Ox ( ) 


as an abstract differential equation. 


S(Qued) 


FIGURE 2.2.2 


2.2.8 Example. Let H be a Hilbert space, A a normal operator, P(dd) its 
resolution of the identity (see Section 6). Then: 

(a) AEC, if and only if (ReA: A € o(A)} is bounded above. If this 
condition is satisfied, then A€C,(1,w), where w = sup{ReA; A € o(A)). 
The propagator of (2.2.8) is given by the formula 


S(t) =exp(td) (t>0), (2.2.20) 
and we have 
[Sz =e*! (420) 


where the right-hand side of (2.2.20) can be computed using the functional 
calculus for normal operators (see Section 6); we may write 


S()u= ff eMP(dd)u. (2220) 


(b) A&C if and only if o(A) is contained in a strip parallel to the 
imaginary axis. If this condition is satisfied, then A€C(1,w), w= 
sup(W,, ,), Where w, = sup{ReA; A € o( A)} and — w, = inf(Red; A € o( A)} 
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(see Section 6 and references there.) In particular, if ¢(.A) is contained in the 
imaginary axis, then A € C(1,0). (Recall that if the spectrum of a normal 
operator is contained in the imaginary axis, then A=iB, where B is 
self-adjoint.) The propagator S(t) can be computed by formula (2.2.20) and 
we have 


ISC= cr, IS Oll=e°#_ (F> 0). 


Let A be an operator in C,(C,w). It is of great interest to know 
whether the adjoint A* belongs to C, as well. The question has a very simple 
answer when E is reflexive; in fact, in this case D(A*) is dense in E*, 
p(A*) = p(A), and R(A; A*) = R(A; A)* (Section 4). It follows then that A* 
satisfies as well (and with the same constants) inequalities (2.1.11) and thus 
belongs to C,. The same is true, of course, in relation to the class C. To 
identify S*(-), the propagator of 


u'(t) = A*u(t), (2:222) 


we observe that if u€ E and u* € E*, 


i Sete u) dt = (R(p; A*)u*,u) = (u*, R(p; A)uy 
= femur, S(t)u) dt 
0 


a SOs uydt (p>w). 


It follows then from uniqueness of Laplace transforms that S*(t) = S(t)* 
for t>0. If A belongs to C, a similar argument takes care of S*(t) for ¢ 
negative. We formalize these comments in the following 


2.2.9 Theorem. Let AEC,(C,w), and assume E reflexive. Then 
A* € ©,(C, w) as well. The solution operator of (2.2.22) is S(-)*, where S(-) is 
the solution operator of 2.2.8. The same conclusion holds for the class C(C, w). 


If the space E is not reflexive, the situation is considerably more 
complicated. In fact, it may be no longer true that A* is densely defined; 
worse yet, there might be elements u* of D(A*) for which no solution of 
(2.2.22) with u* as initial datum exists. 


2.2.10 Example. We use the result in Example 2.2.5 with p=1. In this case 
E* = L™(— 00,00). To compute the adjoint of A, we observe that if u © D(A%*), then 
there exists v( = A*u) in E* such that 


[uCe)w'(x) dx = fo(x)w(x) dx (22.23) 
for all w © D(A). Since this equality must hold in particular when w is a test 
function, it follows that u’=—v (in the sense of distributions), so that u, if 


necessary modified in a null set, is absolutely continuous. Conversely, if wu is 
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u(t + h) — u() 
h 


FIGURE 2.2.3 


bounded, absolutely continuous and u’ € L®, then (2.2.23) follows from integration 
by parts in the style of Lebesgue. In conclusion, A* = — d/dx, the domain of A* 
described by the previous comments. It is plain that D(A*) is not dense in E*, for if 
u € E* is a non-null function taking only the values 0 and 1, its distance to a 
continuous function must be at least 5. 

Take now a function u4 in D(A*) such that A*uj ¢D(A*); for instance, 
Up(x) =0(x <0), u(x) =x (0< x <1), u(x) =1 (x 21). Assume that (2.2.22) has a 
solution u(t)(x) = u(t, x) with initial condition 


u(0) = us. (2.2.24) 
It is not difficult to see that this solution must be of the form 
u(igx) = us(e= 2): 


But u’(t) does not exist in the L® norm for any ¢. Then there is actually no solution 
(in the sense of the definition in Chapter 1) of (2.2.22), (2.2.24) for our choice of u5. 

A way out of this difficulty is to replace the dual space E* by the space 
E* = D(A*) and restrict A* to this subspace in the following sense: define A* u* = 
A*u*, where D(A*) is the set of all u* © D(A*) with A*u* © E* =D(A’*). In the 
example at hand, these entities can be easily identified. In fact, E* consists of all 
uniformly continuous bounded functions in (— 00,00) (we leave to the reader the 
proof of this simple fact) and D(A*) is then the set of all u such that u,u’ are 
uniformly continuous and bounded. It is not difficult to see that D(A*) is dense in 
E*, that S(t)* maps E* into E* for all r, and that S*(-) = restriction to E* of 
S(-)* is strongly continuous. It follows then from Lemma 2.2.3 much in the same 
way as in the case of a reflexive space that A* € (1,0) and that S*(-) is the 
propagator of 


u'(t) = A*u(t). (2.2.25) 


It is also immediate that E* can also be characterized as the set of all u* © E* such 
that S(-)*u* is continuous in the L® norm. 

It is remarkable that all the previous observations have a counterpart in the 
general theory. 
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2.2.11 Theorem. Let AEC,(C,w) with E* not necessarily re- 
flexive; let E* be the closure of D(A*) in E*, A*u* = A*u*, the domain of 
A* consisting of all u* € D(A*) such that A*u* © E*. Then D( A*) is dense 
in E* and A* €C,(C,w) in E*; the propagator of (2.2.25) is S*(-), the 
restriction of S(-)* to E*. The subspace E* can also be characterized as the 
set of all u*& E* for which S(-)*u* is continuous in t>0. The same 
conclusions hold for the class C. 


Proof. We have 
A*R(A; A*)u*=AR(A; A*)u*—u* (u* © E*) 
so that if u*e E*, then A*R(A; A*)u* belongs as well to E*. In other 
words, 
R(A; A*)E* C D(A*). (2.2.26) 


Since ||R(A: A*)]]| = ||R(A; A)|| = OC /A) as A > 00, we obtain from Exam- 
ple 2.1.6 that 


lim AR(A; A*) u* = u* (2.227) 
for all u* © E*. This, combined with (2.2.26), clearly shows that D(A*) is 
dense in E*. We have obtained as a consequence the fact that R(A; A*) E* 
C E*, so that equalities (4.11) and (4.13) imply 


R(A; A*) = R(A; A*)I pe, (2.2.28) 


where the right-hand side of (2.2.28) is the restriction of R(A; A*) to E*. It 
is then obvious that ||R(A; A*)|| < || R(A; A*)|| = || R(A; A)|| and that a simi- 
lar inequality holds for the powers R(A; A*)”, hence Theorem 2.1.1 implies 
that A* € C,(C, w). Let S*(-) be the propagator of u’(t) = A*u(t). Then if 
u*E E* uc, 


[oe s*(t)u u) dt = (R(A; A*)u*,u) =(R(A; A*)u*, u) 
=(u*, R(A; A)u) 


= [oe ut, S(t)u) dt =o). 
0 
By uniqueness of Laplace transforms and arbitrariness of u, we obtain that 
Sana = s(t) anence 
S*(t)=S(1)* | p# 


It is clear from this that S(-)*u* is continuous in t>0 if u*e E*. 
Conversely, let u* be an arbitrary element of E* such that S(-)*u* is 
continuous at t=0. If e>0 and 6 is so small that ||/S*(t)u* — u*|| <e for 


80 Properly Posed Cauchy Problems: General Theory 


0<t<6, we obtain 


JAR (A; A*) ue — ul] < roe S(t)" — ut*l|dt 
0 


<e+o(1) asA>o 

dividing the interval of integration in (0,6) and (6,00). It follows that 
AR(A; A*)u* > u* as A > co. But R(A; A*)u* € D(A*), thus u* € D( A*) = 
E*. The proof of Theorem 2.2.11 is thus complete. 

The result just proved would be of course of little use unless we can show 
E* is “large enough” in some sense. Since D(A*) is weakly dense in E* (Section 5), 
the same is true of E* and of D(A*); in particular, if (u*,w)=0 for all 
u* € D(A*), it follows that u=0. More than this can be proved; in fact, we have 
the following result. 


2.2.12 Example. Define a new norm in E by the formula 
lull = sup{|(u*, w)|; u* © E*, |lu*l] <1}. 
Then 
lull < lull < Cllall, 


where C = liminf) _, ,,||A R(A; A)|| (Hille-Phillips [1957; 1, p. 422)). 


The operator A* € C, associated with an A&C, will be called the 
Phillips adjoint of A. Likewise, S*(-) is the Phillips adjoint of S(-). 


2.3. SEMIGROUP THEORY 


Let t — S(t) be a function defined in ¢ > 0 whose values are n X n matrices. 
Assume that 


S(0)=T7, S(s+t)=S(s)S(t) (s,t>0) 23.1) 
and that S is continuous. Then (see Lemma 2.3.5 and Example 2.3.10) 
S(t) =et4 Weer. 


for some n Xn matrix A or, equivalently, S is the unique solution of the 
initial value problem 


S(t) = AS(t), S(0) =I. (2.3.3) 


This result is due to Cauchy [1821: 1] for the case n = 1 and to Polya [1928: 
1] in the general case. Roughly speaking, it can be said that the core of 
semigroup theory consists of generalizations of the Cauchy-Polya theorem 
to functions S(-) taking values in an infinite dimensional space E. What 
makes the theory so rich is the fact that “continuity,” which has only one 
reasonable meaning in the finite-dimensional case, can be understood in 
many ways when dim E = oo; for instance, we may assume S continuous in 
the norm of (£), strongly continuous, or weakly continuous. Another 
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fundamental difference is that, while the Cauchy-Polya theorem guarantees 
extension of S to t < 0 when dim E < oo, this extension may not exist at all 
in the general case. However, it can be said that the close connection 
between the initial-value problem (2.3.3), its solution (2.3.2), and the func- 
tional equation (2.3.1) is maintained in infinite-dimensional spaces if the 
correct definitions are adopted. 

We call a semigroup any function $(-) with values in (£) defined in 
t > 0 and satisfying both equations (2.3.1) there. Note that we have proved 
in Section 2.1 that the propagator of an equation 


u'(t) = Au(t) (2.3.4) 
for which the Cauchy problem is well posed is a strongly continuous 
semigroup. The converse is as well true. In fact, we have 


2.3.1 Theorem. Let S(-) be a semigroup strongly continuous in 
t>0. Then there exists a (unique) closed, densely defined operator AEC, 
such that S$ is the evolution operator of (2.3.4). 


Proof. We define A, the infinitesimal generator of S, by means of 
the expression 


Hum ohm’ ECs ear ye (2.3.5) 
h>o0+h 


the domain of A consisting precisely of those u for which the limit (2.3.5) 
exists. We show first that D(A) is dense in E. To this end, takea>0,uE E 
and define 


eee ie 
u =a J Ss)uas. 


Some manipulations with the second equation (2.3.1) show that 
l ier Lilele pace ae 
= (S(h)= Dut == pf "S(s)uds— 5 f S(s)uds - (2.3.6) 
In view of the continuity of S, the limit as h > 0 of the right-hand side of 
(2.3.6) exists and equals a '(S(a)u—u). Accordingly, u* © D(A) and 
Au" = +(S(a)u~u). (2.3.7) 


But a similar argument shows that u“ > u as a— 0, which establishes the 


denseness of D(A). 
We prove next that A is closed. To this end, observe that, if we E 


and t,h>0, 
1 
= (S(h)=1)S(t)u= S(t) > (S()=1)u, 
hence if we take u € D(A) and let h > 0+, S(t)u © D(A) and 
AS(t)u= S(t) Au. (2.3.8) 
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This clearly implies that 
a ] 
(Au) = Au* =~ (S(a)u—u) (u€ D(A)). (2.3.9) 


Let {u,,) be a sequence in D(A) with u, > u, Au, > v for some u,v € E. 


Then 
(S(h)-I)u= im 7 (SCA) LD) un 


= lim (Au,)"=v" (h>0). 


Lf Geel, 2) 


=| 


Taking limits as h > 0+, we see that u€ D(A) and that Au =v, which 
shows the closedness of A. 

To prove that A&C,, we begin by verifying the first half of the 
definition of well-posed Cauchy problem (Section 1.2). Take u © D(A) and 
integrate (2.3.8) in 0 <s <t: we obtain 


['S(s)Auds = ['AS(s)uds =A f'S(s)uds 


= S(t)u-—u, 


where we have made use of (2.3.7) in the last equality. This clearly shows 
that S(-)u is differentiable in ¢t > 0 and 


S’(t)u=S(s)Au=AS(s)u, 
thus settling the existence question. To show continuous dependence on 
initial data, we proceed in a way not unlike the closing lines of Theorem 
2.1.1. Observe first that, since S(-) is strongly continuous, ||S(-)u|| must be 


bounded on bounded subsets of t > 0. By the uniform boundedness theorem 
(Section 1), there exist constants C(t) such that 


SCs it= CCl) (0 <6 7) (2.3.10) 
for all t > 0. Making use of this it is not difficult to show that if u(-) is an 
arbitrary solution of (2.3.4), then v(s)=S(t—s)u(s) is continuously dif- 
ferentiable in O<s<?t and v(s)=S(t—s)Au(s)— AS(t—s)u(s) =0. 


Hence 
u(t) =S(t)u(0), (2.3.11) 
and the fact that the continuous dependence assumption is satisfied is an 


immediate consequence of (2.3.10) and (2.3.11). This ends the proof of 
THEOrete 2.51: 


Considering semigroups (rather than differential equations) as our 
primary objects of interest, which seems to be traditional in the literature, 
we can combine Theorems 2.1.1 and 2.3.1 in the single 


2.3.2 Theorem. The operator A is the infinitesimal generator of a 
strongly continuous semigroup S satisfying 


IS(t)I| <Ce* (t>0) (2.3.12) 
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if and only if A is closed and densely defined, R(X) exists for ReX > w, and 
|R(A)"||< C(ReA-—w) " (ReA>w,n>1). (23.13) 


The treatment of the case — co < ¢ < 00 is entirely similar. A function 
with values in (£), defined in — 00 <t<oo and satisfying (2.3.1) there is 
called a group. The analogues of Theorems 2.3.1 and 2.3.2 in this case are 


2.3.3 Theorem. Let S(-) be a strongly continuous group. Then there 
exists a (unique) closed, densely defined operator A€ © such that S is the 
evolution operator of (2.3.4). 


2.3.4 Theorem. The operator A is the infinitesimal generator of a 
strongly continuous group S satisfying 


S(t) < Cee!!! (—c0<t<oo) (2.3.14) 
if and only if A is closed and densely defined, R(X) exists for |ReXA| > w, and 
IR(A)"|| < C(JReA|—w) " (ReA>w,n>1). (23515) 


These results, together with the representation for S outlined in 
Remark 2.1.2, constitute an extension of the Cauchy-Polya theorem to the 
infinite-dimensional case. If we replace strong continuity by uniform con- 
tinuity, the corresponding extension is much simpler (Lemma 2.3.5) al- 
though of scarce interest for the study of the Cauchy problem (see Example 
22) 


It was already observed (Example 1.2.2) that every bounded operator A 
belongs to C and the solution of (2.3.3) is continuous (in fact analytic) in the norm 
of (E). Using Theorem 2.3.1, or directly, it is easy to show that S is the semigroup 
generated by A; in conclusion, a bounded operator always generates an uniformly 
continuous semigroup. We give a proof of the converse. 


2.3.5 Lemma. Let the semigroup S(-) be continuous at t = 0 in the norm of 
(E). Then its infinitesimal generator A is bounded. 


Proof. Let C,w> 0 be such that (2.3.12) holds. Then, if A > w, 
1 pat 
(Ra)-x1)u=f eN(St@)— ud (ue FE) 
r 0 
so that 
1 ones 

[Rx] <f en (1) de, (2.3.16) 

0 


where n(¢) = ||S(t)— /|| is continuous for t = 0, 7 (0) = 0, and is bounded by Ce*’ + 1 
in t>0. Let e> 0 and 6>0 such that n(t)<e if 0<¢<68. Splitting the interval of 
integration at = 6 we obtain 


eo: ne I 
i e n(s)ars $+ of 5] 
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as \ 00. This shows, in combination with (2.3.16), that ||R(A)—A~ 'J|| = o(A7 ') as 
A — oo. Accordingly, if A is large enough, ||AR(A)—J|| <7, which imples that 
\ R(A)—hence R(A)—must have a bounded inverse. But R(A)~'=AI—A, thus A 
must be itself bounded. This ends the proof of Lemma 2.3.5. 


We note in passing that the result in Lemma 2.3.5 can be obtained with 
weaker hypotheses; in fact, we only need 


liminf d [°e-"n(t) dt <1 (2.3.17) 
0 


A> 00 


for some (then for any) 6 > 0. 


2.3.6 Example. Prove that (2.3.17) is a consequence of 


limsup||S(t)—J|| <1 (2.3.18) 


(paler 
so that (2.3.18) implies boundedness of the infinitesimal generator. 


2.3.7 Example. The condition 
liminf||S(t)— || =0 
Pr Oe 
does not imply boundedness of the infinitesimal generator, even if S(-) is a group. 
(Hint: Let {e;; j > 0) be a complete orthonormal sequence in a Hilbert space H, 
and let (0(/)) be an increasing sequence of positive integers with 6( j + 1)— 6(j) > c 
as j > 00. Define S(t)EDc,e; = Lc,exp(i2°r)e;. Then S(-) is a strongly continuous 
group with ||S(t)||=1 for all ¢. If ¢, =2~°* 'z for n large enough, 
S(t.) — TI < sup jexp(i2°) 9 * ar) — 1 
j>0 
= sup jexp(i2%-9™+1,)_— 1] 
O<j<n-l 
< sup 29) —A(n) + ln 
O<j<n-l 
< 2 -(9(n) — O(n— 1))+ lar 
*2.3.8 Example. (Neuberger [1970: 1]). If S is a group and 
lim sup||S(t)—J|| < 2, 
tT 0 


then A must be bounded. For generalizations see Kato [1970: 2] and Pazy [1971: 2]. 


As an application of the results in this section, we prove 


2.3.9 Lemma. Let A be densely defined (but not necessarily closed) 
and assume that A © C,, and that D = D(A) (that is, every element of D(A) is 
the initial value of some solution of (2.3.4). Then A is closable and its closure A 
belongs as well to C,, thus A is characterized by Theorem 2.1.1. 


Proof. Let S(-) be the solution operator of (2.3.4) and B the 
infinitesimal generator of (the strongly continuous semigroup) S. Clearly 
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ACB, so that A is closable and 4 C B. By virtue of Theorem 2.3.1, BEC, 
and it is not difficult to see that the inclusion A C AC B and the fact that 
A,Be€C, imply that AG C,. But then, in view of Theorem 2.1.1 both 
RA: A) antl R(A; B) exist (on \ large enough. If A + B, letd € p(A)N p(B), 
u€ D(B), u€¢ D(A), v € D(A) such that (AJ — A)v = (AI — B)u. Then if 
w=u-—v, w +0 and (AJ — B)w=0, which is a contradiction. 


2.3.10 Example. Lemma 2.3.5 can be proved in a fairly direct way, without 
recourse to semigroup theory. In fact, let S(-) be a semigroup continuous at t = 0 in 
the norm of (£). Then S is (£)-continuous in ¢ > 0 (this follows from (2.3.1)) and 


1 rt 
7 £S(s) as 1) <1 


for ¢ sufficiently small so that /5S(s)uds is nonsingular. Let now t = nh. Then 
['s() ds= lim h Y S((j-1)h), 
0 n—oo j=l 
hence it follows that hUS((j — 1)/A) is invertible for t, h small enough. Now, 


= (S(h)- 1h YS S((j-)A)= S(t)—-I, 


j=1 
therefore h~'(S(h)—1) has a limit A € (E) in the norm of (£) and 


A ['S(s) ds =S(t)-I 


for t<6 small enough, so that S(-) is differentiable in the norm of (£) and 
S’(t) = AS(t) in 0 <t<6. It follows from the remarks on uniqueness in Example 
1.2.2 that S(r) = S(t) = exp(tA) for t < 8, hence for all ¢ since S(t) = S(t/n)", and 
a similar equation holds for S. 


In the next four examples S(-) is a strongly continuous semigroup 
and A its infinitesimal generator (or, equivalently, A is a closed densely 
defined operator such that the Cauchy problem for (2.3.4) is properly posed 
and S(-) is the propagator of (2.3.4).) 


*2.3.11 Example (see Hille-Phillips [1957: 1, p. 312]). Leth>0, ue E. 
Then 
exp(th-'(S(h)—))u— S(t)uash—0 (2.3.19) 


uniformly on compacts of t > 0. 


2.3.12 Example. Using the previous example, it is possible to prove the 
Weierstrass approximation theorem for continuous functions: if f is continu- 
ousina<x<b, ee exists a sequence of polynomials p,, such that p, > f 
uniformly in a<t<b (place the interval conveniently, extend f to a 
function in C,(— Se and apply (2.3.19) to the semigroup in Example 
2.2.4). 
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2.3.13 Example (see Dunford-Schwartz [1958: 1, p. 624]). ForueE, 
lim exp(tAAR(A))u=S(t)u (2.3.20) 
A> 00 


uniformly on compacts of t > 0. 


2.3.14 Example. Let u,v © £ such that h~'(S(h)—J)u— v E*-weakly. 
Then h~'(S(h)—J)u > v in the norm of E (so that u © D(A) and Au= v). 


*2,3.15 Example. Let (S(t); t>0)} be a (£)-valued function satisfying 
both equations 2.3.1 and such that S(-)u is strongly measurable in E for 
t > 0 for all u€ E. Then ¢t > S(t)u is continuous in ¢ > 0 for all ue E (see 
Hille-Phillips [1957: 1, p. 305]). Continuity at t= 0 does not follow. By the 
uniform boundedness principle, ||S()]| is bounded on compacts of t > 0 and 
essentially as in the strongly continuous case it can be proved that ||S(t)|| 
grows exponentially at infinity. On the other hand, weak measurability of 
S(-) (measurability of (u*, S(t)u) in t> 0 for all ue E, u* € E*) does not 
imply any continuity properties of S(-) in ¢>0 or even boundedness of 
||S(¢)|| in any subinterval of (0, 00) (loc. cit. p. 305 and references there). 


2.3.16 Example. Let (S(t); — 00 < t < 00} be a strongly measurable group 
in the sense defined in the previous example. Then S(-) is strongly continu- 
ous in —6o-<1< 00. 


*2.3.17 Example. Given two real numbers w, < w,, show that there exists 
a strongly continuous semigroup S(-) with infinitesimal generator A such 
that (a) o( A) is contained in the half plane ReA < w,, and (b) S(-) does not 
satisfy 


S(t) < Cee (t> 0) 


for any constant C; compare with Example 1.2.3 and Example 2.2.8 (see 
Hille-Phillips [1957: 1, p. 665], where o( A) is in fact empty; for another 
example see Zabczyk [1975: 1]). 


2.4. THE INHOMOGENEOUS EQUATION 


Let f be a continuous function defined in ¢ > 0 with values in E, and let 
A€C,. Consider the equation 


u(t) = Au(t)+ f(t). (274-1) 


Solutions of (2.4.1) are defined exactly as solutions of the homogeneous 
equation (f = 0) were defined in Section 1.2. Since the difference of two 
solutions of (2.4.1) is a solution of the homogeneous equation, it is clear that 
there is (if any) only one solution of (2.4.1) satisfying the initial condition 


u(0) = up. (2.4.2) 
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Let u(-) be a solution of (2.4.1), (2.4.2), and let S be the propagator 
of the homogeneous equation. It is easy to show (see the last lines of the 
proof of Theorem 2.3.1) that if t>0, the function s—>S(t—s)u(s) is 
continuously differentiable in 0<s<¢ with derivative — S’(t—s)u(s)+ 
S(t —s)u’(s) = S(t — s)(u’(s)— Au(s)) = S(t — 5) f(s). Therefore, we ob- 
tain after integration the familiar formula of Lagrange: 


u(t) =S(t)uo + f'S(t—s) f(s) ab. (2.4.3) 


We turn now to the question of which conditions on up, f will guarantee 
that u(-), defined by (2.4.3), is indeed a solution of (2.4.1). Clearly we need 
u, © D(A), as can be seen taking f = 0. On the other hand, if A is bounded, 
(2.4.3) is a solution of (2.4.1) for any f continuous in ¢ > 0 (the proof is 
immediate). This is not true in general when 4 is unbounded. (See, however, 
Example 2.4.7.) 


2.4.1 Example. Prove the statement above about bounded operators. 
Give an example of unbounded A € ©, and a continuous f such that (2.4.3) 
is not a solution of (2.4.2). 


Necessary and sufficient conditions on f in order that (2.4.3) be a 
solution of (2.4.1) are not known. Two simple sufficient conditions are given 
in the following result. 


2.4.2. Lemma. Assume that, either (a) f(t) &= D(A) and f, Af are 
continuous in 0 <t <T, or (b) f is continuously differentiable. Moreover, let 
uy © D(A). Then (2.4.3) is a solution of the initial value problem (2.4.1), 
(2.4.2). 


Proof. Obviously we may assume that u, = 0. To prove that (2.4.3) 
is a solution of (2.4.1), it is sufficient to prove that u(t) € D(A), and that 
Au(-) is continuous and 


u(t) = '(Au(s)+ f(s) 4 (0<t<T). (2.4.4) 


We work at first under assumption (a). In this case, the fact that Au(t) € 
D(A) follows directly from Lemma 3.4 and from (2.1.7); moreover, 


Au(s)= [S(s—r)Af(r) dr (0<s<T), (2.4.5) 


from which continuity can be readily verified. (See the following Lemma 
2.4.5.) To obtain (2.4.4), it suffices to integrate (2.4.5) in 0 <5 <1, reverse 
the order of integration, and make use of the fact that S(s)Au = (S(s)u)’, 
which holds for any u € D(A) (see again (2.1.7) and following comments). 
In case assumption (b) is satisfied instead, we observe, arguing as in the 
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beginning of this section, that the function 
v(s) = f° °S(r) f(s) ar (0<s<t<T) 
is continuously differentiable in 0 < s <¢ with derivative 
v'(s)=-S(t- s)f(s)+ fo 'S(r) f(s) dr. 
Integrating in 0 < s <¢, we obtain 


u(t) = (i 'S(s)f(0) ds 
+f(f sore) dr) ds. 


Using (2.3.7) we deduce that 
Au(t) = S(1)f(0)-s(1)+ [S(t s)f"(s) as 


= S(t) f(0)— f(t) + f°S(s)F"(e~ 5) as. (2.4.6) 


Integrating (2.4.6) and reversing the order of integration, we obtain (2.4.4). 
This ends the proof. 


It is natural to expect that if additional conditions are imposed on 
the operator A (or, equivalently, on the propagator S(-) of the homogeneous 
equation (2.4.1)), it should be possible to weaken the assumptions on f. 
Some instances of this heuristic principle will be examined in Section 2.5(j). 

Even in the general case, the assumptions can be relaxed if one is willing to 
accept weaker definitions of solutions of (2.4.1). This was discussed in Section 1.2 in 
relation to the homogeneous equation, and it is possible to extend these ideas to the 
nonhomogeneous equation (2.4.1). 

We call a function u(-) a mild solution of (2.4.1), (2.4.2) in 0<t<T if 
u(t) € D(A) for almost all t, Au(-) is integrable in the sense of Lebesgue-Bochner in 
0<t<T, and 


u(t) = ['(Au(s)+f(s)) ds + uo (0<t<T). (2.4.7) 


Naturally, in order for (2.4.7) to make sense, we have to assume that f itself is 
integrable. Lemma 2.4.2 admits an immediate generalization in this context. 


2.4.3 Example. Let assumptions (a) and (b) in Lemma 2.4.2 be replaced by (a’) 
f(t)€ D(A) for almost all ¢ and f(-), Af(-) are integrable in 0<1t<T, or (b’) 
f(t) = fog(s) ds, where g is integrable in 0 <t <T. Then u(t), defined by (2.4.3), is 
a mild solution of (2.4.1) if ug € D(A). (Hint: the proof of Lemma 2.4.2 can be 
imitated word by word if we substitute the Riemann by the Lebesgue-Bochner 
integral.) 


However, the assumptions in Example 2.4.3 are still excessive for 
some applications. Copying then the definition made in Section 1.2 for the 
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homogeneous equation, we call an integrable function u(-) a weak solution 
of (2.4.1), (2.4.2) in 0 <t<T with f itself integrable if for every u* in the 
domain of the adjoint operator A*, and for every test function @ with 
support in (— oo, T] we have 


[aru ule)y+ ut Sy) (4) at 


=~ [Ur ul) @(0) dt — (u*, 9) 90), (2.4.8) 


It is not difficult to see that weak solutions are represented as well by 
the Lagrange formula. To prove this we need the following two results. 


2.4.4 Example. Let Cl(A*) be the space of all D(A*)-valued functions 
u*(-) defined in — 00 < t <oo, with compact support contained in (— 00, TJ, 
continuously differentiable (in the norm of £*) and such that A*u*(-) is 
continuous. Let °),,®D(A*) be the space of all functions of the form 
=,(t)ugz, where the sum is finite and q,,q,... are test functions with 
support in (— 00, T], u*, ux,... are elements of D( A*). Then %),,@ D( A*) is 
dense in C}(A*) in the following norm: 


[Il a*(- Il] = sup||u*()|| + sup||u*’(z)|| + sup|| A*u*(z) I), 
the suprema taken in — 00 <t<T. 


2.4.5 Example. Let f be integrable in 0 <t<T. Then 
u(t) = ['S(t—s) f(s) ds (2.4.9) 
0 


is continuous in ¢ > 0. 
We only have to note that, if t <r’, 


llu(t’)— u(t) < fi(S(r’=s)-S(r—s)) f(s) as 
*}) ‘S(t’ — 5) f(s)Ihas. 


The two integrals can be handled by means of the dominated convergence 
theorem. In the first we observe that the integrand tends to zero as t’— t > 0 
while being bounded by a constant times || /(-)||; the same estimate applies 
to the second integral while the shrinking of the domain of integration takes 
care of the convergence to zero. 


2.4.6 Theorem. Let f be integrable in 0<t<T, ug an arbitrary 
element of E. Then (2.4.3) is a weak solution of (2.4.1), (2.4.2), that is, (2.4.8) 
holds for every u* © D(A*) and every » €%)) with support in —c0<t<T. 
Conversely, let u(-) be a weak solution of (2.4.1), (2.4.2) with f integrable and 
Uy © E. Then u(-) obeys the Lagrange formula (2.4.3) almost everywhere (and 
can be modified in a null set in such a way that it becomes continuous and 
satisfies (2.4.3) everywhere). 
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Proof. Let f be integrable in 0 <t <T. Then there exists a sequence 
{f,) of smooth (say, infinitely differentiable) E-valued functions such that 


[NM inlt)— F(a > 0 asin 00. 


(This can be proved with the aid of mollifiers; see Section 8.) Let {u,,} be a 
sequence in D(A) such that u, > uy. It follows easily that if u,(-) is the 
function obtained from uy and f,(-) in formula (2.4.3), then ||u,(¢)— u(2)|| 
— 0 uniformly in 0 <t<T. Since each u,(-) is a genuine solution of (2.4.1), 
(2.4.2) (as was proved in Lemma 2.4.2), equality (2.4.8) holds for u,,(-). 
Taking limits, we obtain the same equality for u(-), which proves that u(-) 
is in fact a weak solution as claimed. 

Conversely, let u(-) be an arbitrary weak solution. Making use of 
Example 2.4.4, we observe that (2.4.8) can be generalized to 


[are(s), u(t))+(u*(t), f(t))) dt 


= — fur’ (1), u(t) dt ~ (u*(0), Wo) (2.4.10) 


for all u*(-) in C}.(A*) (in fact, (2.4.8) obviously implies (2.4.10) for u*(-) in 
°f),-®@ D( A*) and the density result takes care of the rest). Let now @ be a 
fixed positive test function with integral 1 and define 9,(s)=ng(ns); let 
A* be the Phillips adjoint of A, and S*(-) the Phillips adjoint of S(-) (see 
Section 2.3). Choose ¢,) in the interval (0,7) and u* in D( A*) and define 


ot(t) == ["S*(s—da,(s-to)utds (¢<7). 


Slight variations on the argument used in Lemma 2.4.2 (a) easily show that 
v*(t) is a solution of v*’(t)+ A*v*(t) = 9, (t — t))u* in t<T with “final 
condition” v*(T) = 0. Let finally x(-) be a test function that equals 1 in the 
interval 0 <t <T. Define u*(t) = x(t)v*(t). Clearly u* € C}(A*). Writing 
(2.4.10) for u* and reversing the order of integration in the double integral, 
we obtain 


[ut ult)>o,(t= to) d= [°(ut, [S(t s) f(s) ds)q,(#~ to) de 


+ ["(ur,S(t)ug)@,(t— to) dt (2.4.11) 
0 


if n is large enough. 

We invoke now a well-known result in approximation theory (Hille- 
Phillips [1957: 1, p. 91]) according to which if g is an integrable scalar 
function, then /g(t)@p,(t — to) dt > g(t)) whenever fy is a Lebesgue point of 
g. But the set e of Lebesgue points of u(-) has full measure in 0<t<T 
(Hille-Phillips [1957: 1, p. 88]), whereas every Lebesgue point of u(-) is a 
Lebesgue point of (u*, u(-)). Making use of this and of the fact (proved in 


2.5. Miscellaneous Comments 91 


Example 2.4.5) that t > {S(t —s)f(s) ds is continuous, we let n > oo in 
(2.4.9), and conclude that 


(u*,u(t)) = (ut, fist —s) f(s) ds + S(t) uo) 


for t€e. Since u* € D( A*) is arbitrary and D(A*) is weakly dense in E* 
(see the remarks after Theorem 2.2.11), we see that the Lagrange formula 
holds in e: then in view of Example 2.4.5, u(-) can be modified outside of e 
in such a way that it becomes continuous in 0 <t<T and (2.4.3) holds 
everywhere. 


2.4.7 Example.' Let cy be the space of all sequences €=(é,} (n> 0) 
satisfying lim €, = 0, endowed with the norm ||&|| = sup|£,,|, A the operator 
defined by 


Ab={= né,), (2.4.12) 


the domain of A consisting of all €€c, such that the right-hand side of 
(2.4.12) belongs to cy. Then A€C,(1,0) (the propagator of u’= Au is 
S(t)& = {exp(— nt)€,,}) and (2.4.3) is a solution of (2.4.1), (2.4.2) in0<t<T 
for any uy € D(A) and any cy-valued f continuous in 0 <1 <T. 


2.5. MISCELLANEOUS COMMENTS 


Strongly continuous groups of unitary operators in Hilbert space were 
characterized by Stone [1930: 1], [1932: 1]. His celebrated result belongs to 
the subject matter of Chapter 3 and will be commented on there. Uniformly 
bounded groups U(-) of bounded linear operators in Banach spaces were 
studied by Gelfand [1939: 1], who defined the infinitesimal generator A and 
proved that U(t)u = exp(tA)u, where exp(tA)u is defined by the exponen- 
tial series, convergent in a certain dense subset of FE. Related results are due 
to Fukamiya [1940: 1]. Some special semigroups of linear transformations in 
function spaces were considered by Hille [1936: 1]. Two years later Hille 
[1938: 1] and Sz.-Nagy [1938: 1] discovered independently a representation 
theorem for semigroups of bounded self-adjoint operators in Hilbert space: 
this result also belongs to the class spawned by Stone’s theorem and will be 
referred to in Chapter 3. Other early results in semigroup theory can be 
found in Hille [1938: 2], [1939: 1], [1942: 1], [1942: 2], and [1947: 1]; there is 
also related material in Romanoff [1947: 1]. The ancestors of Theorem 2.3.2 
due to Cauchy and Polya were already pointed out in Section 2.3. This 
theorem (now called the Hille-Yosida theorem) was discovered indepen- 
dently by Hille [1948: 1] and Yosida [1948: 1] in the particular case where 


'Personal communication of A. Pazy (who credits the result to T. Kato). 
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C =1. Hille’s proof culminates in the construction of S by means of formula 
(2.1.27), the Hille approximation of S(-); in contrast, Yosida uses formula 
(2.3.20), the Yosida approximation of S(-). The proof for the general case 
(C >1) was discovered, also independently, by Feller [1953: 2], Miyadera 
[1952: 1], and Phillips [1953: 1]; all three papers use the Yosida approxima- 
tion. Groups S(-), which are continuous in the ( £ )-topology, were shown to 
have the form exp(tA) for some A € (E) by Nathan [1935: 1] (his method is 
different than those in Lemma 2.3.5 and Example 2.3.10). A generalization 
of this result (where S(-) takes values in a Banach algebra) was proved 
independently by Nagumo [1936: 1] and Yosida [1936: 1]. 

The proof of Theorem 2.3.2 presented here is due to Hille [1952: 2]. 
Its basis is the following formula to recover a function f from its Laplace 
transform f, 


oy eels PE ea 

a n! (al f (7) (22) 
due to Post [1930: 1] in the scalar case; see also Widder [1946: 1, Chapter 7]. 
The obvious relation between the characterization of strongly continuous 
semigroups by inequalities (2.1.11) and Widder’s identification in [1931: 1] 
of Laplace transforms of bounded functions was already pointed out in 
Section 2.1 (see also Widder [1971: 1]). 

The first result on “measurability implies continuity” is due to 
von Neumann [1932: 1], who considered groups of unitary operators. The 
particular case of Example 2.3.15, where S is strongly measurable in the 
norm of (£), is due to Hille [1948: 1], while the full result was proved by 
Miyadera [1951: 1] and Phillips [1951: 1], which showed that a crucial 
hypothesis in earlier proofs of Dunford [1938: 1] and Hille [1948: 1] was 
actually unnecessary. 

Example 2.3.11 is due to Hille [1942: 1] (see also [1948: 1]). Formula 
(2.3.19) is one of the exponential formulas that justify writing S(t) = exp(tA); 
other such formulas are the Hille and Yosida approximations of S. An 
ample collection of these can be found in Hille-Phillips [1957: 1, Sec. 10.4] 
together with some general principles on their obtention. Example 2.3.12 is 
due to Dunford and Segal [1946: 1] where it can also be found a short proof 
of (2.3.19) for semigroups with ||S(¢)|| <1. Example 2.3.8 is a particular case 
of a result on smooth semigroups (see the bibliography in Section 4.11). 
Lemma 2.3.9 is due to Krein and Sobolevskii [1958: 1]. 

It is worth pointing out that, although the relation between semi- 
groups and abstract differential equations was in the forefront from the very 
beginning (see Yosida [1949: 1], [1951: 1], [1951: 2], [1952: 1], and Hille 
[1952: 1]) and was one of the main incentives for development of the theory, 
most of the results in this chapter have appeared for the first time in the 
“semigroup-generator” formulation rather than in “equation-propagator” 
language. 
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In a more general form, Lemma 2.2.3 was proved by Phillips [1955: 
1]. Lemma 2.4.2 on sufficient conditions for the solvability of the nonhomo- 
geneous equation (2.4.1) is also due to Phillips [1953: 1] as well as the entire 
# -adjoint theory ((1955: 1], [1955: 2]). 

In the rest of this section we comment on several extensions and 
generalizations of the results in this chapter. 


(a) Discontinuous Semigroups. The Cauchy problem for an abstract 
differential equation u’= Au has been studied under assumptions weaker 
than the ones in Section 1.2 by Krein ({1967: 1] and references there). On 
the one hand, solutions are only assumed to be continuously differentiable 
and to belong to the domain of A for t > 0 (although continuity in ¢ > 0 is 
retained). On the other hand, the function C(-) in (1.2.3) is merely assumed 
to be finite for all ¢>0; this means that a sequence of solutions whose 
initial values tend to zero will only tend to zero pointwise (compare with (b’) 
in Section 1.2). A Cauchy problem for which these weaker assumptions hold 
is called correct or well posed by Krein; in his terminology, the setting used 
in the present work is that of uniformly correct or uniformly well posed 
problems. 

Assume the Cauchy problem for u’= Au is correct in the sense of 
Krein. Then we can define the propagator S(t) in the same way used in 
Section 1.2 and show that it satisfies the semigroup equations (2.1.2). If u is 
an arbitrary element of E, we can approximate it by a sequence {u,,) in the 
subspace D of possible initial data. Since S(t)u,, > S(t)u pointwise in ¢ > 0, 
it follows that S(-) is strongly measurable there, thus strongly continuous in 
t>0O by Example 2.3.15. However, it is not in general true that S(-) is 
strongly continuous at t = 0 or even bounded in norm near the origin; all we 
know is that solutions starting at D assume their initial data—that is, 
S(t)u>u as t>0+ for ue D. (We note, incidentally that, by virtue of 
Example 2.3.16, a Cauchy problem that is well posed in the sense of Krein 
in (—0o,0o) must be uniformly well posed there, at least if solutions are 
defined as in Section 1.5.) 

This, and many other applications, motivate the study of semigroups 
that are strongly continuous for ¢ > 0 but not at ¢ = 0, or even semigroups of 
a more general nature. An extremely ample theory has been developed by 
Feller [1952: 2], [1953: 1], and [1953: 2] with probabilistic applications in 
view. In its more general version, even less than weak measurability is 
assumed. A generation theorem for semigroups strongly continuous in f > 0 
is given by Feller [1953: 2]; the notion of infinitesimal generator is under- 
stood in a sense somewhat different from that in Section 2.3. 

Different classes of semigroups strongly continuous for ¢ > 0 have 
been staked out by Hille, Phillips, Miyadera, and others on the basis of their 
properties of convergence to the identity as ¢ > 0. Ignoring certain addi- 
tional assumptions, some of these classes can be described as follows. 
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Assume that S satisfies 


[Ais ull de <ce (2.5.2) 
0 
for all wu € E. In the terminology of Hille, S is of class Co if 
lim S(t)u>u (ue EB), 53) 
b> Ot 


of class (1, C,) if (2.5.3) holds in Césaro mean, that is, if 
lim * ['s(s)uds=u (ue E) (2.5.4) 
t Jo 


and of class (1, A) if (2.5.3) holds in Abel mean; in other words, 


lim A 


00 
A> 00 0 


eMS(thudt=au..(ue BE). (2.525) 
(We note that strong continuity of S for t>0 can be seen to imply that 
\|S(t)|| = 0(e?’) as too, hence the integral in (2.5.5) makes sense for 
sufficiently large A.) Obviously, the class C, coincides with ©. Other classes 


are (0,C,) and (0, A), which are obtained respectively from the classes 
(1, C,) and (1, A) by reinforcing condition (2.5.2) to 


fruscoiae 2 (2.5.6) 


(where the integral makes sense due to the fact that 
|SCoI| = sup{i|S (2) ull; lull < 


is lower semicontinuous, hence measurable in ¢ > 0). For general references 
on these and other types of semigroups see Hille-Phillips [1957: 1]; other 
papers on the subject are Abdulkerimov [1966: 1], Mamedov-Sobolevskii 
[1966: 1], Miyadera [1954: 1], [1954: 2], [1954: 3], [1954: 4], [1955: 1], [1972: 
1], Miyadera-Oharu-Okazawa [1972/73: 1], Oharu [1971/72: 1], Okazawa, 
[1974: 1], Orlov (1973: 1], and Phillips [1954: 1]. Other classes of semigroups 
with discontinuities at t = 0 are the “semigroups of growth n” of Da Prato 
[1966: 1], [1966: 2], characterized by polinomial growth at zero (t”||S(t)|| <C 
for 0 <?¢<1). For other results on these semigroups and related classes see 
Okazawa [1973: 1], [1974: 1], Ponomarev [1972: 2], Sobolevskii [1971: 2], 
Wild [1975: 1], [1976: 1], [1976: 2], [1977: 1], Zabreiko-Zafievskii [1969: 1], 
and Zafievskii [1970: 1]. 


(b) Systems, Huygens’ Principle, Ergodic Theory, Markov Processes. 
The state at time ¢ of many physical systems can be described (or modelled) 
by a point x(t) in a state space X. Some of these systems obey (in the 
terminology of Hadamard [1923: 1], [1924: 1], [1924: 2]) the minor premise 
of Huygens’ principle. This can be formulated as follows; given two times 
5 <t, the state of the system at time t is totally determined by the state of the 
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system at time s. In other words, there exists a flow or evolution function 
®(t,5): X > X such that 


x(t) = ®(t, 5; x(s)). (22599) 


We note that other systems, such as those described in Chapter 8 of this 
work, do not obey the major premise of Huygens’ principle since the state 
x(t) may depend on all (or several) of the past states, that is, on the history 
{x(s); s<t}, or subsets thereof. This can be remedied by taking the 
histories as new states. We restrict ourselves, however, to systems satisfying 
(2.5.7), 

It follows immediately from the definition of ®(¢, s) that 


®(1,¢) =i = identity map, (2.5.8) 
©(¢,5)°®(s,r)=O(t,r) (r<s<t). (2.5.9) 


The system is reversible if ® is defined for all s,¢ (not just for s<t) and 
(2.5.9) holds for r,s,t in arbitrary position; here not only the future is 
determined by the present but the past itself can be known from the present. 
A system (reversible or not) is time-invariant if ® only depends on t — s; we 
can then write ®(t, s)= ¥(t—s) and equations (2.5.8) and (2.5.9) become 


¥(0) =i, (2.5.10) 
W(r)o¥(s)=V(rt+s). (2.5.11) 


It should be pointed out that the above framework is not limited to 
deterministic systems; for instance, x(t) may be a probability distribution 
(as in diffusion processes or in quantum mechanics) or some space average 
in statistical mechanics. In all these cases a “particle-by-particle” descrip- 
tion of the system is either impracticable or senseless. 

In many cases of interest, the state space X can be given a structure 
of normed linear space in which the functions ®(t,s) are continuous 
operators depending on s, ¢ smoothly in one way or another; if the system is 
time-invariant, the operators (7) linear, and the time dependence strongly 
continuous, the systems will be amenable to the theory in Section 2.3; in 
particular, we deduce that the evolution of the system will be governed by 
an abstract differential equation 


x'(t) = Ax(2). (2,52) 


An example which fits into this kind of framework is that of a Markov 
process. Here the states x(t) of the system are countably additive proba- 
bility measures x(t; dé) defined in a set Q (for instance, x(t; e) may be the 
probability of finding in the subset e CQ at time ¢ a particle performing 
Brownian motion), which we assume defined in a common o-algebra © of 
subsets of 2. The law (2.5.7) governing the evolution of the system takes the 
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form 
x(t; e)=®(1t, s; x(s)) 


= [ P(t,s,8 e)x(ss dé) (2e@), (25713) 


where P(t, s, £; e) is called the transition probability of the process. (In the 
Brownian motion example, P(t, s, €;¢) is the probability that the particle 
falls in e at time ¢ starting at £ at time s.) To give sense to (2.5.13) in general, 
we make the following assumptions on the transition probabilities: 


(i) If0<s<tand €€Q, then P(t, s, €; dn) is a probability measure 
in Q defined in S; moreover, 


P(t,t,é;dn)=6,(dn) (t>0), (2.5.14) 


where 6, is the Dirac measure centered at é. 
(ii) For each e € ©, the function P(t, s,-; e) is S-measurable in XQ. 
dai) fO<r<s<t,§EQ ande€G, then 


Pre: e) = [ P(t,5,n; eyP(s.7, cdg) P2545) 
Q 


Condition (i) guarantees that the function ® maps probability mea- 
sures into probability measures and that (2.5.8) holds. Condition (11) is an 
obvious technical requirement while (2.5.15), called the Chapman- 
Kolmogorov equation of the process, implies (2.5.9). The Markov process in 
question is temporally homogeneous if P depends on t — s, in which case we 
can use transition probabilities of the form P(t, ;e) and the Chapman- 
Kolmogorov equation becomes 


P(s+1,8e)= | P(s,8 dn) P(t,n:e). (2.5.16) 


We go back for a moment to the general description of a system 
sketched above. It is often the case that the states of a system are unob- 
servable in practice, the only information available being that given by a 
measuring instrument. What one can read off the instrument will in general 
be of the form 


f(x(t)) (2.5.17) 
with f a real-valued function (for instance, the probability densities x(t, dé) 
of a Markov process may only be known through space averages 


falx(t)) = f u(€)x(2, d8)). (2.5.18) 


It follows that, instead of taking the states themselves as elements of a linear 
space, we may obtain a mathematical model better adapted to reality by 
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taking E to be a space of functions in X and defining an evolution operator 


in E by 
(S(t, s)f)(x) = f(®(4, 5; x)), 


which, in the time-invariant case, will be given by 


(S(t) f)(x) = f(¥ (4 x)). (2.5.19) 
An obvious bonus is that S will always be a linear operator; naturally S$ 
satisfies the semigroup equations (2.1.2) in the time-invariant case (and the 
equations (7.1.7) an (7.1.8) in general). For a temporally homogeneous 
Markov process we have 


£(W(t, x)) = [{ ful) (0, a8)}x(an), (2.5.20) 


which suggests the idea of “cancelling out” the measure and studying 
directly the semigroup 


(S(z)u)(€) = fu(€)P(tm; dé) (2.5.21) 


in a space of G-measurable functions. Continuity of S(-) is assured by 
additional conditions on the transition probability (see Yosida [1978: 1, p. 
398)). 

In actual practice, not even f(x(t)) may be an observable quantity; 
what an instrument reads is some time average like 


pf Pele x)) de, 


which, if the system “tends to a steady state” sufficiently fast will be a good 
approximation to its limit as T > oo. This is one among the motivations for 
the study of diverse “limit averages” of a semigroup S(-) of linear bounded 
operators, for instance, the Césaro limit 


lim uf "S(t)udt 
T— 0 We (0) 
or the Abel limit 

lim A 


A> 0 


[e.e) 
e “S(t)udt 

0 

in various topologies. This sort of problems comprise what is called ergodic 
theory. In its early stages it dealt with “concrete” semigroups of the form 
(2.5.19) (see Hopf [1937: 1]) and with discrete rather than continuous 
averages. The first works on the abstract theory (Von Neumann [1932: 2], 
Riesz [1938: 1], Visser [1938: 1], Yosida [1938: 1], and Kakutani [1938: 1]) 
also refer to the limit of the discrete average 


eA 
lim J. DIS ar 


7 =O 0 


98 Properly Posed Cauchy Problems: General Theory 


where S is an operator whose powers S’ are uniformly bounded in the norm 
of (E). The theory for the continuous case was initiated by Wiener [1939: 
1]. Some results in ergodic theory deal with general semigroups in Banach 
spaces: others (for instance, those involving pointwise convergence) with 
semigroups in certain function spaces. For accounts of ergodic theory and 
bibliography see Yosida [1978: 1]; other treatments are found in Hille- 
Phillips [1957: 1] and Dunford-Schwartz [1958: 1]. 

The study of Markov processes from the point of view of semigroup 
theory was initiated by Hille [1950: 1] and Yosida [1949: 1], [1949: 2]. A 
systematic investigation of the subject was conducted shortly after by Feller 
({1952: 1], [1953: 1], [1954: 1], and subsequent papers). Short and very 
readable expositions can be found in Feller [1971: 1] and Yosida [1978: 1]. 
Other references are Dynkin [1965: 1], [1965: 2], Gihman-Skorohod [1975: 
1], [1975: 2], [1979: 1], It6-McKean [1974: 1], Stroock-Varadhan [1979: 1], 
and Mandl [1968: 1]. We limit ourselves to note that one of the central 
problems is the computation of the operator A in the equation (2.5.12), (or, 
rather, in the equation corresponding to the semigroup (2.5.21)), called the 
Fokker-Planck equation of the process, and the reconstruction of the 
transition probabilities from A. Under adequate assumptions on Q (Q a 
subset of R™ or more generally a manifold) and on the transition probabili- 
ties, the Fokker-Planck equation is a second-order parabolic differential 
equation, and the actual trajectories of the process are selected on the basis 
of “boundary conditions,” sometimes of nonstandard type. 

For results on the relation between Y and the semigroup defined by 
(2.5.19) see Neuberger [1971 /72: 1], [1973: 2], and Durrett [1977: 1]. 


(c) Higher Order Equations. The considerations on systems in the 
previous subsection would seem to indicate that every conceivable physical 
process that satisfies the major premise of Huygens’ principle must neces- 
sarily be described by a first-order equation of the form (2.5.12), at least if 
the necessary conditions of time invariance, linearity, and continuity are 
satisfied. Thus, even if the process stems from an equation of higher order in 
time like 


u™(t)+ Ayu" D(t)+ --- + A,u(t) =0 (2.5322) 


(where A,,...,A,, are, say, closed and densely defined operators in a Banach 
space £), a reduction of (2.5.22) to a first-order equation (conserving 
whatever existence, uniqueness, and continuous dependence properties it 
may have) should be possible. This is, in fact, so in examples like the wave 
and vibrating plate equation, where energy considerations dictate the reduc- 
tion. An abstract treatment of these ideas was given by Weiss [1967: 1]. 

A study of the equation (2.5.22) in a different vein was carried out by 
the author [1970: 2]. The Cauchy problem for (2.5.22) is declared to be well 
posed in an interval 0 < ¢ < T if solutions exist in the interval for initial data 
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u(0), u’(0),...,u“~ (0) in a dense subspace D of E and depend continu- 
ously on them uniformly on compact intervals in the sense that 


deat 


lIu(s I< C(t) L 00 (0<s<t<T) 
j=0 


with C(-) as Section 1.2. This point of view leads to some curious proper- 
ties: for instance, the Cauchy problem may be well posed in a finite interval 
without being well posed in ¢ > 0 or, even if it is well posed in tr > 0, the 
solutions of (2.5.22) may increase faster than any exponential (in fact, 
arbitrarily fast) at infinity. Admittedly, this may only indicate that the 
above definition of well-posed problem is too inclusive. A more restricted 
definition was attempted in the author’s [1981]: 1] for the case n=2; it 
implies the existence of a strongly continuous semigroup ©(-) in a suitable 
product space that propagates the solutions of (2.5.22) in the sense that 
© (t)(u(0), u’(0)) = (u(t), u’(t)), and generalizes an earlier result of Kisynski 
[1970: 1] where the equation is u’’(t) = Au(t). 

Necessary and sufficient conditions in order that the Cauchy prob- 
lem for (2.5.22) be well posed seem to be unknown, except in the particular 


case 

u(t) = Au(t). (2°5'23) 
If n > 3, the Cauchy problem for (2.5.23) is well posed if and only if A is 
everywhere defined and bounded. This was proved by the author [1969: 2] 
(where the case in which £ is a linear topological space is also dealt with) 
and independently by Chazarain [1968: 1], [1971: 1] with a different proof 
that works for more general equations. The case n = 2 is of more interest: 
here the equation is 

u(t) = Au(t), (2.5.24) 
and the substitution u(t) — u(— 1?) maps solutions into solutions, thus the 
Cauchy problem is well posed in (— 00, 00) if it is well posed in ¢ > 0. In the 
spirit of Section 1.2 we can define two propagators C(-) and S(-) by 
C(t)u= u(t), S(t)u=u,(t), where uo(-) (resp. u,(-)) is the solution of 
(2.5.24) satisfying u(0) = u, u’(0) = 0 (resp. u(0) = 0, u’(0) =u), and extend 
them to all of E by continuity. C(-) is strongly continuous and satisfies the 
cosine functional equation(s ) 


C(0)=I, 2C(s)C(t)=C(s+t)+C(s—t) (2.5.25) 
for all s,t, whereas S obeys the formula 
S(t)u= f°C(s)uds, (2.5.26) 
0 


hence is (£)-continuous and satisfies with C(-) the sine functional equa- 
tion(s ) 
S(0)=0, 2S(s)C(z)=S(s+7)hS(s — 2): 
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Functions C(-) satisfying (2.5.25) with values in a Banach algebra 8 were 
considered by Kurepa [1962: 1]; among other results, it is shown that 
measurability implies continuity and that C(t) = cos(tA) (the cosine defined 
by its power series) for some A € %. The theory of strongly continuous 
cosine functions or cosine operator functions was initiated by Sova [1966: 2], 
who among other things proved that there exist K, w such that 


C(t) < Ke®!!| (-—w<t<o), 527) 


defined the infinitesimal generator of C(-) (roughly, the second derivative at 
the origin) and proved a generation theorem of Hille-Yosida type (which 
was independently discovered by Da Prato-Giusti [1967: 3]). Other results 
are due to the author [1969: 2] and [1969: 3], where the setting is (in part) 
that of linear topological spaces; in particular, a “measurability implies 
continuity” theorem of the type of Example 2.3.16 (which implies that the 
concepts of well posed and uniformly well posed problem coincide for the 
second-order equation) and an analogue of Lemma 2.2.3 for second order 
equations. We also point out a relation proved in [1969: 2] between the 
second order equation (2.5.24) and the first-order equation (2.1.1) that turns 
out to be extremely useful in singular perturbation problems: if the Cauchy 
problem for (2.5.24) is properly posed in the sense outlined above, then the 
Cauchy problem for (2.1.1) is as well properly posed; the propagator V(r) 
of (2.1.1) is explicitly given by the “abstract Poisson formula” 


1 ce 2 
V(t)u=— | eS /"C(s)uds, pliseoh 
(1)u=—— (s) (2.5.28) 


which incidentally shows that V can be extended to a (£)-valued analytic 
function V({) in the half plane Ref >0 (in fact, A] @(7/2—); see the 
forthcoming Chapter 4). The fact that well posedness of (2.5.24) implies the 
corresponding property of (2.1.1) was proved independently by Goldstein 
[1970: 4] in a different way. 

Given a strongly continuous group U(-), it is immediate that 


C(t) =43(U(t)+U(-2)) (2.5.29) 


is a strongly continuous cosine function whose infinitesimal generator is 
A= B?, B the infinitesimal generator of U(-). The central problem in the 
theory of cosine functions is whether a representation of the form (2.5.29) 
(analogous to the equality cos at = 5(e'’ +e '‘)) exists for any cosine 
function. The answer is in the negative; it suffices to take C(t) = cos(tA), 
where A is a bounded operator having no (bounded or unbounded) square 
root.* Other counterexamples were given by Kisynsky [1971: 1], [1972: 1], 
where C is uniformly bounded in norm: see the author [1981: 1] for 


In fact, it can be easily shown that if (2.5.29) holds then A = B2, where A is the 


’ 


infinitesimal generator of C(-) and B is the infinitesimal generator of U(-). 
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additional information. It was proved by the author [1969: 3] that in certain 
spaces the representation (2.5.29) must hold if C(-) is uniformly bounded; 
the construction of U is based upon the Hilbert transform formula 


2it fe C(s)u 
U(t)u=C(t) += f Se) as, (2.5.30) 
the (singular) integral understood as the limit for e— 0 of the integrals in 
|t—s|>e. The (£)-valued function U(-) can be shown to be a strongly 
continuous group in spaces where the Hilbert transform operator, defined 
for E-valued functions, has desirable continuity properties, such as E = L?, 
1 < p<oo (in particular in Hilbert spaces). In the same spaces, a cosine 
function that is not uniformly bounded but merely satisfies (2.5.27) may not 
be decomposable in the form (2.5.29), but it can be proved (see again the 
author [1969: 1]) that if w is the constant in (2.5.27), b> w and C,(-) the 
cosine function generated by A, = A—b7J, then the decomposition holds 
for C,(-); in other words, A, posseses a square root Aj/* that generates a 
group U,(-). It follows that the second-order equation (2.5.23) can be 

reduced to the first-order system ; 


ui(t)= (Ay? a ibI)u,(t), u5(t) = (AY? 5 ibI )u,(t) 


in the product space E X E, thus in a way the theory circles back into the 
reduction-of-order idea outlined at the beginning of this subsection. We 
indicate at the end additional bibliography on cosine functions and on the 
equation (2.5.24), pointing out by the way that some of the ideas used in the 
treatment of the equations (2.5.23) and (2.5.24) originate in early work of 
Hille [1954: 1], [1957: 1] (see also Hille-Phillips [1957: 1, Ch. 23]), where it is 
assumed at the outset that A = B” and the Cauchy problem is understood in 
a different sense. 

The general equation (2.5.22) has received a great deal of attention 
during the last three decades, especially in the second-order case 


u’(t)+ Bu'(t)+ Au(t) =0. 


Most of the literature deals with sufficient conditions on A, B that allow 
reduction to a first-order system and application of semigroup theory. In the 
references that follow, some works treat as well the case where the coeffi- 
cients A, B depend on f; we include as well material on the equation (2.5.24) 
and on cosine functions. See AtahodZaev [1976: 1], Balaev [1976: 1], Buche 
[1971: 1], [1975: 1], Carasso [1971: 1], Carroll [1969: 2], [1979: 2] (which 
contain additional bibliography), Daleckii-Fadeeva [1972: 1], Dubinskii 
[1968: 1], [1969: 1], [1971: 1], Efendieva [1965: 1], Ga’ymov [1971: 1], 
[1972: 1], Giusti [1967: 1], Goldstein [1969: 1], [1969: 3], [1969: 4], [1970: 1], 
[1970: 2], [1970: 4], [1971: 1], [1972: 1], [1974: 2], [1975/76: 2], Goldstein- 
Sandefur [1976: 1], Golicev [1974: 1], Hersh [1970: 1], Jakubov [1964: 2], 
[1966: 1], [1966: 2], [1966: 4], [1966: 5], [1967: 3], [1970: 1], [1973: 1], Jurtuk 
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(1974: 1], [1976: 1], [1976: 2], Kolupanova [1972: 1], Kononenko [1974: 1], 
Krasnosel’skii-Krein-Sobolevskii [1956: 1], [1957: 1], Krein [1967: 1] (with 
more references), Kurepa [1973: 1], [1976: 1], LadyZenskaya [1955: 1], 
(1956: 1], [1958: 1], Lions [1957: 1], Lions-Raviart [1966: 1], Lomovcev- 
Juréuk [1976: 1], Mamedov [1960: 1], [1964: 1], [1964: 2], [1965: 1], [1966: 
1], Mamii [1965: 1], [1965: 2], [1966: 1], [1967: 1], [1967: 2], Mamii-Mirzov 
[1971: 1], Masuda [1967: 1], Maz’ja-Plamenevskii [1971: 1], Melamed [1964: 
1], (1965: 1], [1969: 1], [1971: 1], Nagy [1974: 1], [1976: 1], Obrecht [1975: 
1], Pogorelenko-Sobolevskii [1967: 1], [1967: 2], [1967: 3], [1970: 1], [1972: 
1], Radyno-Juréuk [1976: 1], Raskin [1973: 1], [1976: 1], Raskin-Sobolevskii 
[1967: 1], [1968: 1], [1968: 2], [1969: 1], Russell [1975: 1], Sandefur [1977: 1], 
Sobolevskii [1962: 1], Sova [1968: 1], [1969: 1], [1970: 1], Straughan [1976: 
1], Travis [1976: 1], Tsutsumi [1971]: 1], [1972: 1], Veliev [1972: 1], Veliev- 
Mamedov [1973: 1], [1974: 1], Yosida [1956: 1], [1957: 2], and the author 
[1971: 2]. In some of these works the equations in question are time-depen- 
dent and/or semilinear (see (k)) or the setting is, at least in part, more 
general than that of properly posed Cauchy problems (see (e) and also 
Chapter 6). 


(d) Semigroup and Cosine Function Theory in Linear Topological 
Spaces. Consider the translation group 


S(t)u(x) =u(x +1) 


in the linear topological space E consisting of all functions u continuous in 
— 0 <t<oo, endowed with the family of seminorms 


l|ul|,= sup |u(x)], 
|x| <n 
n=1,2,.... Obviously, S(-) is strongly continuous in E, but it is easily seen 
that, in general, the integral 


[oe s(e)ud (2.5.31) 


fails to exist in any reasonable sense whatever the value of A, thus blocking 
any generalization of formula (2.1.10). That this generalization fails is not 
surprising, since the infinitesimal generator of S (in an obvious sense) is 
A=d/dx, with domain consisting of all u continuously differentiable in 
— 0o <t<oo and the resolvent set of A is empty (the equation Au — u’=v 
always has infinitely many solutions in E). This example makes clear that 
the main difficulty in generalizing semigroup theory to linear topological 
spaces is the loss of (2.1.3) (which, in the present setting must be translated 
into the requirement that {e °‘S(t); t > 0} be equicontinuous for some w). 
If this is assumed, the Banach space results generalize readily to a locally 
convex quasicomplete space. This extension was suggested by Schwartz 
[1958: 2] and independently carried out by Miyadera [1959: 2] for Fréchet 
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spaces; the general version is due to Komatsu [1964: 1] and Yosida in the 
first edition (appeared in 1965) of his treatise [1978: 1]. We refer the reader 
to that book for details. 

The general case is tougher. The only assumption is that S is strongly 
continuous and that (S(t); 0<t<1)} is equicontinuous; this is a conse- 
quence of the strong continuity if the space E is barreled, as the uniform 
boundedness theorem (K6the [1966: 1]) shows. Generation theorems have 
been found by T. Komura [1968: 1], Ouchi [1973: 1], Dembart [1974: 1], 
and Babalola [1974: 1], and can be roughly described as follows. In the 
approach of Komura the integral (2.5.31) is given a sense through the theory 
of Fourier-Laplace transforms due to Gelfand and Silov [1958: 1] where 
(generalized) functions of arbitrary growth at infinity can be transformed: 
the generalized resolvent St(A; A) then appears as a vector-valued analytic 
functional rather than a function, and is gotten at through “approximate 
resolvents” {#,(A)} obtained cutting off the domain of integration in 
(2.5.31). The methods of Dembart, Ouchi, and Babalola are somewhat 
related; the generalized resolvent is not used and its place is taken by 
a sequence of approximate resolvents constructed in the way indicated 
above. These ideas are related to the asymptotic resolvent of Walbroeck 
[1964: 1]. 

The theory of cosine functions admits a similar extension to linear 
topological spaces. When (e-°!‘!C(t); — 00 <t<oo)} is assumed equicon- 
tinuous for w sufficiently large, the treatment (due to the author [1969: 2] 
for barreled, quasi-complete E) uses the same ideas as in the Banach space 
case. The “reduction to first order” outlined in (c) can be carried out if an 
additional assumption is satisfied; one of its forms is the requirement that 
the function 


G(t) = ['logs((s +1)+S(s-—t)) ds 


(S defined by (2.5.26)) satisfy (a) G(t)E C D(A), and (b) AG(-) is a 
strongly continuous function of ¢ for all ¢ (as pointed out by Nagy [1976: 1], 
however, this assumption fails to hold even in some Banach spaces). The 
case where only (S(t); 0 <t <1} 1s assumed to be equicontinuous has been 
examined by Konishi [1971/72: 1] who obtained generation theorems (in 
the style of those of T. Komura for semigroups) and many additional 
results. 

We include below several references on semigroups, cosine functions, 
and linear differential equations in linear topological spaces; some of these 
belong to the subjects treated in Chapters 4 and 5 and will be also found 
there. See Chevalier [1969: 1], [1970: 1], [1975: 1], Dembart [1973: 1], 
V. V. Ivanov [1973: 1], [1974: 1], [1974: 2], Kononenko [1974: 1], 
Lovelady [1974/75: 1], Maté [1962: 2], Mil8tein [1975: 1], Ouchi [1973: 1], 
Povolockii-Masjagin, [1971: 1], Sarymsakov-Murtazaev [1970: 1], 
Singbal-Vedak [1965: 1], [1972: 1], Terkelsen [1969: 1], [1973: 1], Tillmann 
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[1960: 1], Ujishima [1971: 1], [1972: 1], Vainerman-Vuvunikjan [1974: 1], 
Vuvunikjan [1971: 1], Watanabe [1972: 1], [1973: 1], and Yosida [1963: 1]. 


(e) The equation 

u'(t) = Au(t) (232) 
(as well as higher-order and time-dependent versions) has been extensively 
studied under hypotheses sometimes considerably weaker than (or not 
comparable to) those for a properly posed Cauchy problem. In some cases 
the objective is to prove existence and/or uniqueness results for solutions in 
t > 0 or other intervals, as in Ljubit [1966: 3]. We include a small sample of 
results. 


2.5.1 Example. Let 4 be a densely defined operator such that R(A) exists 
in a logarithmic region 


A=A(a, B)=({A: ReA>B + alog|A]} 
with a> 0 (see Section 8.4, especially Figure 8.4.1) and assume that 
IR(A)I<CU+ Al)” (AEA) 


for some m>0. Then (a) for every uy € D(A”) = D(A”) there exists a 
genuine solution of (2.5.32) in ¢ > 0 with u(0) = uw); (b) genuine solutions of 
the initial value problem are unique. 

Uniqueness holds in fact in a strong version: every solution of 
(2.5.32) in a finite interval 0<t<T with u(0)=0 is identically zero in 
0<t<T. This is best proved with the “convolution inverse” methods of 
Chapter 8 (or using the next example). Solutions are constructed by inverse 
Laplace transform of R(A) in the style of formula (2.1.12); however, 
integration must be performed over the boundary I of A and further terms 
in formula (3.7) are necessary: 

Dee ie. l At 
u(t)= X Hes + Tni L yPRO)APuodd. 
jJ=0 
This expression defines a solution in 0 <t < t,=(p—m-—2)/e with initial 
value u(0) = uy. Thus (making use of uniqueness at each step) we can define 
a solution ‘by pieces” in t > 0. 


We note that under the hypotheses above D( A) is dense in E, thus 
the set of initial vectors is dense in E. See Ljubié [1966: 3] and Beals [1972: 
2] for far more general statements in this direction. Uniqueness can be also 
established in much greater generality: 


2.5.2 Example. Assume that R(A) exists for A > w and that 
|R(A}I| = Oe") asd > 00 


for some r>0. Then if u(-) is a solution of (2.5.32) in 0<t<T with 
u(0) = 0, we have u(t)=OinO0<t<T-r. 
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To prove this result we note that 
T 
Owre A) f eu(t) dt=— eT u(T), 
0 
hence 


| le mute) a = O(e*7—-”) ash > 00, 
0 


which implies that u(t)=0 in 0<t<T~—r by (a slight variant of) the 
Paley-Wiener theorem. 


In other lines of treatment (for instance Agmon-Nirenberg [1963: 1], 
[1967: 1]) existence is not in question and only properties of solutions such 
as asymptotic behavior at infinity of theorems of Phragmén-Lindelof type 
are of interest. Many of the results have connections with the abstract 
Cauchy problem, however. We shall not treat in this work the equation 
(2.5.32) in this vein and we limit ourselves to indicate some bibliography. 
Besides the papers above, information can be found in the treatises of 
Carroll [1969: 2], [1979: 2], Ladas-Lakshmikantham [1972: 2], and Zaidman 
[1979: 1], together with references on the subject. Other works are Aliev 
[1974: 1], Arminjon [1970: 1], [1970: 2], Beals [1972: 1], [1972: 2], Djedour 
[1972: 1], Goldstein-Lubin [1974: 1], Ladas-Lakshmikantham [1971: 1], 
(1972-21), Wevaire [19.702 1), 1970592], [1972 11497321), [197322], (1975), 
Levine-Payne [1975: 1], Malik [1967: 1], [1972: 1], [1973: 1], [1975: 1], and 
Pazy [1967: 1]. 

An important area of study concerns almost periodic solutions of 
(2.5.32) and of time-dependent analogues; most of the results are generali- 
zations to the infinite-dimensional setting of theorems on almost periodicity 
of solutions of ordinary differential equations due to Bohl, Bohr and 
Neugebauer, Favard and others (see Favard [1933: 1] for results and 
references). The setting is sometimes that of well-posed Cauchy problems, 
other times a more general one. See the treatises of Amerio-Prouse [1971: 1] 
and Zaidman [1978: 1] for expositions of the theory and bibliographical 
references. Additional works are Zikov [1965: 1], [1965: 2], [1966: 1], (1967: 
1], [1970: 1], [1970: 2], [1970: 3], [1971: 1], [1972: 1], [1975: 1], Zikov- 
Levitan [1977: 1], Levitan [1966: 1], Zaki [1974: 1], Rao [1973/74: 1], 
[1974/75: 1], [1975: 1], [1975: 2], [1977: 1], Rao-Hengartner [1974: 1], 
[1974: 2], Aliev [1975: 1], Bolis Basit-Zend [1972: 1], Biroli [1971: 1], [1972: 
1], (1974: 1], [1974: 2], Lovicar [1975: 1], MiSnaevskii [1971: 1], [1972: 1], 
Moseenkov [1977: 1], Welch [1971: 1], and the author [1970: 4]. For almost 
periodic functions in Banach spaces see Corduneanu [1961: 1]. 


(f{) Transmutation. In a somewhat vague description, a transmuta- 
tion formula transforms a solution of an abstract differential equation into a 
solution of another abstract differential equation. Two rather trivial trans- 
mutation formulas are u(t) > e“‘u(t) (transforming a solution of u’(t)= 
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Au(t) into a solution of u’(t)= (A+ al)u(t)) and the “identity formula” 
u(t) > u(t), which transforms a twice differentiable solution of u(t) = Au(t) 
such that u(t)€ D(A’) into a solution of the second order equation 
u(t) = A?u(t). We list below a number of transmutation formulas. In all 
the following examples, A is a closed operator in the Banach space E and 
solutions are understood in the strong sense as in Section 1.2. 


2.5.3 Example. Let u(-) be a solution of 


u(t)=Au(t) (s0) (2.5.33) 
such that u(0) = u, u’(0) = 0, and 

\lu(t)\|<Ce*’ (t>0). (2.5.34) 
Then 

v(t)= fe? 44u(s) ds 
Tbs 40) 

is a solution of 

v(t) =Av(t). (¢>0) (25°35) 


with v(0) = u, satisfying an estimate of the type of (2.5.34) with w instead 
of w. This formula is an abstract version of the classical Poisson formula for 
solution of the heat equation u,=u,,, where E is a space of functions in 
(— 00, 00) (say, L”) and u(t)(x) = u(x +t). In its abstract version it can be 
traced back (in a different context) to Romanoff [1947: 1] and it was used 
by the author in [1969: 2] to relate the Cauchy problem for (2.5.34) and 
(2.5.35) (see (2.5.28) and surrounding comments). See also the author [1983: 
3] for an extension to linear topological spaces. 


2.5.4 Example. Let u(-) be an arbitrary solution of (2.5.33), a>-—1. 
Define 


T(a+3/2) 
vr T(a+1) 


Then v(-) is a solution of 


v(t) = fo ulin)" an. (2.5.36) 


o'(1)+ 2D (4) = 0(1) (t>0) (2.5.37) 


with initial conditions v(0) = u(0), v’(0) = 0. In case A is the m-dimensional 
Laplacian, formula (2.5.36) transforms the wave equation (2.5.33) into the 
Darboux equation (2.5.37) and can be used to compute an explicit solution 
of the wave equation (see Courant-Hilbert [1962: 1, p. 700)). 


2.5.5 Example. Let u(-) be a solution of (2.5.33) with u’(0) = 0. Define 


o(t) = [Ug(e(s? —s7)'?) u(s) ds, (2.5.38) 
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where J, is the Bessel function of order zero. Then v(-) is a solution of the 
equation 


v’(t)=(A-—c7I)o(t) (¢t20) (2.5.39) 


with v(0) = 0, v’(0) = u(0). Formula (2.5.38) is an abstract version of a well 
known formula for solution of the equation u,,=u,, — cu. For additional 
details and other formulas of the same type see Sova [1970: 4]. 


Transmutation formulas may involve equations in several variables, 
as is the case with the following. 


2.5.6 Example. Let v(t,,¢,) be a solution of 
DD (tats) = Avi, 5), (ips bs SO) (2.5.40) 


with v(t,0) = f(t), v(0, t) = g(t), t>0 (we assume that f(0) = g(0)). Then 
the “self-convolution” 


u(t) = f'o(t—s,s) ds (2,541) 


satisfies 
u(t) = Au(t)+ f'(t)+¢(t) (t>0) (2.5.42) 


with u(0)=0, u’(0) = f(0) = g(0). Conversely, let u(-) be a solution of 
(25.33)? Then 


1 =H/2 
v(t,4)=— f (1-9) y(2U(t)t))'?n)dn (2.5.43) 
is a solution of (2.5.40) with v(t,,0) = v(0,t,)=u(0), D?u(t,,0) = 
D'u(0,t,)=0. These formulas are due to the author [1971: 1], where 
applications to the abstract Goursat problem can be found (see (g)) 


One of the principal applications of transmutation formulas is that 
of showing that the Cauchy problem for certain equations is properly posed 
starting from similar properties of other equations. 

There are at least two heuristic guides for discovery of transmuta- 
tions formulas (their justification is usually simple). One is that of looking 
first at the case where the operator A “is a number a” (strictly speaking, 
coincides with the operator of multiplication by a in one-dimensional 
Banach space). In this particular case transmutation formulas will be found 
in a table of integrals. Once we get hold of the formula in question, its 
extension to operational equations is usually immediate. For instance, the 
scalar ancestor of both (2.5.36) and (2.5.43) (the latter in the case v = 0) is 
Say 


yh Win a lee ae 
AO are ae ivan pcos nan 


(see Gradstein-Ryzik [1963: 1, formula 8.411]. Another, more systematic 
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procedure is to essay formulas of the type 
v(t) =f «(t,s)u(s) ds. (2.5.44) 
0 


For instance, if u is the function in Example 2.5.3, the requirement that v be 
a solution of (2.5.35) with v(0) = u(0) leads (after two integrations by parts) 
to the distributional initial-boundary value problem 


k,(t,s)=«,,(t,s) (t,s>0), «,(t,0)=0 (t>0), 


K(0,s)=4S(s) (se), 

where 6 is the Dirac delta; from these conditions we obtain that v(t) = 
(at) '/*exp(— s*/4t) and we obtain anew the result in Example 2.5.3. This 
and other related arguments were systematically examined (in the context of 
partial differential equations) by Delsarte and Lions (see Delsarte [1938: 1], 
Delsarte-Lions [1957: 1], and Lions [1956: 1]). An interesting sideline on 
formula (2.5.44) is that in certain cases k may be a distribution rather than a 
function. For instance, assume we have a solution u(-) of (2.5.33) with 
u(0) =u, u’(0)=0 and we wish to obtain a solution v(-) of (2.5.39) with 
v’(0) = 0. Instead of deducing differential equations and boundary condi- 
tions for « (a simple exercise left to the reader) we simply differentiate 
(2.5.38) obtaining the new transmutation formula 


v(t)= ACA ee — 5?) J,(c(t? -s?)'”) u(s) ds, 
0) 
which can be easily justified directly; here 
k(s,t) =8(t—s)—ct(t? —s?) ‘7 F,(e(t? -s2)'”). 


An extensive treatment of transmutation formulas and their applica- 
tions as well as a large bibliography can be found in Carroll [1979: 2]. Other 
references are Bragg [1969: 1], [1974: 1], [1974/75: 1], [1974/75: 2], 
Bragg-Dettman [1968: 1], [1968: 2], [1968: 3], Butcher-Donaldson [1975: 1], 
Dettman [1969: 1], [1973: 1], Donaldson [1971: 1], [1972: 1], [1975: 1], 
[1977: 1], Carroll [1963: 1], [1966: 1], [1966: 2], [1969: 1], [1969: 2] (where 
additional references can be found), [1976: 1], [1978: 1], [1979: 1], Carroll- 
Showalter [1976: 1], Dunninger-Levine [1976: 1], [1976: 2], Bobisud-Hersh 
[1972: 1], and Hersh [1970: 1]. 


(g) Equations in Several Variables. There exists some literature on 
abstract differential equations involving partial derivatives of functions of 
several variables and related “initial value” (or, rather, boundary value) 
problems. One of these is the Goursat (or characteristic initial value) 
problem: find a solution of 


D'D? u(t.) =Ault,,.t,) Gets = 0) (2.5.45) 
satisfying 
u(t),0)=f(t,) (t,>0), u(0,t,)=g(t,) (t)>0) (2.5.46) 
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(where of course f(0) = g(0)). This type of problem (together with higher 
order versions) has been considered by the author in [1971: 1]; one of the 
techniques employed is that of transmutation (see Section 2.5.(f), especially 
Example 2.5.6), but other devices must be used to identify completely the 
operators A that make the Goursat problem (2.5.45), (2.5.46) well posed in a 
suitable sense. See also BriS-Juréuk [1971: 1], W. A. Roth [1972/73: 1]. 
Other works on problems in several variables are Daleckii-Fadeeva [1972: 1] 
and Kolupanova [1972: 1] 


(h) Scattering. Consider the wave equation 
U,=c Au (2.5.47) 


in m-dimensional Euclidean space R™ with m odd. It is known (and easily 
proved) that the energy of a solution u(t) = u(t, -), 


E(t) =4 f(u? + c*|grad ul?) dx, (2.5.48) 


remains constant with ¢, thus we can define a group U,(-) of unitary 
operators in H)(R”)®L*(R™) by the rule 


U,(¢)(u, v) = (u(t), u,(t)). (2.5.49) 


Here H,(R”) consists of all u € L;,,(R”) such that |grad u| € L7(R”), two 
such functions declared equivalent when they differ a.e. by a constant: the 
norm in H,(R”™) is 


lull, = c? [grad u|? dx. 


Assume an obstacle (a compact set) K is planted in R™; now we look 
for solutions of (2.5.47) in Q =R”™\ K that vanish on the boundary [I of (2. 
The energy of these solutions is also constant, thus we can define another 
isometric semigroup U(-) by (2.5.49), this time in the space H,(Q)@L?(R”™); 
here H,(Q) consists of all u€ H,(R”) that vanish on I (strictly speaking, 
such that some member of its equivalence class vanishes on [). It is 
plausible to conjecture that if u € H,(Q)@L7(R”), the free solution Uj(t)u 
and the perturbed solution U(t)u (at least if the obstacle does not “trap 
energy’) will differ by little when too (hence for t > —oo, since the 
equation (2.5.47) is invariant through the change tf > — r). A measure of the 
deviation of the perturbed group from the free one are the wave operators. 
W,u= lim U(—1t)U(t)u, 
Oras (2.5.50) 

W_u= lim U(t)U(—t)u. 

L100) 


(Note that, in view of the explicit solution of (2.5.47) in R” with m odd, if u 
has compact support then Up(t), Uj(— ¢) will be zero on K for ¢ sufficiently 
large, hence U(—1t)U)(t)u and U(t)U,(—t)u are both defined.) Leaving 
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aside technical details, the scattering operator is defined by 
S=Wa We 


and describes, roughly speaking, the effect on an incoming wave U)(t)u, t 
large, produced by the obstacle; the inverse problem of (acoustic) scattering 
theory is that of reconstructing the obstacle K from the the scattering 
operator S. Similar descriptions can be given of the scattering problems 
associated with the Maxwell, Schrodinger, and neutron transport equations. 
These physical situations have been the motivation for the creation of an 
abstract scattering theory, where one of the problems is that of showing 
existence and suitable properties of the wave operators W.,,W_, with U and 
U, groups of unitary operators in a Hilbert space or more general groups. 
For expositions of scattering theory, both in the abstract version or in 
concrete problems such as that of acoustic or Schrédinger scattering, see the 
treatises of Kato [1976: 1] and Lax-Phillips [1967: 1]. See also Bondy [1976: 
1], Foias [1975: 1], Helton [1974: 1], Kato-Kuroda [1970: 1], [1971: 1], and 
Lax-Phillips [1966: 1], [1971: 1], [1972: 1], [1972: 2], [1973: 1], [1976: 1]. 


(i) Singular Differential Equations. Diverse applications lead to ab- 
stract differential equations where the time derivative of highest order is not 
explicitly given, for instance, 


Mu'(t)+ Lu(t) =0. (2.5151) 
One such example is the pseudoparabolic equation 


i Kt (2°5'52) 


ele 


where k > 0. Assume, to fix ideas, that a solution of (2.5.52) is sought in the 
interval 0 < x < 7 with boundary conditions 


u(0,t)=u(a,t)=0. (25°53) 


Since the equation ku’’— u has no nontrivial solution satisfying u(0) = u(7) 
= 0, the Green function G,(t,s) of the boundary value problem exists and 
we may transform the equation (2.5.52) into the partial integro-differential 
equation 


ire) G,(t,s)u,,(x,s) ds, (2.5.54) 


which is amenable to semigroup theory methods (although it would be 
obviously simpler to examine (2.5.52) directly by separation of variables). A 
similar reduction is available when x < 0 as long as — k #1 /m?(m=1,2,...). 
The abstract counterpart for (2.5.51) is the case where M is invertible; here 
the equation can be reduced to (2.1.1) with A= M~'L. In other cases, 
however, M~' does not possess a (bounded or unbounded) inverse and the 
reduction fails; the behavior of (2.5.51) can be expected to be quite different 
from that of (2.1.1). To gain some insight into the problem we note that the 
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separation-of-variables solution of (2.5.52) is 
u(x,t) = )oa.()) sinnx, 


where (1+ kn?)a’(t)=—n’a,(t), hence if x =1/m7, any possible initial 
condition must have zero mth Fourier coefficient. 
Other examples of singular differential equations are 


a(x)u, = u,,,. (225,55) 
(where a(x) may vanish somewhere) and the fourth order equation 


u Uu 


(2.5.56) 


Finally, in some time-dependent problems, the leading coefficient vanishes 
at the very instant where initial conditions are supposed to be given: an 
example is the abstract Darboux equation (2.5.37). 

An attractive treatment of a class of singular equations can be found 
in the treatise of Showalter [1977: 1]. Other works on the subject are 
Showalter |1969°a1h (19 70-1 [1970-82], 9725 1, [1972s 2), [19732 1], 
[1973/74: 1], [1975: 1], Carroll-Showalter [1976: 1], Baiocchi-Baouendi 
[1977: 1], Bragg [1974/75: 1], [1974/75: 2], Butcher-Donaldson [1975: 1], 
Bykov-Fomina [1973: 1], [1976: 1], Donaldson [1970: 1], [1971: 1], 
Donaldson-Goldstein [1976: 1], Dunninger-Levine [1976: 1], [1976: 2], 
Favini [1974: 1], [1974: 2], [1974: 3], [1975: 1], [1977: 1], Knops-Payne 
[19711] -Lagnese (197222];:[1973 1]; [197372], [19743 1], Levinesf1972: 1], 
[1973: 3] [1974: 1], Schuss [1972: 1], Travis [1976: 1], and C. L. Wang 
Wom tl: 


ECOCL Ye ICICI 


(j) The Inhomogeneous Equation 
w(t) = Au(t)+ f(t). (2.5.57) 


Using the explicit formula (2.4.3) for the solution of (2.5.57), numerous 
results on the correspondence f(-)— u(-) have been proved; in most of 
them the operator A is assumed to belong to subclasses of ©, (such as the 
class @ introduced in Chapter 4). We quote below two results of this sort; in 
both of them we assume that S(t)E C D(A), that the operator AS(t) is 
bounded for each ft, and 


| AS(t)||<C/t (t>0) (2.5.58) 
for some C (see Sections 4.1 and 4.2). 


2.5.7 Example (Pazy [1974: 1, p. 113]). Let f be an £-valued function 
defined in 0<t<T. Assume there exists a nonnegative function o, also 
defined in 0 <t¢ <T, and such that 


WQar(ieat—s) (O<s<1<7), 


(Pen <oo forsomeh> 0. 
0 
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Then 
u(t) = f'S(t—s) f(s) ds (2.5.59) 


is a solution of (2.5.57) in the strong sense: u(-) is continuously differentia- 
ble and belongs to D(A) in 0 <t <T and satisfies (2.5.57) there. 


The assumptions on the function f are obviously much weaker than 
those in Lemma 2.4.2: the present result is an illustration of the heuristic 
principle that stronger assumptions on S will allow weaker assumptions on f. 
In the next result these requirements (as well as the definition of solution) 
are weakened further: we still assume (2.5.58). 


*2.5.8 Example (De Simon [1964: 1]). Let E be a Hilbert space, f a 
strongly measurable E-valued function defined in 0 <t <T such that 


Ill, - [fisCoe ae)” Ry 


where 1 < p <oo. Then, if u(-) is the function in (2.5.59), u’(t) exists a.e., 
u(t) € D(A) a.e. and (2.5.57) is satisfied almost everywhere in 0<t<T. 
Morever, we have 


lvl, < CISA, 
for C independent of f. Finally, u(t) is the integral of u’(-) nO<s<t. 


For references on the equation (2.5.57) (some of which deal with the 
case where A depends on f) see Anosov-Sobolevskii [1971: 1], [1972: 1], Ball 
[1977: 1], Baras-Hassan-Veron [1977: 1], Dyment-Sobolevskii [1970: 1], 
[1970: 2], [1971: 1], GerStein-Sobolevskii [1974: 1], [1975: 1], Crandall-Pazy 
[1968/69: 1], Politka-Sobolevskii [1976: 1], Raskin-Jasakov [1970: 1], 
Sobolevskii [1964: 3], [1964: 4], [1965: 1], [1966: 1], [1967: 2], [1971: 3], and 
De GraatT ig Ag i147 


(k) Semilinear Equations. Roughly speaking, a quasilinear or semi- 
linear equation is a nonlinear perturbation of a linear equation, the per- 
turbation terms being “less unbounded” than the linear part (in contrast 
with the genuinely nonlinear equations to be discussed in Section 3.8(d).) A 
first-order semilinear equation is of the form 


u'(t) = Au(t)+ B(t, u(t)), (2.5.60) 


where B is a nonlinear operator. To solve (2.5.60) with initial condition 
u(0) = uy, assume that u is a genuine solution, that B is continuous and use 
formula (2.4.3); the Volterra integral equation 


u(t) =S(t)uo + J°S(t—s)B(s, u(s)) ds (2.5.61) 


results. On the other hand, even if uy € D(A), a continuous solution of 
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(2.5.61) may not be a solution of (2.5.60) (u(-) may not be differentiable); 
as in the linear case, we declare u(-) to be a generalized solution of the 
differential equation. 

Equation (2.5.61) lends itself to solution by successive approxima- 
tions or by use of fixed point theorems. In the following result we only 
assume that AE C,. 


2.5.9 Example (Segal [1963: 1]). Let B be defined and continuous in 
[0, 7] £ and Lipschitz continuous in u uniformly with respect to f, 
|B(t,u)— B(t, v)||< M|lju—v|| (0<t<T,u,vEE). (2.5.62) 


Then, given uy & E, (2.5.61) has a unique solution u(-) continuous in 
Oar. 

To prove this, we define a sequence of succesive approximations 
taking as u,(-) any continuous E£-valued function with u,.(0)=u, and 
setting 


U4 (t)= S(t)up + f°S(t —s)B(s,u,(s)) ds (n=1,2,...). 
0 
Using (2.5.62) the estimate 
ene (1) te, (ACM f Jeg, (8)— up (sas 


results, where C is a bound for ||S(s)|| in 0 <s <T. This leads to 
IM n+ i(t)—u,(t)I|< K(CM)"t"/n! (n>1,0<t<T) 
for some K > 0. The rest of the proof is routine. It is interesting to note that 
under stronger assumptions on S and B the solution obtained is genuine. 
2.5.10 Example. Let S satisfy the assumptions in Example 2.5.7, and 
assume B is Lipschitz continuous jointly in s and u, 
|B(s,u)—B(t, v)||< M(|s—t|+|lu—vl]) (0<s,t<T,u,veEE). 

Then the solution u(-) of (2.5.61) with uy © D(A) obtained in Example 2.5.9 
is continuously differentiable in 0 <¢<T, u(t) € D(A), and (2.5.60) holds 
there. 

We begin by proving that the generalized solution u(-) of (2.5.61) is 
Lipschitz continuous in 0 <t <T. Let T’<T be a number to be determined 
latete0 <iao hx Lop men 


l|u(t’)—u(t)I| < I(S(e)—S(e))ugll+ f"IS(s) BCs, u(r 8) 
+ fUS(sIB('—s,u(t'—s))~B(t—s,u(t=s))I ds, 


Let p(t, t’) be the maximum of ||u(t’—s)— u(t —s)|| in 0<s<t. Then we 
obtain from the previous inequality that 


||u(2’)— u(t)|| < C(||Augl|+ N |e’ — t| + CMT"(\t’— t| + p(t, 0’), 
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where C (resp. N) is a bound for ||S(s)|| (resp. ||B(s, u(s))|]) in O<s < Ts 
Write this inequality replacing ¢’ by t’— s and t by t—s forO <s <t. Noting 
that p(t —s, t'— s) < p(t, t’), we obtain 
p(t, 1’) <C(\|Auol|+ N )|t/— t| + CMT" (\t’— t| + p(t, 1)). 
If T’ <1/2CM, we deduce that 
ban ig ey CA as 
in0<t<t’<T". This shows that u(-) is Lipschitz continuous in0<1t<T". 


Hence B(-,u(-)) is as well Lipschitz continuous and it follows from 
Example 2.5.7 that u(-) is a genuine solution in 0 <¢ <7’. In particular, 


um, = S(T) + f° S(T’) B(s, u(s)) ds € D(A). 


Now, if T’<t<T, we have 
u(t) =S(t—T’)u, + f° S(t—s)B(s,u(s)) as 
Z 


and we can argue exactly as before to deduce that u is Lipschitz continuous 
in T’<t<2T’, thus a genuine solution in T’<t<2T’. A finite number of 
steps then cover the interval 0 <1 <T. 


In the following result, a rather strong assumption on S is traded off 
by a weakening of the requirements on B: however, only a local solution is 
obtained and uniqueness is lost. 


2.5.11 Example (Pazy [1974: 1, p. 124]). Assume S(t) is compact for 
t>0O, and let B be continuous in [0,7]x E. Then there exists T’>0 
(depending on u,) such that (2.5.60) has a continuous solution in0 <t<T’. 

The proof is an application of the Schauder-Tikhonov fixed point 
theorem to the operator 


(Su(-))(t)=S(t)up + f'S(¢—s) B(s, u(s)) ds. (2.5.63) 


We point out that the solution may not be unique (take E one-dimensional, 
A=0, B(s,u)=Vu). On the other hand, if only continuity of B is pos- 
tulated, the mere assumption that A € ©, may fail to produce solutions of 
(2.5.63); to see this it suffices to take A =0 and make use of a celebrated 
counterexample of Dieudonné [1950: 1]. In a substantially improved version 
due to Godunov, it can be formulated as follows: 


*2.5.12 Example (Godunov [1974: 1]). There exists a continuous map 
B: (—0,0)x H—>H (H a separable Hilbert space) with the following 
property: for every real ¢, and u € H, the initial-value problem 


u'(t)=B(t,u(t)), u(ty)=u (2.5.64) 


(or, equivalently, the integral equation (2.5.61) with S(t)=J) has no 
solution in any interval containing f. 
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On the other hand, even continuity of B in the topology of E may be 
an excessively strong assumption, especially in view of the applications 
where A is a linear differential operator and B a (lower order) perturbation 
of A. Several results exist where (Hélder) continuity properties of B are 
postulated in the graph norm of fractional powers of A (see Sobolevskii 
[1960: 1], [1960: 2], [1961: 1], [1964: 1], Kato-Fujita [1962: 1], Henry [1978: 
1], Pecher [1975: 1], and Webb [1977: 2]. Other type of results where the 
assumptions are on S(t)B instead than on B itself have been proved by 
Weissler [1979: 1]. A detailed treatment of the equation (2.5.60) can be 
found in Martin [1976: 1]. Other references on different types of semilinear 
equations are ASirov [1972: 1], Ahundov [1972: 1], Ahundov-Jakubov [1969: 
1], [1970: 1], Ardito-Ricciardi [1974: 1], Akinyele [1976: 1], Bartak [1976: 1], 
Biroli [1972: 1], [1974: 1], Brézis-Strauss [1973: 1], Calvert [1976: 1], Chafee 
[1977: 1], Daleckii-Krein [1970: 1], Datko [1968: 1], [1970: 1], [1970: 2], 
[1972: 1], De Blasi-Myjak [1977: 1], DomSlak [1962: 1], [1965: 1], [1975: 1], 
Enikeeva [1968: 1], [1969: 1], [1969: 2], [1972: 1], Gel’man-Gerst [1968: 1], 
Gajewski [1971: 1], [1972: 1], Heinz-Von Wahl [1975: 1], Hughes-Kato- 
Marsden [1976: 1], Iannelli [1976: 1], Iooss [1972: 1], Jakubov [1966: 3], 
[1967: 2], [1967: 3], [1970: 3], [1970: 4], Jakubov-Aliev [1976: 1], Jakubov- 
Ismailova [1974: 1], Kakita [1974/75: 1], Kartsatos [1969: 1], Kielhofer 
[1973: 1], [1975: 1], Kirjanen [1974: 1], Kluge-Bruckner [1974: 1], Konishi 
[1976: 2], Krein [1967: 1], Lightbourne [1976: 1], Lunin [1973: 1], [1974: 1], 
Mamedov [1964: 2], [1965: 1], Mamuii [1966: 1], [1967: 1], [1967: 2], 
Mamii-Mirzov [1971: 1], Martin [1975: 1], [1977: 1], Massey [1976: 1], 
[1977: 1], Monari [1971: 1], Nikloenko [1973: 1], Pavel [1972: 1], [1974: 1], 
[1974:=2) SPazy: [19722 11} [19752 y Pao [1972-71] 5 (1973: 1], 1974/75=..1), 
Pogorelenko-Sobolevskii [1967: 2], [1967: 3], [1970: 1], [1972: 1], Raskin 
[1973: 1], Raskin-Sobolevskii [1968: 1], [1968: 2], Rautmann [1973: 1], 
Reichelt [1975: 1], Ricciardi-Tubaro [1973: 1], Simonenko [1970: 1], [1973: 
1], Sobolevskii [1958: 3], [1968: 5], Tsutsumi [1971: 1], [1972: 1], Veliev- 
Mamedov [1973: 1], [1974: 1], Vilella-Bressan [1974: 1], Ward [1976: 1], 
Zarubin [1970: 1], [1970: 2], and Lovelady [1973/74: 1]. 


(1) Approximation. Consider the space E = L?(0,277). Given u € E, 

write 
(MG NGS Se ele 
where the {a,; —0o<n<oo} are the Fourier coefficients of u. We check 
that {2 (¢);¢>0} is a strongly continuous semigroup in E (called the 
Abel-Poisson semigroup); the fact that 
W(t)u>uas t>0 

simply expresses that the Fourier series of an element u of E converges in 


the sense of Abel to u in the L? norm. A natural question is how closely 
does %(t)u approximate u for ¢ small; for instance, which are the ue E 
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such that 
| (t)u— ul| =O(t*) as t> 0+? 


Similar questions may be formulated in the spaces L” or C or in relation to 
different semigroups such as the Weierstrass semigroup 


(B(1)u)(x) = Lea," 
in (0,277), and 


1 ee ye) 
(D(#)uy(x)= Fee fe OPA) ds 
7 — 0 
in (— 00,00) and the Cauchy-Poisson semigroup? 


¥ LY god u(x—§) 
(L)u()= Tf “app 4 
also in (— 00,00). Other problems are, say, the rate of convergence of 
exponential formulas (see the beginning of this section). These questions can 
be formulated for an arbitrary semigroup in a general Banach (or linear 
topological) space. This point of view originates in Hille [1936: 1]; several 
results of this sort can be found in Hille [1948: 1]. An exhaustive study is 
made in the treatise of Butzer and Berens [1967: 1] with a more detailed 
history of the subject and a long list of references. See also Butzer-Nessel 
[1971: 1]. Some of the more recent works are Butzer-Pawelke [1968: 1], 
Butzer-Westphal [1972: 1], Trebels-Westphal [1972: 1], Westphal [1968: 1], 
[1970: 1], [1970: 2], [1974: 1], [1974: 2], Berens-Butzer-Westphal [1968: 1], 
Berens-Westphal [1968: 1], Ditzian [1969: 1], [1970: 1], [1971: 1], [1971: 2], 
Ditzian-May [1973: 1], Kohnen [1972: 1], Terehin [1974: 1], [1975: 1], and 
Golovkin [1969: 1]. 


Both Weierstrass semigroups express the solution of the heat equation in function of 
the initial condition, the first in (0,27), the second in (— 00,00). The Cauchy-Poisson 
semigroup produces the only harmonic function u(x,t) bounded in mean in the half plane 
t > 0 which takes the boundary value u(x) for t= 0. 


Chapter 3 


Dissipative Operators and Applications 


If we restrict our attention to equations u’(t) = Au(t) having solutions 
whose norm does not increase with time, the theory of the Cauchy 
problem in Chapter 2 becomes simpler and more incisive. The result- 
ing theory of dissipative operators is treated in Sections 3.1 and 3.6, 
with applications to second order ordinary differential operators and 
to symmetric hyperbolic operators in the rest of the chapter. 


Section 3.7 develops a theory whose main application is to 
study partial differential (and more general) equations that possess the 
property of conserving nonnegative solutions. 


3.1. DISSIPATIVE OPERATORS 


As pointed out in Section 2.1, direct application of Theorem 2.1.1 is in 
general difficult, since it involves verification of the infinite set of inequali- 
ties (2.1.11), or at least of their “real” counterparts (2.1.29). When C =1, 
however, only the first inequality needs to be checked. Since A — w/ € @(1,0) 
if and only if A@C(1,w) (this can be seen observing that solutions of 
u’= Au are mapped into solutions of v’=(A—w/)v through v(t)= 
e °‘u(t)), we may restrict ourselves to the case w = 0. We state the resulting 
particular case of Theorem 2.1.1. 
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3.1.1 Theorem. The closed, densely defined operator A belongs to 
C,(1,0) if and only if (0,00) € p(A) and 


R(A)I|<I/X (A> 0). (3.1.1) 
We note that the solution operator S(-) of 
u(t) = Au(t) (35132) 
satisfies 
SCs Le (e320): (3.1.3) 


The semigroup S(-) is called a contraction semigroup. If (3.1.2) is a model 
for a physical system and ||-|| measures, say, the energy of the states, then 
(3.1.3) means that as a state evolutions in time, its energy decreases (or at 
least, does not increase). This situation is of course common in practice. 
The result corresponding to the Cauchy problem in (— 00, 00) is 


3.1.2 Theorem. The closed, densely defined operator A belongs to 
C(1,0) if and only if (— 0,0)U(0, 00) € p(A), and, for X real, 


IRA) <I/JA] (A #0). (3.1.4) 


Note that in the case covered by Theorem 3.1.1, o(A) must be 
contained in the left half plane Re A < 0, whereas if A satisfies the hypothe- 
ses of Theorem 3.1.2, o( A) is a subset of the imaginary axis. 

Theorem 3.1.1 can be cast in a considerably more convenient (and 
intuitive) form by using the notion of dissipative operator, which we define 
below after some preparatory work. 

For u & E define the duality set of u as 


O(u) = {u* € E*; ||u*||? =||ul|? = (u*, u)). 


Clearly ©(0) = {0}. It follows from the material in Section 2 (Corollary 2.3) 
that O(u) is nonempty for all wu. It is also true that each O(u) is a closed 
convex set. Closedness is immediate. On the other hand, let u*, ut € O(u) 
and u* = au* +(1—a)u% with 0 <a<1. Then (u*, uv) =||u\|?, while ||u*|| < 
||u||. It follows that ||u*|| = ||u|| and thus that u* € O(u). 


3.1.3 Example. Let E* be strictly convex (||u* + v*|| < 2 if ||u*|| = ||o*|| = 
1, u* + v*). Then © is single-valued. 


3.1.4 Example. Assume in addition that E* is uniformly convex (if {u*), 
{vx} are such that ||u*|| =||o*||=1, ||u* + o*|| > 2 implies ||u* — v*|| > 0). 
Then © is continuous. 


3.1.5 Example. Assume there exists a map 6: E > E* such that 0(u)€ 
O(u) and 4 is conjugate linear (@(Au* + wo*) = XO(u*)+ f0(v*) for u*, v* 
© E* and complex A,u). Then E is a Hilbert space. (Hint: Define 
2(u, v) = (6 v), u) +(8(u), v).) The converse is of course true. 
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3.1.6 Example. Let Q be a Borel subset of Euclidean space, and let 
E=L?(Q) (1< p <0). Then: 


(a) If 1< p <oo, © is single-valued and, if u + 0, 
O(u)(x) =|lull,~?|u(x)|? 7a (x) 
(where we make the convention that |u(x)|?~ 7a@(x) if 
u(x) = 0). 
(b) If p=1, w+ 0, O(u) consists of all u* € L*(Q) with 
u*(x)=|[ull)|u(x)|~'a(x) (u(x) +0), 
|u*(x)| < lull) ae. (u(x) =0). 


FIGURE 3.1.1 


3.1.7 Example. (a) Let K be a compact subset of Euclidean space R”, 
and let E = C(K ) (Section 7). If wu] C(K), let 


m(u) = {x € K; |u(x)| =|lull}. 


Then m(u) is nonempty and ©(w) consists of all measures p € L(K) 
supported by m(u) and such that 


fu(x)u (dx) > 0 


for every Borel set e € m(u) (1.e., such that u(x)u(dx) is a positive measure) 
and 


J \l(ax) = |\u\). 
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m(u) = {x} U {x2} UV {x3} 


FIGURE 3.1.2 


For instance, in the figure above, ®(u) consists of all measures of the form 
4||u|\(ad, — 6, +(1— «)6;) (0 < a< 1), where 6; is the Dirac measure at x,. 
(b) The same result applies to C,;(K), J a closed subset of K (see 
Section 7), where C,(K ) denotes the space of those u € C(K ) that vanish in 
J, or, in case K is an unbounded closed set, to Cy ,, the space of all u 
continuous in K vanishing in J and such that 
lim |u(x)|=0. 


|x| — 00 
A map @: E > E* is called a duality map if 
6(u)EO(u) (wEE). 


An operator A (not necessarily closed or densely defined) is said to be 
dissipative if 


Re(u*, Au) <0 (ue D(A), u*€O(u)) (3505) 
and dissipative with respect to 0 (@ a given duality map) if 
Re(O(u), Au) <0 (ue D(A)). (3.1.6) 


It is plain that “dissipative with respect to @” is in general a weaker notion 
than “dissipative,” although the two notions coincide in a Hilbert space 
(where the only duality map is the identity) or in a space with a strictly 
convex dual (Example 3.1.3). Observe, incidentally, that in a Hilbert space 
inequalities (3.1.5) and (3.1.6) coalesce into 


Re(Au,u)<0 (ue D(A)). (3.1.7) 


Note also that, in the general case, dissipativity of an operator with respect 
to a duality map is totally unaffected by the values of the duality map 
outside of D(A). 


3.1. Dissipative Operators 121 


Before considering examples of dissipative operators we justify their 
introduction in the context of the Cauchy problem. 

3.1.8 Theorem. Let A€C,(1,0). Then A is dissipative and 

(AI—A)D(A)=E (A>0). (3.1.8) 

Conversely, let A be densely defined, dissipative with respect to some duality 
map 9, and let (3.1.8) be satisfied for some X, > 0. Then A € C, (1,0). 

Proof. Let A€&C,(1,0), S the evolution operator of (3.1.2), u€ 
D(A), u* © O(u). We have 


Re(u*, S(h)u) <||u*|| ||S(A)I| lull < |u|? (A> 0), 
hence 


Re( ut, 5 (S(h)u = u)) = Ret (u*, Sie +a? <0. 


Letting h — 0, inequality (3.1.5) follows. That (3.1.8) holds is evident, since 
every positive A must belong to p( A). 
To prove the converse, let \ > 0 and u € D(A). Write 


vo=dAu-— Au. 
(9(u),v) =ACO(u), u) — (8(u), Au) 
so that in view of (3.1.6), 
Allull? =A(8(u), uw) =Red(A(u), u) 
< Re(G(u), v) < |6(w)I| [lol] = llull [loll 


If u + 0, it follows that A||u|| < ||v|| (the inequality is obviously true if u = 0). 
Hence 


Then 


Ill <xI(AT~ A)ul) (we D(A). (3.19) 


Inequality (3.1.9) plainly implies that (AJ — A) ~' exists and is a bounded 
operator, although it does not follow that (AJ — A) ~' is everywhere defined. 
(We do not yet know that (AJ — A) D(A) = E.) However, since (3.1.8) is 
assumed to hold for A=Ag, it results that (A,J—A)~' is everywhere 
defined, then A, € p(A) and ||R(AQ)|| <1/A 9. By virtue of the results in 
Section 3, R(A) must then exist in |A—Aj,|<Ajo, and, again because of 
(3.1.9), || R(A)|| <1/A there; making use of the same argument for A, = 
3X) /2, A, = 5A_/2,.-., we see that R(A) exists for every \ > 0 and satisfies 


RIA) <1/A (A> 0), 


which places A under the hypotheses of Theorem 3.1.1. This completes the 
proof of Theorem 3.1.8. 


The result corresponding to the Cauchy problem in (— 00, 00) is 


3.1.9 Theorem. Let A€C(1,0). Then 
Re(u*, Au) =0 (ue D(A), u* €O(u)) (3.1.10) 
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and (3.1.8) holds for all real X, \ #0. Conversely, assume that A is densely 
defined, that (3.1.10) is satisfied, and that (3.1.8) holds for some \, > 0 as well 
as for some \, <0. Then A € C(1,0). 


The proof follows immediately from Theorem 3.1.8 and from the fact 
(already used in the previous chapter) that 4€C(C,w) if and only if 
A,—-A€C,(C,w). We note that the fact that ||S(7)|| <1 in —coo<t<oo 
actually implies that each S(?) is an isometry: 


|| S(t) ul] = ||ul| (-c0<t<oo). (1.11) 
In fact, if (3.1.11) is false for some u€ E and some t,, we would have 
|| || = ||S(— £5) S(to) ul] < || S(t) ul| < ||u||, which is a contradiction. 


3.1.10 Example. Let 4€C,(C,w). Then the space E can be renormed 
(with a norm equivalent to the original one) in such a way that A € ©, (1, w). 
(Hint: If w=0, use ||u|| = sup{||S(¢) ull; t > 0}). The same result holds in 
C (Cre). 


In many of the future applications of Theorem 3.1.8, the operator A 
will be at first defined in a set of smooth functions, where verification of 
dissipativity usually reduces to integration by parts in one way of another. 
However, equality 3.1.8 may not hold, and in order to remedy this it will be 
necessary to extend the domain of definition of A; the crucial step is to 
show that dissipativity is not lost in the extension. The following result will 
be useful in this connection. 


3.1.11 Lemma. Let A, be densely defined and dissipative with re- 
spect to a duality map 0,: D(A,)— E*. Then (a) A, is closable. (b) Let 
A= Ay. Then there exists a duality map 6: D(A) > E* whose restriction to 
D(A,) coincides with 0, such that A is dissipative with respect 


to @. 


Proof. We begin by observing that if {u,,} is a sequence in D(A,) 
such that u, > u€ E and such that 6(u,,) is E-weakly convergent to some 
u* € E* (which can always be achieved by passing to a subsequence; see 
Theorem 5.3),' then 


||u*l| < lim|] (uv, )l| = lim||,,|| = ||]. 
On the other hand, 
cu*, u) a lim((u,,), u,) 
= lim||u,,||? = |]a|?. 
These two equalities imply that ||u*|| = ||u|| and that u* € @(u). 


'Strictly speaking a subnet, unless E is separable (see Corollary 5.3). The same 
observation applies to subsequent arguments. 
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We prove first that A, is closable. Assume this fails to be the case. 

Then there exists a sequence {u,} such that u, > 0, Ayu, ~ v + 0. Choose 
u © D(A,) such that 

\|u — v]| < ||x| (3: 1-12) 


and let § be an arbitrary complex number. Making use of the considerations 
at the beginning of the proof, we may assume that 6)(u + ¢u,,) converges 
weakly to some u* € @(u). Then 


Re(u*, Aju) + Ref(u*, v) = limRe(O(u+ fu,), Ag(ut+fu,)) <0. 
Since ¢ is arbitrary, we must have 
(u*,v) =0. (3.1.13) 


However (u*,v) = (u*,u)+(u*,v—u), which contradicts the previous 
equality since, in view of (3.1.12), |(u*, vo — u)| <|lul|?. 

Let A be the closure of A). We extend 4 to D(A) as follows: if 
u € D(A,), set 0(u) = 6,(u); if ue D(A) \ D(A,), select a sequence {u,,) in 
D(A,) such that u, > u, Agu, > Au and {4(u,,)} is weakly convergent to 
some u* in E*, and define 0(u) = u* (we have already noted that u* must 
belong to O(u)). Then 


(O(u), Au) = lim(9(u,,), Aun): 


which plainly shows that A is dissipative with respect to @. (The extension of 
6, outside of D(A,) is of course far from unique in general.) This ends the 
proof of Lemma 3.1.11. 


For future reference, densely defined dissipative operators satisfying 
(3.1.8) for some A > 0 (or, equivalently, operators in ©, (1,0)) will be called 
m-dissipative. 


3.1.12 Remark. Let A be a closed, densely defined dissipative operator. It 
follows from the fundamental inequality (3.1.9) that (AJ —A)D(A) is 
closed. This shows that, in order to establish (3.1.8) we only have to prove 
that (AI — A) D(A) is dense in E, that is, 


(AT— A)D(A)=E. * (3.1.14) 


Condition (3.1.14) can be given yet another equivalent form. Clearly 
(AI — A)D(A) fails to be dense in E if and only if there exists a u* € E*, 
u* + 0 such that 


(u*,Au-—Auy=0 (ue D(A)). (321215) 
But (3.1.15) is in turn equivalent to: u* © D(A*) and 
(AI — A*)u* =0 (3.1.16) 


so that (3.1.8) holds if and only if the equation (3.1.16) has no nontrivial 
solutions. A sufficient condition for this to happen is that A* itself be 
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dissipative with respect to some duality map 6*: D(A*) > E**, for in this 
case inequality (3.1.9) for A* shows that (3.1.16) implies u* = 0. Note that it 
is not necessary here to require that D( A*) be dense in E*. 

If A is not closed, the preceding remarks can be applied to its closure 
(which exists because of Lemma 3.1.10). It follows that, if A, is densely 
defined and dissipative and (AI — A,)D(A) is dense in E, then A= Ap is 
m-dissipative, that is, A € C, (1,0). 


3.1.13 Remark. In many applications (say, in the theory of the heat 
equation) it is natural to consider spaces of real-valued rather than 
complex-valued functions. Since the theory heretofore developed works in 
complex spaces, we indicate how to fit real spaces in the complex theory. 

Let E be a real Banach space. The complexification of E is the set Eg 
(“E@iE”) of all pairs (u,v) (“ut+iv”) of elements of E. Addition and 
multiplication by complex scalars A=&+in are defined by (u,,v,)+ 
(uy, 02) = (u, + Uy, v; + Vy) and (&,n)(u, v) = (Eu — nv, nu+ év), whereas 
the norm is any of the usual product norms. The following modifications to 
the various results must be made. 


Theorem 2.1.1. The statement is the same, except that inequalities (2.1.11) 
are replaced by their real counterparts. Necessity is shown in the same way 
(except that A > w is real). To prove sufficiency, we introduce an operator 
Ag in Eg by 

Ac(u, v) = (Au, Av), (3.1.17) 


with D(A,) = D(A)X D(A); clearly Ag is densely defined in Eg since A is 
densely defined in E. If J (resp. J.) is the identity operator in E (resp. Eg) 
and A is real, then (Allg — Ag )(u, v) = (AT — A)u,(AI — A)v), hence it 
follows that p(A)=p(Ag)OR, R(A; Ag )(u, v) = (R(A; A)u, R(A; A)v) 
and the real inequalities (2.1.29) for Ag follow from the corresponding 
inequalities for A (with the same constants C,w). It follows then that 
A, €C,(C,w) in Eg. Since ug(-) = (u(-), v(-)) is a solution of up (t) = 
Agug(t) if and only if u(-), v(-) are solutions of u’(t) = Au(t), we deduce 
that A € ©, (C,w) as well. 


Lemma 2.3.5, Lemma 2.3.9, Theorem 3.1.1, Theorem 3.1.2. Same state- 
ments and proofs. 


Theorem 2.2.1. The statement and proof are the same, except that in- 
equalities (2.2.3) are replaced by their real counterparts 


RCH) "I< C(|m|—o) " (\ul>o,n>1). (3.1.18) 


Lemma 2.2.3, Theorem 2.2.9, Theorem 2.2.11, Theorem 2.3.1, Theorem 
2.3.3. No change in statements or proofs. 


Theorems 2.3.2, 2.3.4. Statements and proofs are the same but inequalities 
(2.3.13) and (2.3.15) are replaced by their real counterparts. 
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In a real Banach space, an operator A is dissipative if 


(u*, Au) <0 (ue D(A), u*€O(u)) (5119) 
and dissipative with respect to 8 (6 a given duality map) if 
(0(u), Au) <0 (ue D(A)). (3.1.20) 


Theorems 3.1.8, 3.1.9, Lemma 3.1.11. Same statements and proofs. 


In the future, we shall mostly (but not always) consider complex 
spaces and leave it to the reader the formulation of the real counterparts of 
subsequent results (whenever applicable); in most instances the complex 
setting yields additional information. 


We close this section with an observation about adjoints that is an 
immediate consequence of Theorem 3.1.8 and of the duality theory in 
Section 2.2, especially Theorems 2.2.9 and 2.2.11; the formulation and 
proofs are identical in the real or the complex case. 


3.1.14 Theorem. Let A be m-dissipative in E. Then the Phillips 
adjoint A* defined in Theorem 2.2.11 is m-dissipative in E*. If E is reflexive, 
A* = A* is m-dissipative in E* = E*. 


3.1.15 Example (Bishop-Phelps [1961: 1]; see also Ekeland [1979: 1]). If 
E is an arbitrary Banach space, the set © = U{@(u); u € E} is dense in E*. 


3.1.16 Example (James [1963: 1]). The Banach space E is reflexive if 
and only if 
O= E*. 


3.1.17 Example. Check Theorem 3.1.8 for the operators in Example 2.2.7. 
Check Theorem 3.1.9 for the operators in Examples 2.2.4 and 2.2.5. 


3.2. ORDINARY DIFFERENTIAL OPERATORS IN THE 
WHOLE LINE 


As an illustration of the theory in the preceding section, we examine the 
ordinary differential operator 


A,u(x) = a(x)u"(x)+ b(x)u'(x)+¢(x) u(x). (1) 


The coefficients a, b, c are real-valued. We shall consider A, in the complex 
spaces L&, Cy ¢; although this is not always called for in applications, it will 
yield important additional information about Aj. Since all spaces under 
consideration are complex, we eliminate the subscript C throughout. 

Our standing assumptions on the coefficients a,b,c are: a is twice 
continuously differentiable, b is continuously differentiable, c is continuous 
In 00 I< OO: 
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We begin by considering the space E =C,(— 0,0) and define 
D(A,) there as the set of all twice continuously differentiable u such that 
Ayu € Co. 

3.2.1 Lemma. The operator Ao is dissipative (dissipative with re- 
spect to a duality map @) in C, if and only if 


al xys0p c(x)< 0.1 (co miod). (3:22) 
Proof. Letu€ D(A,), u*0, 
m(u) ={x ER; |u(x)| =|lul}}. (3.2.3) 


We have already seen (Example 3.1.7) that (uw) consists of all measures 
u €> supported by :n(u), such that u(x)u(dx) is a positive measure in 
m(u) and /{|p|(dx) =||u||. We have 


(H, Agu) 


= J Aow(x)a(ax) 


= J td Calne) + b() u(x) + ex) u(x) ua (ax), (3.2.4) 


Write u=u,+ iu, with u,,u, real. Since |u|* = uj + uz reaches its maxi- 
mum in m(u), we must have there 4(\u|?y = uu + u,us, =0, 1(\ul?y’ = 
ujuy +u,uy + ul? +u? <0. Accordingly, if x € m(u), 


u—'u'=illul|~7(u,u5 — uju,), (32:5) 


uo tu” = |u| *(uyuy + wuz) + illul|?(uuy—uyu,), (3.2.6) 
where 
uyui’ +u,uy <—(ui?+ul?). (3.25) 
Replacing (3.2.5) and (3.2.6) into (3.2.4) and making use of inequality 
(3.2.7), we obtain 


Re(H, Agu) = <— J llull aCx)lu'(x)l? = (x) )u(x)u(dr) < 0 
if inequalities (3.2.2) hold. To prove the converse let x),a,B be three 
arbitrary real numbers. If a>0, 8 <0 it is immediate that there exists a 
nonnegative function u € D(A,) having a single maximum at x, and such 
that u(x9) =a, u(x.) = B. Then O(u) = {a5,), where 5, is the Dirac mea- 


sure at Xx). We have 
(89, Agu) = a(Xo)B + c(xo)a. 


If one of the conditions (3.2.2) fails to hold, it is clear that we can find a, B 
making (6), Aju) positive. This ends the proof of Lemma 3.2.1. 


We consider next the operator Ay in the spaces E = L?(— 0,00), 
1 < p <oo. In this case the definition of D(A,) is not critical since Ay will 
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have to be extended later. We take D(A))= Vg, the space of complex- 
valued Schwartz test functions. 


3.2.2 Lemma. The operator Ay is dissipative in L? (1< p<) if 
] 
a(x)>0, c(x)+ pie > b'(x))<0 (—o<x<oo). (3.2.8) 
The first inequality (3.2.8) is necessary in all cases; the second is necessary 
when p = 1. 


Proof. Recall that the only duality map 6: L? > L?(p’~'+ p-'= 
1) is 0(u) = ||ul|?~ ?|u(x)|?~ ?a(x) (u * 0). It is easy to see that if p > 2 and 
u €%, then 6(w) is continuously differentiable and 


lull? °O(u)’(x) = (p—2)|ul? 4 (uyuy + uous a+ fue 2a’ 
=(p—2)lul?~4*Re(au’)a+|ul?~27’, (3.2.9) 
while, on the other hand, 
(Jul?) = plul?~ * (uu; + uaw5) 
= p|u|?~*Re(au’). (3.2.10) 


Performing two integrations by parts we obtain 


|u|]? 7Re(O(u), Agu) =Re [ ((au’)’+( —a’)u'+cu)|u|?~ *adx 
= ~(p~2) falul?~4(Re(au’))* dx 
— falulr-?|u’ |? dx 


] 
Looe aDd: Pp 
+5 f(a b’+ pc)|u|? dx <0 (S240) 


under hypotheses (3.2.8). 


In the case 1 < p < 2, a technical difficulty appears; even if u € %, it is not 
clear how 9(u) behaves at “non-analytic” zeros of u,—that is, at points x9 where all 
the derivatives of u vanish but where uw itself fails to vanish identically in any 
neighborhood of x. 

To remedy this, we introduce the class P@@ of piecewise analytic, twice 
continuously differentiable complex valued functions with compact support in 
—~0o<x<oo. If ve PG, it is clear that |u|? ~°a is infinitely differentiable 
between zeros of u, thus we only have to examine the behavior of its derivative 


(jul? 27)’ = (p—2)|ul?~*(ujuj + uyus)a+ ul? 7a 


near an isolated zero x,.. Assuming that uw is analytic at x9, let m> 0 be an integer 
such that u(x) =--- =u0"~ (0) = 0, u(” (0) + 0. It follows from Taylor’s formula 


that 
OCC i= Ol = x5)" 9") 
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near x», where m(p — 1)> 0. If the point x, is an endpoint of some of the intervals 
where u is analytic, we simply use two one-sided estimations. It follows that 6(u)(x) 
is absolutely continuous and then that the basic inequality (3.2.11) holds for 
1< p<2and ue $@™. To see that the first two terms on the right-hand side add 
up to a non-positive number, we only have to notice that |Re(uu’)| <|u||u’|. To 
check that Re(@(u), Anu) < 0 for u € 9), we take a sequence {u,,) in P@ such that 
the supports of the u,, are contained in a bounded set and u,, > u, uj, > u’, uy > uu” 
uniformly in (— 00,00), and notice that Ayu, > Agu and (passing if necessary to a 
subsequence) 0(u,,) > 6(u) weakly in L”’. Of course we may avoid this last step by 
simply defining D(Ay)=P@™ when p <2, which does not modify ai ai! ibe 
ensuing theory. 

We deal finally with the case p = 1. For p > 1 we will denote by 6, in 
the next few lines the unique duality map 6,: L? > L?’. It is plain that if 
u€%) and @(u) € L® is the duality set of wu as an element of L', we have 


ane, 6,(u)(x) =u*(x) € O(u) (3-2,12) 


almost everywhere in the support of u, whereas 6,(u)(x) (say, for 1 < p < 2) 
is uniformly bounded. It follows then from the dominated convergence 
theorem that 


fut(x) Agu(x) dx= lim [4,(u)(2) Aou(x) dx, (3.2.13) 


which, by virtue of inequality (3.2.11), shows Re(u*, Ayu) < 0 if conditions 
(3.2.8) hold with p =1. That this inequality must hold for any u* € @(u) is 
obvious from the fact that two elements of @(u) coincide where u = 0. 

The necessity of the first condition (3.2.8) for p >1 follows from 


3.2.3. Example. Let /,g be real-valued continuous functions, and let p>1. As- 
sume that 


[(fu2|uyr-? + glul?) dx > 0 (3.2.14) 


for allu€ Dp (or u€ PC) with support in some interval 2. Then 

f(x)>0 (xeQ). 
In fact, we only have to apply the result above to f(x)=(p-—l)a(x), g(x)= 
— p '(a"— b’+ pe). 

Finally, we show the necessity of conditions (3.2.8) for dissipativity 
of A, in L'. Let u be a function in ), with support in an interval [a, B] and 
such that u <0 in (a, x9),u>0 in (x9, 8) for some x» € (a, B). Assuming 
for simplicity that ||u||,=1, if u*e@@(u), then u*(x)=—1 in (a, re) 
u*(x)=1 in (Xo, B). Since u’(a) = u’(B) = 0, we have 


Cu SAU, = ['((au'y +(b —a’)u'+ cu) u*(x) dx 


= =2a(xo)u'(xo)+ f(a" b’+ c)lu| dx, (3.2.15) 
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and it is clear that we can manipulate a, B,u in such a way as to make 
(3.2.15) positive if either condition (3.2.8) is violated at some point. 


3.2.4 Example. The second inequality 3.2.8 is not necessary for dissipa- 
tivity of Ay if p>1. 
An important role will be subsequently played by the formal adjoint 
of Ay, defined in the same domain as A, by the familiar expression 
Aju = (au) —(bu)'+ cu 
= au" +(2a’— b)u’+(a”—b’+c)u 
= Gu" + bu' + eu. 
The operator Ap satisfies the Lagrange identity 
[(Aou) ede = fudge ax (u,vED), (3.2.16) 


(and is uniquely determined by it). Clearly 

(Ap)’ = Ao- 
It is easy to see that the two inequalities (3.2.8) are satisfied for an operator 
A, in L? if and only if they are satisfied for the adjoint A’,in L? (in C, if 
p=}). 

We examine now the problem of extending A, in such a way that 
dissipativity is preserved and that (3.1.8) holds for some A> 0 (in other 
words, the problem of finding m-dissipative extensions of A,) in the spaces 
under consideration. We begin with the case E= LL”, 1< p<oo. Let, as 
usual, p’'+ p-'=1 and, given X>0, denote by JC,,, the subspace of 
L? (— ©, ) consisting of all elements of the form Ay — Apy (y € D). If AG 
is dissipative in L?,, it follows from the fundamental inequality (3.1.9) that 


1 
hence the functional 
®(Ap— App) =(v,9) (pe), 


where v is a fixed element of L”, is well defined and ||®|| < A~|/o|,- By the 
Hahn-Banach theorem this functional can be extended to L? without 
increasing its norm; accordingly, there exists a u © L? with 


(u, Ap — App) =(v,9) (PED) (3.2.17) 
and 


] 
lull, < yllell,- (3.2.18) 
It is clear from the general definition of adjoint operators that (3.2.17) 
implies that u © D((Aj)*) and 
(AI —(Ap)*)u=v. (3.2.19) 
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This proves that (AI —(Aj)*) D((AG)*) = E. In view of (3.2.18), if we could 
prove that AJ —(Aj)* is one-to-one, it would follow that A belongs to 
o((AG)*) and that 


IR < + (A> 0), (3.2.20) 


in other words, that (44 )* is m-dissipative. In order to do this we need more 
precise information about (Aj%)* and its domain. This information is 
contained in the following result, where no use is made of the dissipativity 
of A, or Aj; however, we assume from now on that 


a(x)>0 (—o<x <0). (32224) 


3.2.5. Lemma. (a) Let f be a function that belongs to Lf, in an open 
interval Q, 1< p<oo. Let u be a locally summable function that satisfies 


au’’+ bu’+ cu= f (2222) 


in the sense of distributions, that is, 


[udpax = | fo ax (pe 9(Q)). 


Then u coincides with a function in W,2? and satisfies (3.2.22) almost 
everywhere. If f is continuous, then u coincides with a twice continuously 
differentiable function in Q. (b) Let v be a locally finite Borel measure in Q, 
and assume that a locally finite Borel measure satisfies 


au’ + bu’ +cu=v (372723) 


in the sense of distributions, that is, 


[Ace an =[oav (pe D(2)). 
Then p. coincides with a continuous function in Q. 


The proof depends upon solving (3.2.22) by means of the usual 
“variation of constants” formula (Coddington [1961: 1, p. 68]). In fact, if u, 
and u, are two linearly independent solutions of the homogeneous equation 
au” + bu'+ cu=0 and W(é) = W(u,, uv; €) is their Wronskian, let G(x, €) 
= (u,(§)uz(x)— u,(x)u,(€))/ W(é). Then (3.2.22) has a solution v given by 


v(x) = [G(x 8)/(8) a8, 


where x, is an arbitrary fixed point in Q. Since G is twice continuously 
differentiable in x and G(x, x) =0, then v belongs to W,2” if f belongs to 
Lf. If wis the solution of (3.2.22) postulated in (a), then u — v satisfies the 
homogeneous equation in the sense of distributions ( {(u — v) Ay dx = 0 for 
all p € %) and (a) will follow if we can prove that u — v must coincide with 
an ordinary solution of the homogeneous equation. For a proof of this, see 


Dunford-Schwartz [1963: 1, p. 1291]; although infinitely differentiable 


3.2. Ordinary Differential Operators in the Whole Line 131 


coefficients are required there, the argument can be easily extended. 
In case (b) we take 


o(x)= f G(x, §)u(d8), 


which is immediately seen to be continuous, and argue as in (a). 


Lemma 3.2.6 allows us to identify readily the adjoint of Aj; ue 
D((Ao)*) if and only if ue W2?(—.00,0)NL?(— 0,0) and (A5)*u= 
au” + bu’+ cue L?(— oo, 0). The converse part of this assertion follows 
from Lemma 3.2.6, while the direct half is obtained integrating by parts. 

In order to study the uniqueness of the solution of (3.2.19) a further 
result is needed. 


3.2.6 Lemma. Let u be a solution in C®(— co, ) of 
au” + bu’+cu=hu (x>a), (3.2.24) 


where a(x) > 0, c(x) <0 in x > a and X > 0. Then u is monotone (nonincreas- 
ing or nondecreasing) in x > B for some B > a. 


Proof. Assume not. Then both inequalities u(x) <0 and u’(x)>0 
are false in x > B for any B > a. This is easily seen to imply the existence of 
three numbers a < 6, < 8, < B; with u’(B,) > 0, u’(B,) < 0, u’(B;) > 0. Let 
v, be a point in [B,, B,] such that u(v,) = max{u(x); B, < x < B,}. Then we 
have u(v,)>u(B,), u(B,) so that »,; #6, 8, and u’(v,)=0. Similarly, if 
u(v7) = inf(u(x); By <x <B3}, u(r) < u(B,), u(B,) and u’(v,)=0. Since 
u(v,)>u(r,), it is plain that we may assume that u(v,)>0 or that 
u(v,)<0. In the first case, as u’(v,) <0, we obtain from (3.2.24) that 
0 =a(v,)u"(r,)+(c(?,)— A) u(7,) < 0, absurd. The second case is treated in 
the same way. This ends the proof. 


By Bo B3 x 
FIGURE 3.2.1 


We return now to (3.2.19), assuming that 
C(x 0. (3.2025) 
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If u,, uv, are two solutions of (3.2.19) in L?, u = u, — uz satisfies (Ap )*u = du. 
Making use of Lemma 3.2.5, we see that u is twice continuously differentia- 
ble and satisfies the equation 


au” + bu’ + cu=Au (3.2.26) 


in (— 00, 00). It follows from Lemma 3.2.6 applied to the real and imaginary 
parts of u(x) and u(— x) that they are monotonic for large |x|; since u 
belongs to L?”, this can only be possible if 
| ie |u(x)| =0, 

which shows that u belongs to the domain of the operator A, in Cy. We 
obtain then from (3.2.26), from the fact that A, is dissipative in C, and from 
inequality (3.1.9) that u=0. This completes the proof that (4j)* is m- 
dissipative in L?. 

We examine next the case E=C)(— 0,00), under assumptions 
(3.2.21) and (3.2.25). By Lemma 3.2.1 these conditions imply dissipativity of 
Ay in Cp. Our first concern is to show that Ay (with D(A,) defined as in 
Lemma 3.2.1) is closed. In order to do this we consider the operator Ao in 
L', with domain %). Its adjoint (A%)* is a closed operator in L® and it is not 
difficult to see with the help of Lemma 3.2.5(a) that A, is just the restriction 
of (Ao)* to the space of all u © D((AQ)*)N GC, such that (Ao )*u € C, and is 
therefore closed. 

We are forced to assume now that Aj is dissipative in L? for some 
p’ > 1. In view of the comments following (3.2.16), it suffices to assume that 
the second inequality (3.2.8) holds for some p > 1. 

Let v be an element of C, with compact support. We can employ the 
argument previously used in the L” case to produce a solution of (3.2.19) 
with A=1. By Lemma 3.2.5 u must then belong to C® and satisfy the 
homogeneous equation (3.2.26) for |x| large enough, and it follows once 
again that |u(x)|— 0 as |x| > 00. Hence u € D(A) and satisfies 


(1-A,)u=v. (32227) 
If v is an arbitrary element of C), we take a sequence {v,} in Cy such that 
the », have compact support and converge to v in Cp. If w, is the solution of 
(J — A,)u,, =v, constructed in the previous comments, we obtain from 
dissipativity of A, in C, that 
Ile — Umll <CZ — Ao (4, = Un DIL = [On = Onl 
so that (u,,} is convergent to some u € Cp; since Ag is closed, u € D(A,) and 
(3.2.27) holds. It follows then that A, is m-dissipative. 
We have proved parts (a) and (b) of the following result. 
3.2.7 Theorem. (a) Let the coefficients of the operator A, satisfy 
a(x)>0, c(x)<0 (-2<x<o) (3.2.28) 


and assume Aj is dissipative in L? for some p'>1 (for which a sufficient 
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condition is 
c(x)+— 5 (a(x) b'(x))<0 (-w<x<oo) (3.2.29) 


for some p >1). Let A be the operator defined by 
Au(x) =a(x)u"(x)+b(x)u'(x)+c(x)u(x), (3.2.30) 


where D(A) is the set of all u©C MC, such that (3.2.30) belongs to Cy. 
Then A is m-dissipative in Cp. 

(b) Let 1< p<oo. Assume inequalities (3.2.28) hold, and suppose Aj 
is dissipative in L? ( for which (3.2.29) is a sufficient condition). Let A be the 
operator defined by (3.2.30), where D(A) is the set of allueEW2? OL? such 
that the right-hand side belongs to L?. Then A is m-dissipative in L?. 

(c) Assume inequalities (3.2.28) hold and 


a’’(x)—b’(x)+e(x) <0 (-—w<x<oo). (32231) 
Then the operator A defined as in (b) with p =| is m-dissipative in L'. 


Part (c) follows from (a) through an application of the duality theory 
in Section 2.2. In fact, the assumptions on the coefficients of A, are 
equivalent to 


G(x)>0, @(x)<0, a@’(x)—b(x)+é(x) <0 (3.2.32) 


in (— 00,00). Adding the second inequality to the third, we obtain 4@’’(x)— 
b’(x)+2é(x) <0; hence we are within the assumptions in (a) and the 
operator Aj (with the domain corresponding to the space C,) is m-dissipa- 
tive in Cy. We apply now Theorem 2.2.11; in order to do this we have to 

identify C#* = D((Ay)* FS Ch = (= 100, Ss (see Section 7) and the operator 
(A>)*. Assume » € L=C> belongs to the domain of (Aj)*. Then there 
exists y ©) such that 


[Ace ()m (dx) = foo(x)»(ax) 


for all test functions g € %). It follows from Lemma 3.2.5(b) that u(dx) = 
u(x) dx, where u is a continuous function in R. Hence any element of 
D((Aj)*) must be a continuous function. Conversely, it is obvious that if u 
belongs to %), then u€ D((Aj)*) (and (A>)*u = Agu). Accordingly, the 
closure of D((Aj)*) in the topology of © must be L! (recall that if 
p(dx) = u(x) dx, then |||; = ||u||,). We have then shown that 


E*=L'. 
The operator (A)* (which is obviously an extension of Ay) must be 
m-dissipative in L'. A precise characterization of (Aj)* can now be 


obtained. By definition of the #-adjoint and by Lemma 3.2.5, every 
u © D((Ap)*) must belong to the domain of the operator A defined in (c) 
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and satisfy (A,)*u = Au; in other words, 
(Ale Ga. 


Take now u,€ D(A); since (Aj)* is m-dissipative there exists u, © 
D((Ay)*) € D(A) with (I — A)u, = (I —(Ap)*)u, = (I — Adu. Then u= 
U, — Uy is a solution of (3.2.26) with A = 1. It follows from Lemma 3.2.5 that 
u€C” and from Lemma 3.2.6 that u, being in L', must belong to Cy, a 
fortiori to D(A,)) in Cy. But the hypotheses in (c) imply that Ao is 
dissipative in C,, hence u = 0. We have then shown that (A)* = A and in 
this way completed the proof of Theorem 3.2.7. 


We note that in (a) it is sufficient to assume that Aj — c/ is dissipa- 
tive in L? for some c: we only have to take A sufficiently large in (3.2.19) 
(see also Remark 3.4.4) 

Some additional information on the operators A in Theorem 3.2.8 
can be gleaned under supplementary hypotheses by making further use of 
the duality theory in Section 4. In fact, let p>1 and let Ag satisfy the 
assumptions in (c). It is plain that A, satisfies the hypotheses in (b) as an 
operator in L? and Aj satisfies the same hypotheses in L?. Applying 
Theorem 3.2.7, we see that (AQ)* is a m-dissipative extension of A, in L? 
and A* is a m-dissipative extension of Aj in L?. However, it follows from 
Theorem 3.1.14 that A$* is also m-dissipative, and, since Aj D2 Ao, 


Ao = As* € (Ad)*. 
Since p(A}*)M p((AG)*) is not empty (both resolvent sets must contain the 
half plane ReA > 0), an argument similar to the one closing the proof of 
Lemma 2.3.9 shows that 
A= (AG)* = Ap. (3.2.33) 


We note finally the particularly interesting case where A, is formally 
self-adjoint, 
Aju = (au’)’+ cu, (3.2.34) 
where the hypotheses in any of the three cases in Theorem 3.2.7 (hence also 
the ones leading to (3.2.33)) reduce to 


d(x) 0, -4c(x) < 0: 


It is easy to check that throughout all the theory in this section we 
have not actually used the fact that a€@C® and bE C, but only that 
a€C and a’— b€ C”. Because of this, it is perhaps more convenient to 
write Ay in variational form, 


Ay = (au’)’ + bu’ + cu (322:35) 


with the requirement that a,b € C, c€C. The whole theory unfolds in 
the same way with some simplifications in the writing of adjoints and 
dissipativity conditions. 
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3.2.8 Example. The dissipativity condition (3.2.2) in C) has the same 
form for (3.2.35) as for (3.2.1). The dissipativity conditions (3.2.8) in L?, 
1< p<o, become 


a(x)>0, e(x)— 5 (x) <0 (—c0<x<oo). (3.2.36) 


3.2.9 Example. Let A= A, be the operator in L? defined in Theorem 
3.2.7(b). Denote by Aj, the operators corresponding to the formal adjoint 
Ao. Then 

A, = At -(1<p<oo) (3.2.37) 


with p’~'+ p~'=1. (We adopt here the hypotheses in (c)). 


3.3. ORDINARY DIFFERENTIAL OPERATORS IN 
A CLOSED INTERVAL. SEMI-INFINITE INTERVALS 


We examine here the operator A, in a semi-infinite closed interval, which we 
may assume without loss of generality to be [0, 00). The treatment makes use 
essentially of the same technical tools employed in the previous section. The 
main novelty is that, in order to obtain a domain where the operator is 
m-dissipative, we will be forced to impose a boundary condition at the left 
endpoint. 

We assume for the coefficients a, b,c the same degree of smoothness 
as in the previous section; a is twice continuously differentiable, b is 
continuously differentiable, and c is continuous in x > 0. 

The boundary condition at the origin will be of one of the following 


two forms: 

u'(0) = yu(0) (3.3.1) 
(where y is an arbitrary real number) or 
(11) (0) = 0. (3352) 


We begin by considering spaces of continuous functions. If the boundary 
condition is of type (I), the space is E =C)[0,00) (which consists of all 
continuous functions in x > 0 with lim, _, ,,|u(x)| = 0). When the boundary 
condition is (3.3.2), however, the use of the same space will prevent the 
domain of our differential operator from being dense in E. We use instead 
E = Cy 90, 00), that is, we require all the functions in the space to satisfy the 
boundary condition (II). (See Section 7).” 

Let B denote one of the boundary conditions (3.3.1) or (3.3.2). The 
operator A,(f) is defined by 


An(B) u(x) alae’ (xa) b(n) ae) Hic x u(x) ae (3338) 


Following strictly the notational conventions of Section 7 the correct notation would 
be Co 0): We shall ignore, here and in other places, the distinction. 
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the domain of A,(f) consisting of all ue C ® - E satisfying the correspond- 
ing boundary condition and such that au’’ + bu’ + cu & E. (The requirement 
that wu satisfy the boundary condition is of course superfluous in case (It) 
since all functions in E do.) 


3.3.1 Lemma. The operator A,(f) is dissipative (dissipative with 
respect to a duality map @) in E if and only if 


ax.) > Os cee) 01 x 0) (3.3.4) 


with boundary condition (II). In case (1), Ay(B) is dissipative if (3.3.4) holds 
and 


y>0. (32355) 


Conditions (3.3.4) are also necessary in this case, whereas (3.3.5) is necessary 


if a(O) > 0. 


Proof. Case (II) yields to the argument used in Lemma 3.2.1 if we 
observe that the boundary condition (3.3.2) implies that |u| cannot have a 
maximum at x = 0 unless it vanishes identically. The same reasoning would 
of course apply to boundary conditions (I) if we could show that (3.3.5) 
implies that, if u #0, |u| may not have a maximum at x = 0. Assume this is 
not the case. Then 


0 > 2(\ul*)’(0) = 4 (0) uj (0) + w, (0) u5 (0) = y(uz(0)+ u3(0)), 


which implies u(0) = 0 if y > 0, whence u = 0, absurd. In case y = 0, |u| may 
have a maximum at x=0 but we prove using Taylor’s formula that 
(|u|?’(0) < 0. The necessity of (3.3.4) follows from the corresponding result 
for the whole line in the previous section (the argument yields the inequali- 
ties for x > 0 and they follow for x = 0 by continuity). To see the necessity 
of (3.3.5) when a(0) > 0, assume that y < 0. Given an arbitrary number a, it 
is easy to see that we can construct a nonnegative function u in D(A,(B)) 
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having a single maximum at x = 0 and such that u(0) =1, u’’(0) = a. Then 
@(u) = {5}, 6 the Dirac measure, and (6, Aju) = a(0)a+ yb(0)+ c(0), which 
can be made positive by adequate choice of a. 


We consider next the case E = L?(0, 00). Here D(A,(f)) consists of 
all infinitely differentiable functions with compact support in x > 0 satisfy- 
ing the corresponding boundary condition. 


3.3.2 Lemma. The operator A,(f) is dissipative in L? (1< p <0) 
if 


Mora ea o(x)+ 5 (a"(x)—b'(x)) <0 (en 36) 


with boundary condition (11). In case a boundary condition of type (1) is used, 
A,(B) is dissipative if both inequalities (3.3.6) and 


ACE 7 (4(0)~B(0)) >0 (3.3.7) 


hold. The first inequality (3.3.6) is necessary in all cases; the second, as well as 
(3.3.7), are necessary when p = 1. 


Proof. We consider first the case p > 1, using integration by parts as 
in the proof of Lemma 3.2.2 but now taking boundary terms into account. 
Keeping in mind the observations about the case 1< p<2 made in the 
proof of Lemma 3.2.2, we have 


lull? *Re(A(u), Ao(B)u) =Ref" ((au’) +(b —a’)u' + cu)lul?*adx 


= ~{ va(0)- = (a'(0)-6(0)) buoy” 
~(p~2) f“aluyr*(Re(au’)) a 
=f alu? 2|u' Pax 
0 
+ of Gee pe)lul?dx <0 (3.3.8) 


if a boundary condition of type (I) is used; if the boundary condition is of 
type (II), the boundary term vanishes. The case p =1 is settled through a 
limiting argument exactly as the one in the proof of Lemma 3.2.2. 

The necessity of the first condition (3.3.6) for p>1, as well as the 
necessity of the second for p = 1, follow as in the previous section; we only 
have to repeat the arguments there using functions that vanish near zero and 
thus satisfy any conceivable boundary condition. We show now that (3.3.7) 
is necessary when p=1. Assume ya(0)— a’(0)+ b(0) <0 and let uw be an 
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element of D(A,(f)), which is positive in an interval [0, a), a> 0, zero for 
x >a, and has norm 1. Then any u* € @(u) equals 1 in 0 < x <a and 


(a*, Ay Br = [ (avy +(b- a’)u’+ cu) dx 
= — (ya(0)— a'(0) + 6(0))u(0)+ f(a” —b' + e)udr, 


which clearly can be made positive by taking, say, u(0) large and u 
sufficiently small off the origin. 


3.3.3. Example. The second inequality (3.3.6) is not necessary for dissipa- 
tivity of Ay(fB) for p >1 regardless of the type of boundary condition used. 


3.3.4. Example. Inequality (3.3.7) is not necessary for dissipativity of 
A,(B) for p >1 when a boundary condition of type (I) is used. 


We bring into play the adjoint Aj defined as in the previous section. 
The Lagrange identity takes here the following form: if u, v € %), 


[(Aow)e dx = fo udoo dx — a(0)(u’(0) (0) — u(0) v’(0)) 


+ (a’(0)—b(0)) u(0) v(0), (3.3.9) 


where the functions u,v do not necessarily satisfy boundary conditions at 
the origin. Formula (3.3.9) allows us to compute the adjoints of differential 
operators when boundary conditions are included in the definition of the 
domains. (The notion of dissipativity does not play a role here.) To this end, 
we introduce the notion of adjoint boundary condition (with respect to Ag), 
assuming from now on that a(0) > 0. If the boundary condition £ is of type 
(II), the adjoint boundary condition f’ is B itself. If 8 is of type (1), then 8’ 
is 


u’(0) = {y—a(0) '(a’(0)—b(0))}u(0) = y’u(0). (3.3.10) 


The motivation of this definition is, clearly, that the boundary terms in the 
Lagrange formula (3.3.9) vanish when u satisfies the boundary condition B 
and v satisfies the boundary condition 8’; in other words, 


J (Aol B)u)odx = [ude (B’) vax (ue D(A,(B)), ve D(Ao(B’))). 
(3.3.11) 


It is clear from the definition of 8’ that if B is any boundary condition, 
(B’) = 8B (note that in applying the definition of adjoint to B’ the coeffi- 
cients 4, b,é@ of the adjoint operator must be used: in other words, the 
second prime indicates adjoint with respect to Aj). 

A simple computation shows that an operator A,(f) satisfies the 
assumptions in Lemma 3.3.2 in L? if and only if Aj(’) satisfies the same 
assumptions in L? (C, if p =1). 
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In the following result no use is made of the dissipativity of A); 
however, we assume from now on that 


a(x)>0 (x>0). (3.3.12) 


3.3.5 Lemma. (a) Let 1<p<o and let f © Lf. inx >0. Assume 
that u is a locally summable function defined in x > 0 and such that 


[oud B pdx = f° fas (p © D(4,(B’))). (3.3.13) 


Then u coincides with a function in W,2?(0,00) that satisfies the boundary 
condition B and 


au” + bu’'+cu=f (x>0). (3.3.14) 


If f is continuous, u is twice continuously differentiable in x > 0. 
(b) Let v be a locally finite Borel measure, and p a locally finite Borel 
measure defined in x > 0 that satisfies 


[AB )edu= ["edy (pe D(4(8)))). (3.3.15) 
Then u coincides with a continuous function in t > 0. 


Proof. We can continue the coefficients a,b,c to x <0 preserving 
their smoothness and in such a way that the extended a(-) is positive; we 
denote the extensions by the same symbols. To prove (a), assume that the 
boundary condition is of type (1) and let gp be a fixed function in “) with 
Po (0) = 0, yj (0)=1, and u_ a smooth (say, C™) function in x <0 with 
compact support and such that u_(0)=1 and 


u’ (0) = yu_ (0) =y. (3.3.16) 

We may and will assume in addition that 
{: Agu gy dx =f fp,dx=0. (3.3.17) 

ES) 0 


It follows from the first equality and the Lagrange identity (3.3.9) in x <0 
that 


0 
[4 Avgo dx = 0. 


eo 


Define now u, =u for x > 0, u, = au_ in x <0, where a is such that 


[ow Aygo dx =0. (3.3.18) 


— co 
If p is an arbitrary function in “)), we can clearly write 
P=Ag, +o (3.3.19) 
(A = W'(0)— y’W(0)), where @ satisfies the boundary condition £’. It is a 
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u(x) 


u_(x) 


FIGURE 3.3.2 


consequence of (3.3.16) and of the analogue of (3.3.11) in x < 0 that 


) ‘0 
I uy Avg dx = | (Agu,)@ dx. (3.3.20) 
= 00) 8) 

We obtain, combining this equality with (3.3.19), (3.3.18) and (3.3.17), that 
we have 


ie u, Aid dx=[" feax=f" fy dx (3.3.21) 


for all Y ©, where f, = f for x >0, f, = Apu, for x <0. Making use of 
Lemma 3.2.5 we see that u, © W,2.?(— 00,00) and that aui/+ bu} + cu,=f, 
in — 00 < x <oo, from which (3.3.14) follows. That u satisfies the boundary 
condition f results from the fact that u_ does. To prove the statement 
regarding f continuous, we need f, to be continuous. This can be achieved 
by imposing on u_ the additional boundary condition Aju _(0) = f,(0). The 
case of boundary conditions of type (II) is handled in an entirely similar 
way and we omit the details. 

The proof of (b) runs much along the same lines; the measure p is 
continued to x < 0 in such a way that the analogue of (3.3.21) holds for an 
arbitrary test function ~, and then we apply the second part of Lemma 
322? 


We note that an immediate consequence of part (a) is that the 
adjoint of the operator Aj( 8’) in L” (0, 00) (1 < p <0) is the operator A(f) 
in L?, defined by A(B)u = au” + bu’ + cu, where D( A(B)) is the set of all 
u € W?(0, 00) L?(0, 00) such that A(B)u € L?(0, 00) and u satisfies the 
boundary condition £. 

We examine now the problem of finding m-dissipative extensions of 
A,(). The treatment is exceedingly similar to that in the previous section 
for (— 00,00) so that we limit ourselves to stating the main result and 
sketching the proof. 
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3.3.6 Theorem. (a) Let the coefficients of the operator A, and the 
boundary condition B satisfy 


a(x) 30 2 c(i SO) (3¢3222) 
and 
y>0 (333223) 


(the latter inequality if B is of type (1)), and assume A4,(f) is dissipative in L” 
for some p >1, which is the case if 


o(x)+ 5 (a"(x)—b'(x)) <0 (x0) (3.3.24) 
and 
ante 5 (a(0)- b(0)) > 0 (3.3.25) 


if B is of type (1). Let A( 8) be the operator defined by 
A(B) u(x) =a(x)u"(x)+b(x)u’(x)+e(x)u(x), (3.3.26) 


where D(A(B)) is the set of all u€C[0,00)NC,[0, 00) such that (3.3.26) 
belongs to C[0, 00) (if the boundary condition is of type (11), Co is replaced by 
Coo). Then A(B) is m-dissipative in Cy (Co 9). 

(b) Let 1< p<oo. Assume inequalities (3.3.22) and (3.3.23) hold and 
suppose Ay, is dissipative in L”’ ( for which (3.3.24) and (3.3.25) are sufficient 
conditions). Let A(B) be the operator defined by (3.3.26), where D(A(B)) is 
the set of all u€ W,2?(0, 00) L?(0, 00) such that the right-hand side belongs 
to L?. Then A(B) is m-dissipative in L?. 

(c) Assume inequalities (3.3.22) and (3.3.23) hold, and that 


a”’(x)—b’(x)+e(x) <0, (3.3.27) 
ya(0)—a’(0)+ 5(0) > 0. (3.3.28) 
Then the operator A(B) defined as in (b) with p =1 is m-dissipative in L'. 


To prove (b) let v € L”; we obtain, availing ourselves of the inequal- 
ity |lpll, <A lA~ — AQ(B Il, (@ € D(49(B)) a ue L? such that ||u!l, 
<A7'|[v||, and 


(AT— Ao(B)*)u= (AL— A(B))u =v, 


and the uniqueness of u follows from the fact that A,() is dissipative in 
Cy. Or Cy, which is in turn guaranteed by conditions (3.3.22) and (3.3.23). 
Part (a) follows exactly in the same way as in Theorem 3.2.7. Finally, part 
(c) results from observing that inequalities (3.3.27) and (3.3.28) transform 
into (x) <0, y’<0 for the formal adjoint Aj and the adjoint boundary 
condition £’. On the other hand, inequalities (3.3.22) are a(x) > 0, a@’’(x)— 
b’(x)+ é(x) <0, and (3.3.23) becomes y’G(0)— 4’(0)+ 5(0) > 0. We obtain 


142 Dissipative Operators and Applications 


the inequalities a’’(x)— b(x)+2é@(x)<0 and 2y’a(0)— a(0)+ b(0) > 0, 
which imply the assumptions in (a) for 4j(B’). We then extend 4o(’) to a 
m-dissipative operator and apply the #-adjoint theory; in the final identifi- 
cation of the domain of A5(8’)*, a decisive role is played by the dissipativ- 
ity of Ao(B). 


The comments after the proof of Theorem 3.2.8 have a counterpart 
here; in particular, under the hypotheses in (c), 
A(B) = Ao(B’)* =Ao(B) 


for 1<p<co. We note finally that if we write A, in variational form 
(3.2.35), we only need to assume that 4,b€C“,@é]C, as in the case 
considered in Section 3.2. 


3.3.7 Example. If A, is written in variational form, the dissipativity 
condition (3.3.25) becomes 


va(0)— = (0) > 0. (3.3.29) 


3.3.8 Example. Let f be an arbitrary boundary condition at x = 0, 4,(B) 
the operator defined in Theorem 3.3.6(b). Then 


A,(B')=4,(B)* (1< p<) (3.3.30) 


for p’-'+ p~'=1, where A’,,(B’) is the operator in L”’ corresponding to 
the formal adjoint Aj and the adjoint boundary condition £’. (We adopt 
here the hypotheses in (c)). 


1 


3.4. ORDINARY DIFFERENTIAL OPERATORS 
IN A COMPACT INTERVAL 


The problem of finding m-dissipative extensions of A, is considerably 
simpler in the case of a compact interval [0, /] (at least when a(-) does not 
vanish in 0 < x </) since we have at our disposition the theory of Green 
functions of ordinary differential operators. We assume once again that a is 
twice continuously differentiable, b continuously differentiable, c continu- 
ous in 0<x</. For the sake of simplicity we consider only separated 
boundary conditions at the endpoints, that is, a boundary condition B, at 0 
and a boundary condition £, at /, where 8, indicates one of the following 
two conditions: 


(1) u(x) =y,u(x), (3.4.1) 
(11) u(x) =0. (3.4.2) 
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In the treatment of the regular case (a > 0) we can dispense entirely with the 
operators A, of the past two sections. Given two boundary conditions £,, £,, 
we define an operator A(f),8,) as follows. In the case E = L?(0,/) 
(l< p<), 


A( By, B))u(x) = a(x)u"(x)+b(x)u'(x)+e(x)u(x), (3.4.3) 


where the domain of D( A( Bp, B,)) consists of all ue W?(0, /) that satisfy 
the corresponding boundary condition at each endpoint. When E is a space 
of continuous functions, the definition of the space itself depends on the 
type of boundary conditions used. If both boundary conditions are of type 
(1), then E = C[0,/] and A( Bp, B,) is defined by (3.4.3) with D(A( Bo, B,)) 
consisting of all u€ C(0,/] that satisfy the boundary conditions at each 
endpoint. If one of the boundary conditions (say, B)) is of type (II), 
E =C©,[0,/] (we use here the notation in Section 7)* consisting of all 
u€C[0,/] with u(0)=0; D(A( Bo, B,)) is defined in a way similar to the 
previous case, where now A( fp, 8,)u must belong to C,. Similar restrictions 
of the space C are taken if 8, or if both boundary conditions are of type 
(II); the corresponding spaces will be denoted C,[0, /], Co ,[0, /]. 

The dissipativity results for the operators A( fp, 8,) in the different 
spaces considered can be proved essentially as in the case of one boundary 
condition (which was considered in the previous section) and will be for the 
most part left to the reader. 


3.4.1 Lemma. The operator A( fo, B,) is dissipative in C[0,/] (or in 
Cy, C;, Co,, depending on the boundary conditions used ) if and only if 


Ge je. clr) a0n (Ont) (3.4.4) 
and 
% 20, ¥<0 (3.4.5) 


when boundary conditions of type (1) are used at either endpoint. 


The case E=L? is dealt with by integration by parts for 
1 < p<co and by means of the usual limiting argument when p = 1. 

As pointed out in the two previous sections, there are difficulties with the 
differentiability of @(u) when | < p < 2, which can be avoided by performing the 
integration by parts for functions uw, in $@ (or simply polynomials) that satisfy 
the boundary conditions and then approximating any u © D(A(B ,8,)) by a se- 
quence {u,) in P@™ in such a way that u, > u,uj,—>u’ uniformly in a<x <b, 
ur —>u” in L?(0, 1). 


3See footnote 2, p. 135 
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The analogue of (3.3.8) is 
l|ul|?~ *Re(O(u), A(Bo, B)u) 
=Re [ ((au’)'+(b —a’)u'+cu)|ul?~ *udx 
0 


= { yal) (a(t) 0(1))} aD? 
~ { ya(0)—4 (a'(0)~ 6(0))} lu(OVP 
= (0 —2) f'alul?*(Re(au’))° ae 


aly 
— falupr2|w Pax += f(a" b+ pe)|u|? dx. 
é : (3.4.6) 


The boundary terms vanish when boundary conditions of type (II) are used. 
The preceding inequality plainly implies the following result. 


3.4.2 Lemma. The operator A( Bo, B,) is dissipative in the space L? 
(l<p<o)if 


HCea0) o(x)+5 (a"(x)—b(x)) <0 (0<x<!) (347) 


with boundary conditions (Il). If boundary conditions of type (1) are used 
instead at either endpoint, A( Bo, B,) is dissipative if (3.4.7) holds and 


10a(0)- = (a'(0)-B(0)) 30, yall) (a'(1)—B(1)) <0 3.4.8) 


at the corresponding endpoint. The first inequality (3.4.7) is necessary in all 
cases; the second, as well as both inequalities (3.4.8), is necessary when p = 1. 


The necessity proof for p = 1 is entirely similar to that in the previous 
section for the case of the half-line. 

We turn now to the problem of solving the equation (J — A( Bo, B,))u 
=v in the different spaces under consideration. To this end we use the 
theory of Green functions for ordinary differential operators (an account of 
this theory, together with the results to be used below, can be found for 
instance in Coddington-Levinson [1955: 1].) Let a(x) >0inO<x<il,uya 
nontrivial solution of the equation 


au” + bu’'+(c—1)u=0 (3.4.9) 


in 0<x</ that satisfies the boundary condition 8, and let u, be a 
nontrivial solution of (3.4.9) in 0 < x </ that satisfies the boundary condi- 
tion B,. The functions u, and u, are linearly independent if A(B,, B,) is 
dissipative in any of the spaces L”, 1 < p <oo or C. In fact, if they were not, 
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uy would be a nontrivial solution of (3.4.9) in 0<x</ satisfying the 
boundary conditions at both endpoints. Then uy would belong to 
D(A(B,, 8,)) in the space under consideration and (3.4.9) would be 
A( Bo, B,)u = u, an equation that can only have the solution u = 0 in view of 
the dissipativity of A( Bp, B,). 

The linear independence of u, and u, implies of course that their 
Wronskian W(x) = W(uo, u;, x) does not vanish at any point of the interval 
0<x</. We define then 


_ [uo(x)u,(é)/a(E)W(E)  (O<x< 
SO ath Cut Na cain (0<é< 


It is an elementary matter to verify that if f <= L?(0,/), 1< p <oo, then 
/ 
u(x) = [ G(x, €)/(E) dé (0<x</) (3.4.11) 


belongs to D( A( Bp, B,)) and satisfies A( 8), B,)u — u = f. The same observa- 
tion applies to the space C[0, /] (or Cy, C,, Cp , according to which boundary 
conditions are used). We have then proved the following 


3.4.3 Theorem. Assume that the operator A( Bp, B,) is dissipative in 
L?(0,1) A< p<) or in C[0,/] (Cy, C), Co, depending on the boundary 
conditions ) and that 

ACA ie IWR sea) (3.4.12) 


Then A( Bo, B,) is m-dissipative. 


Observations similar to those in the last two sections apply to 
operators written in variational form (3.2.35). 


3.4.4 Remark. The results in the last three sections can be extended in an 
obvious way by replacing if necessary the operators Ay, Ap(B) or Ao( Bo, B,) 
by Ay) — wl, Ap (B)— wl or Ap( By, B,)— wl for w sufficiently large; in this 
way, the second condition (3.2.28) can be weakened to 


c(x)<w (-w<x<oo) (3.4.13) 
and (3.2.29) becomes 


o(x)+ 5 (a"(x)—b(x)) <e (-—20<x<oo). (3.4.14) 


The conclusion of Theorem 3.2.8 is in this case that A — w/ is dissipative in 
the various spaces considered there, so that A € C, (1, w). The same observa- 
tions apply to the operators A(f) in Theorem 3.3.9 and to the operators 
A( Bp, B,) in a compact interval [0,/] in Theorem 3.4.3, and are especially 
interesting here: in fact, (3.4.13) and (3.4.14) will always be satisfied by w 
large enough and it turns out that the only essential restriction on the 
coefficients (besides smoothness) is (3.4.12); if it holds it will always be true 
that:A€ €.,. 
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3.4.5 Example. Let 8, (resp. B,) be a boundary condition at x = 0 (resp. 
at x =/), and let A,(fo, B,) 1< p<) be the operator in L” defined by 
(3.4.3): the corresponding operator in C (C,, C;, Cy ,) is denoted by A( fo, B;). 
The operators defined with respect to the formal adjoint and the adjoint 
boundary conditions are Aj,(f5, 87): we only assume that a(x)>0 in 
0 <x </(see Remark 3.4.4) and conditions (3.4.8). Then 


A’,.( Bj, B/) = 4, (Bo, B))* (1< p<), (3.4.15) 
where p’-'!+ p~'=1. For p=1 we have 
A’( Bj, Bi) = A\( Bo, By)” (3.4.16) 
and 
Ai (Bj, Bi) = A( Bo, By)” - (3.4.17) 


3.4.6 Example. Denote by A, the operators defined in Section 3.2 in 
L?(— 00, 00) with domain %), A,( 8) the corresponding operators in L?(0, 00). 
Using (3.4.15) and assuming that a(x) > 0, we can prove that if 1< p<o, 
then (a) Aj is dissipative in L?(— 00, 00) if and only if A, is dissipative in 
L?(— 00,00) and (b) Ao(’) is dissipative in L? (0, 00) if and only if 4,(B) 
is dissipative in L?(0, 00). The general case a(x) > 0 can be handled using 
the previous result for a(x)+ «, e> 0 and letting e— 0. 


3.5. SYMMETRIC HYPERBOLIC SYSTEMS 
IN THE WHOLE SPACE 


Consider the differential operator 


Lu=  A,(x)D*u+ B(x)u. 
k=1 

Here x =(%),...,X,,) 1S a point in m-dimensional Euclidean space R”, 
u(x) = (u,(x),...,u,(x)) a v-dimensional vector function of x, D* = 0/dx;,, 
and the coefficients A,(x) = {ai/(x)}, B(x) = (b’(x)) are v X »v matrix func- 
tions defined in R”. Since no additional complications are caused by 
allowing the coefficients A,,B to be complex-valued, we shall do so, 
assuming A,(-),...,A,,(-) to be self-adjoint and continuously differentiable 
in R”™ and B(-) to be continuous there. We shall work only in the complex 
space L*(R”)” (see Section 7); in view of the result in Example 1.6.1, we 
scarcely need to apologize for lack of generality on this score. (We will 
consider in Chapter 5 the operator L in certain Sobolev spaces; see Section 
1.6 for the constant coefficient case.) 

Our goal in this section is to find a domain for L that makes it 
m-dissipative under adequate restrictions on its coefficients. This will be 
accomplished by defining L = @) in a domain consisting of very smooth 
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functions (where verification of dissipativity merely involves integration by 
parts) and then extending it to what essentially is its greatest possible 
domain. The fact that the extension @ is also dissipative will follow from an 
approximation argument showing that @ is the closure of @) and from 
Lemma 3.1.11. Finally, m-dissipativity of @ (that is, verification of (3.1.8)) 
will be a consequence of the maximality of the domain of @ and of a duality 
argument. 
We begin to carry out this program defining @, by 


Qu = Lu. (3041) 
The domain of @, is by no means critical; we define it as the set °)” of all 
vector functions u = (u,,...,u,) whose components belong to °). It follows 


from the symmetry of the A, that 
D*(A,(x)u(x), u(x)) = (D*A, (x) u(x), u(x) 
+2Re(A,(x)D*u(x), u(x)). 


Hence 
Re( @ u(x), u(x)) =4 pa *(A,(x)u(x), u(x)) 
~£E (Dhag( x) u(x), 06s) 
+Re(B(x)u(x),u(x)) (xER”), 
thus 


Re(@,u, u) = Re [ (@ou(x), u(x)) dx = Re [(K(x)u(x), u(x)) dx, 
where 


K(x) =B(x)-4 x DAR). (3.522) 


The following result is then immediate. 


3.5.1 Lemma. The operator @, is dissipative in E = L?(R")” if and 
only if K(x) is dissipative in C” for all x, that is 
Re( K (x) uu) < 0c eeR, we.G-): (32.3) 
The formal adjoint of @, is defined by 


Qju=— = D*(A,(x)u)+ B(x)u 
k=1 


=— 3 A,(x)D*ut+| B(x)'- 2 D"A,(x)}u 
k=1 gir 


= ys A,(x)u+ B(x)u, (3.5.4) 
k= 


where B’ indicates the adjoint of B. The domain of @¢ is the same as that of 
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@,, and @% is the only operator satisfying the Lagrange identity (@ou, v) = 
(u, @6v) or 


J (Goul), 0) dx = [ (u(x), @50(x)) ax (3-55) 


for all u, v € D(@,). If we denote by K(x) the matrix associated with @4 in 
the same way K(x) is with @,, that is, if 


K(x)=B(x)-} ) D*A,(x), 


k=1 
a simple computation yields 
K(x)=K(x) (xeR”). (3.5.6) 
The operator @ is now simply defined as the adjoint of @4, 
@=(@h)*; (357) 


in other words, D(@) consists of all u€ E such that there exists a v€ E 
with 
(u,@qw)=(v,w) (we D(@)), 
and for those u, 
@u=v. 
Moreover, @ is closed (Section 4). In view of the Lagrange identity it is plain 
that 


@5 S(@5)* =: (3.5.8) 
We show next that 
(I—@)D(@)Y=E. (3.5.9) 


To this end, denote by SC the subspace of E consisting of all elements of the 
form 


(1-@)u (we D(@;)). 


Let v be an arbitrary element of £; define a functional ® in the subspace SC 
by means of the formula 


®((1— @5)w)=(v,w) (we D(a). 


Since @6 is dissipative, the fundamental inequality (3.1.9) implies that ® is 
well defined and bounded (its norm does not surpass ||v||). Extending this 
functional to the whole space E with the same norm and applying the Riesz 
representation theorem, we see that there exists a u € E such that 


(u,w- @iw)=(v,w) (we D(@%)), 
which clearly implies that u€ D((@j)*) = D(@) and that 
(1-@)u=v, (3.5.10) 
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proving (3.5.9). Moreover, it follows from our observation about the norm 
of ® that ||u|| <||v||. But we stumble upon a serious difficulty here: in order 
to conclude that @ is m-dissipative from the information available, we need 
to show that w is the only solution of (3.5.10). We obviate this difficulty, as 
indicated earlier in this section, by showing that @y = @; however, a growth 
condition on the matrices A,,...,A,,, will have to be postulated. 


3.5.2 Theorem. Assume that 


|A,(x)| < Co(|x|) (ER, 1<k<m), (3.5.11) 
where p is a continuous positive function increasing so slowly that 
aa, 
il — = 00, (35-12) 
p(r) 


Let u€ D(@). Then there exists a sequence {u,,) in D(@,) such that 
PEE 1 CT eC 
in E; in other words, @ = @). 


We note that the dissipativity assumption (3.5.3) is irrelevant here. 
The proof will be carried out by means of an argument involving mollifiers 
(see Section 8). Recall that if 8 is a function in “), which is nonnegative, 
vanishes in |x|>1, and has integral 1, we define a sequence {J,} of 
operators in E by 


J,u(x) =(B, *u)(x) = [B,(x— y)u(y) ay, 
where B(x) = n"B(nx). Then each J, is a bounded operator in E (precisely, 
\| J,,|| <1 for all n). Moreover, J, is self-adjoint and 
J an => CO) 


in the norm of E for any u € E. Finally, J,u is a C‘®? function for all u € E. 
We shall need some additional information on the interaction of the J, and 
@, which is contained in the following result. It will be necessary to assume 
temporarily that the A,, their partial derivatives, and B are bounded: 


Ar) eID ia (x Bo) CS Relay, km) *(3:5.13) 
3.5.3 Lemma. Assume A,,...,A,,, B satisfy (3.5.13). Then (a) 
|J,2u— @J,ul| <Cllul| (we D(@)) (3.5.14) 
(in particular, J,u€ D(@)). 
(b) Ifue D(@), 
|J,@u—@J,u\| 20 (n> 00). (3-5315) 
The proof does not require the dissipativity condition (3.5.3). To 
prove (3.5.14) (which only plays an auxiliary role with respect to the more 


150 Dissipative Operators and Applications 


fundamental relation (3.5.15)), we begin with the case u € D(@,). We have 


FQ ul x fe, (cee y) Ay (y) D'u(y) dy + [By (x— ») BC) u(y) ay 


wai [PKB Ax vA) u(y) ay 


k=1 


+ [B,(x- y)B(y)u(y) dy 


-¥ fl DiB, (x — y)Ag(v)— By(x — y)D*A,(y)) u(y) ay 


k=1 
+ [B,(x— y)B(y)u(y). (3.5.16) 
On the other hand, it is clear that J,u€ D(@,) and 


@J,ulx)= S [DB (x= y) A(x) u(y) by 
k=1 


+ [B,(x— y)B(x)u(y) ay. (3.5.17) 


Hence 


(F804 @odu(x)= Ef DB (x= y( Ac) = Ae) uC) 4 
~ ¥ [B(x y)D*4,(v)uly) ay 


+ [B,(x— y)(B(y)- B(x) u(y) dy. (3.5.18) 


We now estimate these integrals. The hypotheses on A,,...,A,, clearly imply 
that each A, is uniformly Lipschitz continuous in R”. Hence 


|DEB,(x — y)(Ag(y)— 4, ())] < Clx — y||D*B, (x - y)| 


Se en (3.5.19) 

and we also have* 
|B, (x — y) D*A,(y)| < CB, (x — y), (3.5.20) 
|B, (x — y)(B(y)— B(x))| < CB, (x— y) (33-21) 


“Here and in other inequalities C denotes a constant, generally not the same in 
different inequalities. 
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for x, y€R™. Then we can write 


M404 @ohudiay< f[ E LD bne(x— ¥)+ CB, (x — y) |lu(y)] ay 


EI sll (x)+C(B,*|ul)(x) (wER™), 


(3.5.22) 


We estimate the right-hand side of (3.5.22) with the help of Young’s 
theorem (see Section 8). We have /8, dx = 1, whereas 


Jena de=Cf xt 1D'B,(x)| dx 


|x| <1fn 
Pel [x1 /D‘B(x)| dx. 


Accordingly we obtain 
l|J,@ou — @yJ,ul| < Cllull (3.5.23) 
for all ue D(@y). 
We prove next the corresponding particular case of (3.5.15). Let 
u€ D(@,), K =supp(u). Integrate by parts the first m integrals on the 


right-hand side of (3.5.18) after making the substitution D‘B, (x — y)= 
— D¥B,(x — y) in the integrand. The result is 


(J,@,u— @oJ,u)(x)= E [B,(x— y)(Ag(x)- ey) Dhu(y) dy 


k=1 
— {B,(x— y)(B(x)- B(»))u(y) ay. (3.5.24) 

Now, if x, yER”, 

B,(x — y)IAg(*)— Ag (I< Clx — YB, (2% — y) 

<2Cn'B (x- y), (3;5/25) 
the last inequality resulting from the fact that the support of 6, is contained 
in |x|<1/n. Observe next that B must be uniformly continuous in K; 
therefore, if ¢ > 0, there exists n,) such that if x, y are arbitrary elements of 


K, 
|B, (x — y)(B(x)— B(y)) < &B, (x — y) (3.5.26) 
for n>nv. Making use of (3.5.25) and (3.5.26) combined with Young’s 
inequality in the estimate obtained taking absolute values in (3.5.24), we 
obtain 
|J,2u— @yJ,ul| 20 (n> 00) (375127) 


for any u€ D(@). 
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To prove (3.5.14), we only have to observe that 
I,@ — OS, = J,(@5)* -— (@o)*In S (CoIn)* — (S80) 
C (GJ, — J,25)* (3.5.28) 
(which is a consequence of (4.7) and (4.8)) and use (3.5.23) for @. Finally, 


we show (3.5.15). To this end, we take u€ D(@) and a sequence (u,,}C 
D(@,) such that u,, > u (in the norm of £). Then 


I|J,@ u a @J,,u| ~ lJ,LoUm < Co J,U ml sx Clu v7 U»||- 
Using (3.5.27) the result follows easily. 


In the next result the boundedness assumptions (3.5.13) are entirely 
given up in exchange for restrictions on u. 


3.5.4 Lemma. Let u€ D(@) have compact support. Then (3.5.15) 
holds. 


Proof. Let K be the support of u; for a > 0 denote by K, the set of 
all x ©R” with dist(x, K) <a. Let A,,...,A,, be continuously differentiable 
vy Xv matrix functions in R”, zero outside of K,, and coinciding with 


A,,...,4,, 10 K; likewise, extend the restriction of B to K to a vXvp 
continuous matrix function B in R”™ vanishing outside K,. Let 
m 
Lu= > A,(x)D*u+ B(x)u (3.5.29) 
k=1 


and @,, @ the operators defined from L in the same way @,, @ were defined 
from L. Since supp(J,,u) C K,, it can be easily verified that 


@Ju=@J,u, J,@u= J,@u, 
hence the result follows readily from Lemma 3.5.3. 


Proof of Theorem 3.5.2. We may assume that p is infinitely differen- 
tiable. Let y be another infinitely differentiable function of ¢ with p(t) = 0 
if ¢<0, p(t) =1 for r>1. Given 0 <r <oo, define 


l (O<<77 ) 
its) = es lieve (r<s<s,) 
0 (ia) 


where s, is such that p(s) ' has integral 1 inr <s<s,. Although f(s) itself 
is merely continuous, it is not difficult to see that 


x(x) = o(f,(x1)) 


belongs to %), its support being contained in |x| <s,; its first partials have 
support in r <|x|<s, and 


|D*x,(x)|<C/p(|x]) (xER",1<k<m). (3.5.30) 
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Ifue L?(R”)’, it is clear that 

xX,u>uU 
as roo. On the other hand, if w€ D(@), a simple computation with 
adjoints shows that 


@(x,u) = (LA, D*x, ut x,@u. 


In view of (3.5.11) and (3.5.30), we obtain, taking into account that the 
D*‘x,. vanish for |x| <r, 


WA, D*x,)ull<Cf ful? dx, 
eg|heeete 
which tends to zero as r > 00; accordingly, 
@(x,u) > @u. (B Sead) 
We combine this result with Lemma 3.5.4: the result is Theorem 3.5.2. 


Observing that @, is dissipative if 3.5.3 holds, and applying Lemma 
3.1.11 we obtain 


3.5.5 Theorem. Let @,,@) be the operators defined by (3.5.1) and 
(3.5.4), respectively, and let the matrix function 


K(x) = B(x)—4+ )) D*A,(x) (3.5.32) 
k= 
be dissipative for all x ©€1R™. Assume in addition that (3.5.11) holds with a 
function p satisfying (3.5.12). Then the operator 


=a, — (C7 )\* (3:5:33) 
is m-dissipative 


We note that there are no conditions on the growth of D*A,, B, 
other than the unilateral ones implicit in the requirement that the matrix K 
be dissipative (and which are of course necessary for dissipativity of @, or of 
any extension thereof). 

On the other hand, although condition (3.5.11)—(3.5.12) is not necessary for 
the operator @ = (@)* to be m-dissipative, it is best possible in a certain sense for 
the equality @, = @ to hold. 


*3.5.6 Example. Let p be positive, nondecreasing, and differentiable in r> 0. 
Assume that 


PA x<o. (3.5.34) 
0 p(r) 
Define p(r) = p(0) for r< 0. Then the operator 

L=p(x,)D'+p(x,)D? (35335) 


in R* does not satisfy the conclusion of Theorem 3.5.2, that is, @y + @. (However, @ 
is m-dissipative.) See the author, [1980: 1]. 
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The following consequence of Theorem 3.5.5 is immediate consider- 
ing the operators @) — w/ and — @y — wl. 


3.5.7. Corollary. (a) Let K satisfy 
Re(K(x)u,u)<olul*? (xER”,ueEC’) (3.5.36) 
for some w>0 and assume that (3.5.11)-(3.5.12) holds. Then @ = a. = 
(@,,)*e Cath, @). 
(b) If (3.5.36) is strengthened to 
|Re(K(x)u,u)|<wlul? (xER”,ueEC’), (3550) 
then @ = @, =(@,)* € C(I, #). 
3.5.8 Remark. In all conditions involving the matrix K(x), we can re- 
place it by the “symmetrized” matrix Q(x) defined by 


20(x) = B(x) + B(x)'— ¥ D"4,(%) (3.5.38) 
k=1 
since Re( K(x)u, u) = (Q(x)u, u). An obvious advantage is the following: if 


Q(x) denotes the matrix corresponding to L’, then 


Q=9Q. (3.5.39) 


3.6. ISOMETRIC PROPAGATORS AND 
CONSERVATIVE OPERATORS. DISSIPATIVE 
OPERATORS IN HILBERT SPACE 


When the equation 

u'(t) = Au(t) (3.6.1) 
models a physical system and the norm ||-|| is the energy of the system (as it 
is the case, for instance, with Maxwell’s equations in Section 1.6), one may 


be led, on physical grounds, to conclude that the energy is constant; if the 
model (3.6.1) is to be a reasonable one, we must have 


I|S(t) ul] =|lul| (ue B) (3.6.2) 


in t>0. We say then that the propagator S(-) is isometric in t>0. The 
characterization of the operators A € ©, for which the propagator of (3.6.1) 
is isometric in ¢ > 0 is rather simple. 

The operator A is said to be conservative if 


Re(u*, Au) =0 (ue D(A), u* €O(u)) (3.6.3) 
and conservative with respect to 8 (6: D(A) > E* a duality map) if 


Re(O(u), Au) =0 (ue D(A)). (3.6.4) 
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3.6.1 Theorem. Let A€&C,(1,0) and assume the propagator of 

(3.6.1) is isometric. Then A is conservative with respect to some duality map. 

Conversely, assume that A is densely defined, conservative with respect to 
some duality map 8: D(A) > E* and 

(AI— A)D(A)=E (3-675) 

for some X > 0. Then A €& © (1,0) and the propagator of (3.6.1) is isometric. 


Proof. If A is conservative with respect to @, it is also dissipative 
with respect to 8; in view of (3.6.5) we deduce from Theorem 3.1.8 that 
A€EC,(1,0). Let now S(-) be the propagator of (3.6.1) and u€ D(A’). If 
t,h > 0, we have 


S(t + h)u=S(t)u+has(t)ut "(rth —s5)S(s)A?uds 


= S(t)u+hAS(t)u+hp(t,h), (3.6.6) 
where ||p(¢, /)|| > 0 as h > 0, uniformly in ¢ > 0. Then 
S(t) ull ||S(z + h) ull > |CO(S(t)u), S(t + A) u)| 
> Re(A(S(t)u), S(t+h)u) 

=||S(t) ul]? + ARe(O(S(t)u),p(t,h)) (3.6.7) 

in view of (3.6.6) and of the fact that A is conservative. Assuming that u = 0, 

consider the set 

e=e(u) ={t>0; ||S(t) ull = |u|). 


Since 0 € e,e is nonempty; moreover, e is obviously a closed interval. If 
e + [0, 00), let ty be the right endpoint of e and a> 0 so small that ||S(¢)u|| is 
bounded away from zero in tj <¢ <?t,) + a. For any such ¢ we write (3.6.7) 
and divide by ||S(t)u||; the result is 
S(t + h) ul] > ||S(t)ul|— h(t, h), (3.6.8) 
where 7 is nonnegative and y(t, h) > 0 ash > 0 uniformly in tp) <¢<t)t+a. 
Let now « be a small positive number and 6 > 0 such that |n(¢, h)| <e for 
O<h<dandt,<t<tyt+a. Letty <t,<--- <t,,=t) +a bea partition of 
the interval fy <t<¢) + @ such that ¢;—1,_, <6 (1< j<™m). Then 
0 <|[S(%o)ul|—||S(to + &) ull 
< ZL (iiS(4—1)all-0S(G) ull 
j=) 
<p Daly ca leap) ttl ueetiey, ice. 
j=l 
Since e is arbitrary, it follows that ||S(t) + a)u|| =||S(¢o)u||, which con- 
tradicts the fact that ¢) is the right endpoint of e. Hence e =[0,00) and 
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t > ||S(t)u|| is constant in ¢ > 0. Using now the fact that D(A’) is dense in 
E, a standard approximation argument takes care of the case u € E. 

We prove now the opposite implication. Assume that A © Ce(V30) 
and let the solution operator of (3.6.1) be isometric. Take ¢ > 0, u © D(A), 
and consider the scalar function 


p(s)=Recur,S(s)u) (s>0), 


where u* © @(S(t)u). Clearly p is continuously differentiable and has a 
relative maximum at s = ¢. Hence 


Re(u*, AS(t)u) =0. 


This proves that (3.6.3) is satisfied for those u © D(A) of the form S(t)u, 
u € D(A). This would end the proof if A € ©, but some work remains to be 
done in the general case. Let u € D(A), {t,,} a sequence of positive numbers 
tending to zero, u* € O(S(t,)u). By passing if necessary to a subsequence, 
we can assume that u* > u* weakly, where u* © @(u) (see the proof of 
Lemma 3.1.11) and 


(u*, Au) = lim(u*, AS(t, )u) =0. 
This completes the proof. 


The corresponding result for A € © is Theorem 3.1.9 (see (3.1.11) and 
surrounding comments). 

We have already noted in Section 3.1 that when £ is a Hilbert space 
an operator A is dissipative if and only if 


Re( Au, u) =Re(u, Au) <0 (ue D(A)) (3.6.9) 


and the notion of dissipativity with respect to a duality map coincides also 
with (3.6.9). The Hilbert space theory, as it can be expected, is somewhat 
richer than the general theory and connects with some celebrated results of 
classical functional analysis. We begin with a characterization of m-dissipa- 
tive operators; from now on E = H is assumed to be a (complex) Hilbert 
space. A dissipative operator A is maximal dissipative if and only if A has no 
proper dissipative extension (if A C B and B is dissipative, then A = B). 


3.6.2 Theorem. Let A be m-dissipative. Then A is maximal dissipa- 
tive. Conversely, let A be maximal dissipative and closed (or densely defined ). 
Then A is m-dissipative. 


Proof. Let A be m-dissipative, B a proper dissipative extension of 
A, and u an element of D(B)\ D(A). Write v = (J — A)~'(1— B)u. Then 
v € D(A) and (J — A)v = (J— B)v = (J — B)u; since u = v, this shows that 
I — B is not one-to-one, contradicting inequality (3.1.9) for B. Then we have 
A= B, hence A must be maximal. 

Conversely, assume A is maximal; note that if A is densely defined 
we may construct using Lemma 3.1.11 a closed dissipative extension of A, 
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which must coincide with A by maximality. We can then assume in any case 
that A is closed. Let K =(J— A)D(A)+E. We have already observed 
(Remark 3.1.12) that K is closed, so that its orthogonal complement K + 
does not reduce to {0}. It is immediate that K + consists of all v © D(A*) 
with 


A*v=v. (3.6.10) 


We note next that D(A)O K + = (0}. In fact, let u€@ D(A)O K+. Then 
(1 — A)u,u)=0, or (Au, u) = |lul|?; since Re( Au, u) < 0, u=0 as claimed. 
We define an operator A in D(A) = D(A)+ K * as follows: 


A(ut+v)=Au-v. (3.6.11) 
Clearly A is an extension of A. Taking (3.6.10) into account, we have 
(A(u+v),ut+v)=(Au,u)—(v,v0)+2ilm(u,v) (3.6.12) 


for u+ v € D(A), which proves A dissipative. This contradicts the assump- 
tion that A is maximal dissipative. Accordingly (J — A)D(A)= E, thus 
ending the proof. 


Some additional information can be coaxed out of these arguments. 
Let A be as before a closed dissipative operator (if A is not closed but 
densely defined, we take its closure using Lemma 3.1.11). The operator A 
can be constructed as above, and it is not difficult to show that A is 
m-dissipative. In fact, take w © H and write w= (J — A)u +20, with ve 
D(A), v€ K+. Then (I1— A)\(u+v)=(I— A)u+2v=w, which shows 
that A is m-dissipative. (It follows from Theorem 3.6.2 that A is as well 
maximal dissipative.) We have then proved 


3.6.3 Lemma. Let Ay be dissipative in H and assume that Ag is 
either closed or densely defined. Then there exists a m-dissipative extension 
of A. 


Lemma 3.6.3 has the following application to the theory of the Cauchy 
problem in Hilbert space: if Ag is a closed or densely defined (but otherwise 
arbitrary) dissipative operator, there exists an extension A € C,(0,1) of Ag, that is, 
the Cauchy problem for 


u’(t) = Au(t) 
is well posed in ¢ > 0 and the propagator S(-) satisfies ||S(7¢)|| <1. The requirements 
on A, are in general not difficult to meet: for instance, if Ag is a differential 
operator and we take as D(Ay) a space of sufficiently smooth functions in L* 
(satisfying boundary conditions if we work in a portion of Euclidean space), it is 
easy, using integration by parts, to establish conditions on the coefficients of Ay and 
on the boundary conditions (if any) that guarantee dissipativity of A). On the other 
hand, since the elements of D(Aj) are only restricted by smoothness assumptions 
and (possibly) by boundary conditions, it is plain that D(A,) must be dense in L’. 
However, the result refers not to Ay but to A, and the construction of A and of 
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D(A) provided by Lemma 3.6.5 is far from explicit, since it presupposes the 
identification of the subspace K or, equivalently, of the nullspace of the operator 
I — A*. Because of this, the usefulness of Lemma 3.6.5 is rather limited in this 
context. 


3.6.4 Remark. The argument in Theorem 3.6.2 proving that a m-dissipative 
operator must be maximal dissipative extends without changes to the Banach space 
case. This is not the case with the converse, as the following counterexample shows. 


3.6.5 Example (Lumer-Phillips [1961: 1]). Let E=Cp ,[0,1]g and Au =u’, where 
D(A) is the set of all ue E such that Au’ € E. Then (a) A is maximal dissipative, 
and (b) (I— A) D(A) # E. 


We note also that Lemma 3.6.3 fails in the Banach space case, since an 
operator as the one in Example 3.6.5 is not m-dissipative and, being maximal 
dissipative, does not admit dissipative extensions at all. We note in passing that 
every dissipative operator (not necessarily closed or densely defined) in an arbitrary 
Banach space E can be extended to a maximal dissipative operator by a standard 
application of Zorn’s lemma. This is slightly more general than Lemma 3.6.3 even in 
the Hilbert space case, although the extension is even more esoteric. 

Theorems 3.6.1 and 3.1.9 have interesting interpretations in Hilbert 
spaces. Observe that both relations (3.6.3) and (3.6.4) coalesce into 


Re(Au,u)=0 (ue D(A)). (3.6.13) 
It follows that the operator A is conservative if and only if B= —iA is 
symmetric. In fact, assume B is symmetric. Then (iBu,u) = —i( Bu, u), 


where (Bu, wu) is real, thus iB is conservative. On the other hand, let A be 
conservative. Taking real parts in the identity (A(u+ v),u+v)=(Au,u)+ 
(Au, v)+(Av, u)+(Av, v), we obtain 


Re( Au, v)+Re(u, Av)=0 (u,v€D(A)). (3.6.14) 


Applying (3.6.14) to iu, v and adding the two equalities, we obtain (Au, v)+ 
(v, Au) =0 or 


(iAu, v) = (u, iAv), (3.6.15) 
which shows that B = — iA is symmetric (of course, so is iA). 


Condition (3.6.5) (say, for A=1) can be written in terms of B as 
follows: 


(B+ iI)D(B)=H, (3.6.16) 
while the same condition for — A is 
(B—il)D(B)=H. (3.6.17) 


Clearly (3.6.17) is equivalent to the vanishing of the negative deficiency 
index d_ of B; likewise, (3.6.16) holds if and only if d, =0 and any of the 
two conditions is equivalent to B being maximal symmetric (see Section 6). 
We obtain in this way the following result. 


3.7. Differential Equations in Banach Lattices, Nonnegative Solutions 159 


3.6.6 Theorem. Let A € C,(1,0) and let the propagator of (3.6.1) be 
isometric. Then A = iB, where B is maximal symmetric. Conversely, let B be 
maximal symmetric. Then either A= iB (if d, =0) or A= —iB (if d_=0) 
belongs to C.,(1,0) and the propagator of (3.6.1) is isometric. 


Theorem 3.6.6 is the translation of Theorem 3.6.1 to the Hilbert 
space case. The corresponding version of Theorem 3.1.9 is obtained noting 
that both defficiency indices of a symmetric operator are zero if and only if 
the operator is self-adjoint. 


3.6.7 Theorem. The operator A belongs to ©(0,1) and the propaga- 
tor of (3.6.1) is isometric in — 0 <t <oo if and only if A=iB, where B is a 
self-adjoint operator. 


We note that in this case each of the isometric operators S(t) is 
invertible (S(t) ' = S(—1)) thus S(t) is unitary, that is, S(t)* = S(t)~!. 

These results can be applied to the operators @ of the previous 
section in an obvious fashion. 


3.6.8 Example. Let A,,...,A,,, B satisfy the smoothness assumptions in 
Section 3.5, plus condition (3.5.11)—(3.5.12) and Re( K(x)u, u)=0 for all 
eR we C2 or 

Oni= 0 (XER™): (3.6.18) 


Then i@ = i@, = i(@))* is self-adjoint, so that @ € (1,0). Condition (3.6.18) 
is necessary in order that @ be conservative. 

On the other hand, if (3.5.11)—(3.5.12) is violated, condition (3.6.18) 
does no longer guarantee that @ is conservative (the operator in Example 
3.5.6 is not). 


3.6.9 Example. None of the operators A, A(B) or A( Bp, B,) of Sections 
3.2, 3.3, or 3.4 is conservative in the spaces L? (1< p<oo) or C (see the 
next section, however, for conservation of norm of nonnegative solutions 
an): 

3.6.10 Example. Check Theorem 3.6.1 for the operators in Example 
2226; 


3.7. DIFFERENTIAL EQUATIONS IN BANACH 
LATTICES. POSITIVE SOLUTIONS. 
DISPERSIVE OPERATORS. 


We have already observed in Section 1.3 that when the equation 


Ou 
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is used as a model for heat or diffusion processes, the only solutions that 
can have any physical meaning must be positive. Also we have seen in a 
particular case that solutions of (3.7.1) that are initially positive stay positive 
forever. We introduce in this section an abstract framework to deal with this 
kind of situation. 

Let E be a real Banach space with a partial order relation < between 
its elements. Assume E is a /attice with respect to <, that is, that any two 
elements of E have a least upper bound u V v and a greater lower bound 
u A v. Following Birkhoff [1967: 1] (see also Schaefer [1974: 1]), we say that 
E is a Banach lattice if the following relations among the linear structure of 


E, its norm ||-||, and the order relation <, are satisfied: 

(1) Ifu<v,thnu+w<vt+w (we). (Ser) 
(II) Ifu<v,thendu<dAv (ASO). (3.7.3) 
and 

(IIT) If |u| <|v|, then ||u|| <|Jvll, (3.7.4) 


where |u|, the modulus (or absolute value) of u, is the element of E defined 
by 
juj=uVv(—u). 


Given u € E, let 
u,=uV0, u_=(-u)VO. 


We call u, (u_) the positive (negative) part of u. It follows from (I) (taking 
w=-—u-v) that u<v implies — v < — u; we obtain easily from this that 


uVo=—((—u)A(-v)), uAv=—-((-u)V(—-v)) (3.7.5) 
and it is a direct consequence of (1) that 
(uV v)+w= (u+w)V(o+w), 
(uA v)+w=(ut+w)A(vt+w) eae 22) eo) 
and of (II) that 
A(uV v)=(Au)V (Av), 
A(uA v) = (Au)A (Av) 


It follows from (3.7.5) and (3.7.6) that u—u, =u-uV0=u+(—u)A0= 
OAu=—-(OV(—u))=-—4_, thus 


(X20): (3.7.7) 


u=u,—-U_. (3.7.8) 
On the other hand, u + |u| =u+uV(—u)=2uV0=2u,, so that 
juJ=u,+u_. (357.9) 


Other useful relations, immediate consequences of the three postulates and 
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of the previously shown equalities, are 
|u| = 0 if and only if u=0, (357210) 
|Au| = |A| ul, (Sijelel) 
and the “triangle inequality” 
ju+v|<|u|+|o| (397512) 
valid for arbitrary u,v © E and A ER. Note also that (3.7.4) implies 
II m1 Il = tla. (37713) 


We have u=o+(u-—0) <0, + |u—v], so that u,<v,+|u-v|. 
Interchanging u and v and combining the two inequalities, we obtain 


lugs val <lesol, 
which implies, in view of (III), 
Iu, — v0, || <|]u— olf, (3.7.14) 


so that the map u —> u, is uniformly continuous. Naturally, the same is true 
of u—u_; it may be shown by the same elementary means that (u, v) > 
uA v and (u,v) —>u V v are uniformly continuous from E X E into E. As a 
consequence of these remarks, we see that the set 

E,={u;u>0}={u; u_=0} 
of nonnegative* elements of E is closed. 

All the real spaces hitherto used in our treatment of differential 
operators are Banach lattices under the natural order relations: in the space 
C(K)=C(K )p we say that u<v if u(x)<v(x) for x eK. The same 
definition applies to the spaces C)(K) and the various subspaces used. In 
the spaces L?(Q,n)=L?(Q; pp), (lx p<), usv-if u(x) < v(x) 
p-almost everywhere in (2. 

A duality map @: E — E* is called proper if it satisfies the following 
two conditions: 


(IV) If u,v >0, then (0(u),v) > 0. (327715) 
(V) (O(u,),u)=llu, ||? (we £). (3.7.16) 


A cursory examination of the duality maps in question establishes the 
following result. 


3.7.1 Lemma. (a) Let K be a closed subset of R™ and E=C,(K), 
C(K ) (if K is compact), or a closed subspace thereof. Then any duality map 
0: E > E* is proper. (b) Let Q be a measurable subset of R™, E = L?(Q). 
Then if 1< p<oo, the only duality map 0: E > E* is proper; if p=1, a 


° In this context, “nonnegative” does not mean “not negative.” 
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duality map @ is proper if and only if 
6(u)(x) =0 a.e. where u(x) =0. 
An operator B: E > E is said to be positive if and only if 
Bu > 0 whenever u > 0, BaaT) 


and an operator A: D(A) E will be called dispersive (with respect to a 
proper duality map @) if and only if 


(O(u,), Au) <0 (we D(A)). (3.7.18) 


Our goal is to characterize those operators A©C_,(1,0) for which the 


propagator of 
u’(t) = Au(t) (3.7.19) 


is positive for all ¢. This will be done in the following Theorem 3.7.3. We 
begin by establishing an auxiliary result of considerable interest in itself. 


3.7.2 Lemma. Let AG C,(w). Then the propagator of (3.7.19) is 
positive for all t > 0 if and only if R(A) is positive for allX > w. 


Proof. We use (2.1.10) and (2.1.27), valid for real as well as for 
complex spaces by virtue of Remark 3.1.13: 


R(A)u= fe MS(t)ude (sue, (3.7.20) 
S(#)u= tim (*)'R(4)'u (1>0). (3.7.21) 


The result follows then from the fact that the set {u; u > 0} is closed. 


3.7.3 Theorem. Let A&C.(0,1) and assume the propagator S(-) of 
(3.7.19) is positive for all t (i.e., solutions with positive initial value remain 
positive forever). Then A is dispersive with respect to any proper duality map 
9. Conversely, assume that A is dispersive with respect to some proper duality 
map 8 and 


(AI— A)D(A)=E (3.7.22) 


for some X > 0. Then A € ©, (0,1) and the propagator of (3.7.19) is positive for 
all t > 0. 


Proof. Assume that S(t) is positive for t > 0, and let 6 be a proper 
(but otherwise arbitrary) duality map. Ifu€ E,u,, u_ > 0; then S(t)u_ > 0, 
and, since @ is proper, 


(O(u, ), S(t)u_) >0. 
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Accordingly, 
(O(u, ), uy =lfue, I? > SC) uy Mlle, > CO(w,), Stu, 
Be Mee sce 
=((u,), S(t)u). 
Taking u € D(A), we obtain 
(O(u,), Au) = tim h-"(CO(w, ), S(A)uy = (0(u, ),u)) <0 
which proves that A is dispersive. In order to show the converse, let \ > 0 be 
such that (3.7.22) is satisfied and let v > 0, u the solution of 
Au— Au=v. (37125) 
Then, if A is dispersive with respect to the proper duality map 8, we have 
Aj ||? = All(— w) 4? =AA((- w),), - 4) 
<A(4((— 4) 4), —uy—(8((— 4) 4), A(— u)) 
=—(8((-u),),0) <0 
Clearly this implies that u_ = 0, so that u > 0 and therefore 
Alfedl|? = Allee, I? 
=)(6(u, ),u) <AO(u, ),u)—(8(u, ), Au) 
= (6(u,),v) <|lu, IIlel =llull ell. 


whence we obtain 


] 
lvl < yHlell 


for the solution u of (3.7.22) under the assumption that v > 0. Applying the 
result to v =0, we see that AJ—A is one-to-one. Accordingly, R(A)= 
(AI — A)~' exists and the preceding arguments show that R(A) is a positive 
operator and 


|R(A)ul| < + lull (3.7.24) 


if u > 0. To prove that this inequality seh holds for any u € E, we only 
have to observe that 


[R(A)ul = (R(A)u) + (RO)u)- 
= R(A)u, + R(A)u_ 
=R(A)(u, +u_) 
= R(A)|u| 
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so that, in view of (3.7.24) and of the fact that R(A) is positive, 
RCA) ul] = RO )ial |< AW" fat = AW “el. 


We have thus shown that 
1 
IRIS (A> 0). (3.7.25) 


We apply then Theorem 3.1.1 (as modified by Remark 3.1.13) and Lemma 
3.7.2 to deduce that A € C, (1,0) and that S(t) is positive for all t. This ends 
the proof. 


We obtain as a byproduct of Theorem 3.7.3 that every dispersive operator 
that satisfies (3.7.22) must be dissipative. It is apparently unknown whether the 
implication holds in absence of (3.7.22). However, we have: 


3.7.4 Example (Phillips [1962: 1]). (a) Let 6 be a proper duality map such that: 
for every u there exist scalars a, 8 > 0 (depending on u) with 


6(u) =ad(u, )—BO(u_). (3.7.26) 


Then if A is dispersive with respect to 9, it is also dissipative with respect to @. (b) 
All the proper duality maps appearing in Lemma 3.7.1 (b) satisfy the requirements 
in (a). 


We shall use most of the time Theorem 3.7.3 “at half power’: we 
start with an operator A already known to belong to the class C, and prove 
that A is in addition dispersive, so that S(t) is positive for all r. 

As a first application of the results in this section we reexamine the 
ordinary differential operators considered in Sections 2, 3, and 4 of this 
chapter, or rather their restrictions to the corresponding spaces of real- 
valued functions. To simplify the notation, these restrictions will be denoted 
by the same symbols. Consider the case E = C,(— 00, 00). If u€ D(A) and 
pu © O(u,), then p is a positive measure and every point x in the support of 
wis a maximum of w,, hence of u; we have then u’(x) = 0, u’’(x) < 0. Thus 


(u, Au) = f (au’’+ bu’+ cu) du <0 (3.7.27) 


if the assumptions of Lemma 3.2.1 are satisfied, so that the corresponding A 
is dispersive. We deal next with the case E = L?(— 00,00); for purposes of 
identification, we call A, the operator defined in part (b) of Theorem 3.2.7. 
Direct verification of dispersivity is difficult in this case, since integration by 
parts is prevented by lack of sufficient information on the behavior of 
elements of D(A) at infinity. We follow then a more roundabout way, 
examining directly the solution operators Spe) Oftu(t) = A,u(t) and S(-) 
of u(t) = Au(t) (A the operator in Cp in Theorem 3.2.7(a)). It was observed 
in the course of the proof of Theorem 3.2.7 that if A > 0, v is a function, say, 
in °), and if wu is the solution of Au— A,u=»v in D(A,)CL?, then u 
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actually belongs to D(A) C C,; it follows that 
R(A; A,)v=R(A; A)v. (3.7.28) 


We note next that the preceding inequality extends to the powers of R(A), 
since (3.7.28) holds for all A>0O and powers of the resolvent can be 
expressed by means of derivatives with respect to A (see Section 3). It 
follows then from (3.7.21) that 
S,(t)o = S(t)o 

for allt > 0 and ve 9. 

Let now ue L?,u>0; choose a sequence of nonnegative functions 
{v,} in ) with |/v, — ull, > 0. Then S(t)v, = S,(t)v, > S,(t)u in L?, all the 
functions S(¢)v, being positive in (— 00, 00). Since some subsequence must 
converge almost everywhere, it follows that S,(1)u(x)>0 almost every- 
where, so that S,(7) is a positive operator for all ¢ > 0 and all p >1. 

An entirely similar analysis can be carried out in the cases covered 
by Theorems 3.3.9 and 3.4.3. Details are left to the reader. 


3.7.5 Theorem. Let A be any of the operators considered in Theo- 
rems 3.2.7, 3.3.6, or 3.4.3. Then A is dispersive with respect to any proper 
duality map; equivalently, the solution operator of u’= Au is positive for all 
t>0. 


We close this section with some remarks on conservation of norms of 
nonnegative solutions. It was observed in Section 1.3 that, while the 
diffusion equation does not possess an isometric propagator in any L?” space 
(or in C), the L' norm of a solution with nonnegative initial value remains 
constant in time. This property admits an abstract formulation. 


3.7.6 Theorem. Let A€C,(0,1), and let S(-) be the solution opera- 
tor of (3.7.19). Assume N C E, NO D(A°*) is dense in N, 


S(t)NCN (t>0) (3.7.29) 
and 
(0(u), Auy=0, uENND(A?), (3-730) 
where 0: N \ D(A”) > E* is a duality map. Then, 
|S(¢) ul] = lal] (2 > 0) (37-31) 


for u€N. Conversely, assume that N is a set satisfying (3.7.29), and (3.7.31) 
for uEN. Then there exists a duality map 0: NM D(A)— E* such that 
(3.7.30) holds foru€ NO D(A). 


The proof of Theorem 3.7.6 can be read off that of Theorem 3.6.1 
(where N = E) and will be left to the reader. 


Theorem 3.7.6 can of course be applied to the differential operators 
considered in this chapter. We limit ourselves to the finite interval case. 
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3.7.7. Corollary. Let A(B ,8,) be one of the operators in Lemma 
3.4.2. Assume that 


a(x)>0, a”(x)—b(x)+e(x)=0. (O0<x</) (3.7.32) 
and that the boundary conditions at 0 and at | are of type (1) with 
y)a(0)—a’(0)+ b(0) = y,a(1)—a’(1) + b(/) = 0 (3.733) 


Then A(B,,8,) is m-dissipative in L'(0,1), dispersive with respect to any 
proper duality map, and (3.7.31) holds for any u> 0. 


The proof applies Theorem 3.7.6 with N=({u;u>0). It is just as 
simple, however, to give a proof based on an argument similar to (1.3.17): it 


suffices to observe that : 
/ 

Gf ultsx) dx =0 
0 


for every solution u(t, x) = u(t)(x) of u(t) = A( Bo, B,)u(t), which follows 
from (3.7.32) and (3.7.33), integrating by parts. 


We note that when A, is written in variational form (3.2.35) the two 
conditions in Corollary 3.7.7 are: 


a(x y= 0, Sd (cy etx) Wer) (3.7.34) 
¥4(0)=5(0), ya(l)=5(1) (3.7.35) 


3.7.8 Example. Check Theorem 3.7.3 for the operators in Examples 2.2.4, 
2:2:5,°2.2.6, and 2:2:7; 


3.8. MISCELLANEOUS COMMENTS 


A result of Lyapunov [1892: 1] can be stated in a slightly generalized 
version as follows: the eigenvalues of the matrix A have negative real parts 
if and only if a positive definite matrix Y can be found satisfying 


Re(YAu, Yu)<—k(u,u) (uEC”) (3.8.1) 


for some k > 0 (see Daleckii-Krein [1970: 1]). This property of the eigenval- 
ues of A was recognized much before to be equivalent to 


lexp(tA)|| > 0 ast > +00; (3.8.2) 


algebraic criteria were known in particular cases to physicists and engineers 
like Maxwell working on regulator theory and were given generality by 
Routh and Hurwitz during the last years of the nineteenth century. Thus, 
Lyapunov’s result can be considered as a forerunner of the theory of 
dissipative operators presented in this chapter. 

The Hilbert space theory was initiated and developed by Phillips 
[1959: 1] although dissipativity and closely associated ideas were used 
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before for partial differential operators by Friedrichs [1954: 1], [1958: 1], 
Phillips himself [1957: 1], and others; we note that Friedrichs coined the 
word accretive to indicate the negative of a dissipative operator. The bulk of 
the theory of dissipative operators in Hilbert space as presented in this 
chapter can be found in Phillips [1959: 1]. Dissipative operators in Banach 
spaces were introduced by Lumer and Phillips [1961: 1] in a slightly 
different form using the “semi-inner products” introduced by Lumer [1961: 
1] instead of duality maps; the definition was cast in the present form by 
Nelson [1964: 1]. The term “duality map” is taken from Goldstein [1970: 5]; 
the present treatment of dissipativity leans heavily on these lecture notes. 
We note a definition of dissipative operators in Banach space due to Maz’ja 
and Sobolevskii [1962: 1] under certain smoothness conditions on the norm. 
The results in Section 3.1 are due to Lumer-Phillips [1961: 1] or are 
adaptations of earlier results of the Hilbert space theory. Theorem 3.6.7 is 
the theorem of Stone mentioned in Section 2.5, whereas Theorem 3.6.6 was 
discovered by J. L. B. Cooper [1947: 1]; both results were originally 
formulated in the semigroup-generator language. The version of Cooper’s 
theorem for Banach spaces presented here (Theorem 3.6.1) seems to be a 
folk result. A related result can be found in Papini [1971: 1]. 

The present theory of semigroups of positive operators in Banach 
lattices is due to Phillips [1962: 1]; dispersive operators were introduced by 
W. J. Firey in a particular instance (see Phillips [1962: 1, p. 295]). Some of 
the ideas in Section 3.7 have interesting finite-dimensional ancestors; we 
refer the reader to Bellman [1970: 1, Ch. 14]. 

We comment finally on the results on ordinary and partial differen- 
tial operators in this chapter. The theory of symmetric hyperbolic operators 
in Section 3.5 is due to Friedrichs [1944: 1]. His result on identity of @, (the 
strong extension of @)) and (@)* (the weak extension of @)) has been 
extensively generalized (for instance, to situations involving boundary con- 
ditions as in Lax-Phillips [1960: 1]). We note that assumption (3.5.12) on the 
function p is nothing but Wintner’s condition in [1945: 1] for global 
existence of solutions of the ordinary differential system x’(t) = a(x(t)), 
where x(-) is a m-dimensional vector function, a(-) maps R” into itself, and 
|a(x)| < p(|x|). This is not surprising since it has been shown by Povzner 
[1964: 1] that, under the assumption that LD*a,=0, global existence 
is equivalent to the identity of the weak and strong extensions of 
@) =La ,(x)D*; many other related results are proved there. For connected 
material see Lelong-Ferrand [1958: 1]. 

One of the results in the investigations of Weyl [1909: 1], [1910: 1], 
[1910: 2] on the spectral theory of ordinary differential operators in infinite 
intervals can be stated in modern terminology as follows: the operator 


A,u=(p(x)u’)’+ q(x)u (3.8.3) 


in x > 0 (with domain and smoothness assumptions as in Section 3.3) has a 
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self-adjoint extension in L7(0,00) obtained by imposition of a boundary 
condition at zero if 


p(x)>0, q(x) <w (-o<x=<00). (3.8.4) 


(This corresponds to what Wey] calls the limit point case; in the limit circle 
case, to obtain a self-adjoint extension we must impose in addition a 
boundary condition at infinity of the form 


tim (w(x) u(x) + y(x)u'(x)) = 0 


for suitable functions wo, ,.) Under conditions (3.8.4), the extension is 
semibounded above; weaker conditions on q, even if pertaining to the limit 
point case, produce self-adjoint extensions not necessarily semibounded 
above (for a complete account of the theory see Dunford-Schwartz [1963: 1, 
Ch. 13]). Roughly along the same lines, Yosida [1949: 2] and Hille [1954: 2] 
considered a general non-self-adjoint. A, in relation to applications to 
unidimensional Markov processes. The problem is that of obtaining exten- 
sions of the operator A, in L' and in spaces of continuous functions by 
means of boundary conditions at finite points and at infinity; these exten- 
sions are required to be infinitesimal generators of positive semigroups. The 
works of Feller [1954: 1], [1954: 2], [1955: 1], [1955: 2], [1956: 1], and others 
proceed in the same direction but use extremely weak assumptions on 
the operators (see Mand] [1968: 1] or It6-McKean [1974: 1] for modern 
treatments). The results in Sections 3.2 and 3.3 concentrate only on the 
simpler problem of obtaining m-dissipative extensions of Ay imposing no 
boundary conditions at infinity in the case —coo<x<oo or only one 
boundary condition at 0 in the case x > 0. The generation properties of 
ordinary differential operators in a finite interval were investigated by 
Mullikin [1959: 1] in L? and C spaces; his results are more general than 
those in Section 3.4 since dissipativity conditions like (3.4.8) on the boundary 
conditions are absent, and will be met again (this time in almost full 
generality) in Section 4.3. 

Many papers on the theory and applications of dissipative operators 
will be found later under other headings. Here we refer the reader to 
Hasegawa [1966: 1], [1969: 1], [1971: 1], Ljubié [1963: 1], [1965: 1], Mlak 
[1960: 1], [1960/61: 1], [1966: 1], Moore [1971: 1], [1971: 2], Nagumo [1956: 
1], Olobummo [1963: 1], [1967: 1], Olobummo-Phillips [1965: 1], Papini 
[1969: 1], [1969: 2], [1971: 1], Phillips [1957: 1], [1959: 1], [1959: 3], [1961: 
1], [1961: 2], and Crandall-Phillips [1968: 1]. 


(a) Special Semigroups. Partly along the lines of Stone’s theorem, 
a large number of results dealing with semigroups S(-) where each 
S(t) belongs to certain classes of operators in Hilbert or Banach spaces 
have been investigated. For S(t) self-adjoint we have already pointed 
out in Section 2.5 the works of Hille [1938: 1] and Sz.-Nagy [1938: 1]; an 
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extension to unbounded self-adjoint operators has been given by 
Devinatz [1954: 1]. Normal operators are treated in Sova [1968: 4], 
and spectral operators in McCarthy-Stampfli [1964: 1], Berkson [1966: 1], 
Panchapagesan [1969: 1], and Sourur [1974: 1], [1974: 2]. For generalized 
spectral operators in the sense of Colojoara-Foias [1968: 1], see Lutz 
[La 1: 

Other works deal with, for instance, semigroups or groups of isom- 
etries in special spaces like L? or H?. See Berkson-Porta [1974: 1], [1976: 1], 
[1977: 1], Berkson-Kaufman-Porta [1974: 1], Berkson-Fleming-Jamison 
[1976: 1], and Goldstein [1973: 1]. Stone’s theorem has also been generalized 
in the direction of allowing the parameter ¢ to roam over groups more 
general than the real line. See Salehi [1972: 1]. 


(b) Contraction Semigroups and Dissipative Operators in Hilbert 
Spaces. Let H, be a Hilbert space, H a closed subspace of H,, P the 
orthogonal projection of H, into H. If B, is an operator in H, we define 
prB,, the projection of B., into H by 


Bu=(prB,)u=PB,u (uER#). 


It was proved by Sz.-Nagy [1953: 1], [1954: 1] that if S(-) is a strongly 
continuous semigroup in a Hilbert space such that 


IS(t)I| <1 (3.8.5) 


for ¢ > 0, then there exists a second Hilbert space H, having H as a closed 
subspace and a strongly continuous group U(-) of unitary operators such 
that 

S()=pru(t) (¢= 0). (3.8.6) 
Moreover, the space H, is minimal (in the sense of being generated by all 
elements of the form U(t)u, u © H) and uniquely determined (up to isomor- 
phisms). For additional details, see Sz.-Nagy-Foias [1966: 1]. We note that 
the result above was proved by Cooper [1947: 1] in the particular case where 
each S(t) is an isometry; in this setting, the theorem is a consequence of the 
well known fact that every symmetric operator A in H can always be 
extended to a self-adjoint operator in a larger space H,. 

Sz.-Nagy’s result combined with Stone’s theorem shows that (modulo 
the projection P) the study of strongly continuous contraction semigroups 
in a Hilbert space can be reduced to that of operator-valued functions of the 
form exp(itA), A self-adjoint, with a corresponding relation between their 
generators (maximal dissipative operators) and self-adjoint operators. We 
refer the reader to Sz.-Nagy and Foias [1969: 1] for a thorough exploitation 
of this line of approach and note the following discrete version of (3.8.6) 
also due to Sz.-Nagy [1953: 1]: if S is an operator in H with ||S|| <1, then 
there exists H , containing H as a closed subspace and a unitary operator U 
in H., such that 

S*=prU" (n>0). (3.8.7) 
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The space H_, and the operator U enjoy the same properties of minimality 
and uniqueness up to isomorphism as in the continuous case. 


(c) Uniformly Bounded Groups, Semigroups, and Cosine Functions in 
Hilbert Space. In view of the results in the previous subsection, the 
following question is of considerable interest. Let H be a Hilbert space, S(-) 
a semigroup (group) of linear bounded operators in H such that 


IS(2)I<C (3.8.8) 


in t>0 (in —co<t<oo). Can H be given an equivalent Hilbert norm in 
which (3.8.5) holds in t > 0 (in — 00 <t<oo)? 

For a group, the answer is in the affirmative, as shown by Sz.-Nagy 
[1947: 1]. We note that, since S(-) satisfies (3.8.5), each S(t) is invertible 
and isometric, hence unitary in the new norm. Sz.-Nagy also proves the 
discrete version of the result above: if S is an operator such that 


[SC ) As 2-0, Be), (3.8.9) 


then a similar renorming of the space makes S unitary. The corresponding 
theorems for uniformly bounded semigroups in t>0 are false: in the 
discrete case, a counterexample was given by Foguel [1964: 1] and in the 
continuous case by Packel [1969: 1]. See Halmos [1964: 1] for additional 
information. An analogue of Sz.-Nagy’s result for cosine functions was 
proved by the author [1970: 4]: under the hypothesis that C(-) is uniformly 
bounded in — co <t <oo (or, equivalently, in ¢ > 0), an equivalent Hilbert 
norm can be found in which each C(f) is self-adjoint. A discrete analogue 
holds for uniformly bounded families of operators {C,)} satisfying Cp = J, 
Gan + Gam = 2GG, (in t= a2, 1 Osea): Sze Nagys theorem has been 
generalized by Dixmier [1950: 1] to uniformly bounded representation of 
certain groups into the algebra of linear bounded operators in a Hilbert 
space. A similar generalization of the author’s result was given by Kurepa 
[1972-. 1), 

We note that the problem of renorming a Banach space with an 
equivalent norm, which improves (3.8.8) into (3.8.5), is rather trivial; see 
Example 3.1.10. 


(d) Truly Nonlinear Equations and Semigroups. The theory of con- 
traction semigroups, and of dissipative operators as their infinitesimal 
generators, has been generalized in the last two decades to nonlinear 
operators. In the nonlinear realm, a contraction semigroup is a family 
{S(t); t > 0} of nonlinear maps defined in a Banach space E or a subset X 
thereof and satisfying the semigroup equations (2.1.2). The nonlinear coun- 
terpart of (3.8.5) is 


I|S(t)u—S(t)v|] <|lu- ol] (u,ve X), 
while the dissipativity condition (3.1.5) reads 
Re(w*, Au— Av) <0 (w*eO(u-v)). 
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The relation between semigroup and generator roughly parallels the linear 
case, but many interesting new phenomena appear (for instance, the infini- 
tesimal generator may be multiply valued). For an account of the theory 
and the applications we refer the reader to Barbu [1974: 1], Brézis [1973: 1], 
Cioranescu [1973: 1], and Pazy [1970: 1]. A short exposition of some of the 
central points of the theory can be found on Yosida [1978: 1]. 


Chapter 4 


Abstract Parabolic Equations: 
Applications to Second Order 
Parabolic Equations 


Le 


An operator A € C, is abstract elliptic if the solutions of the differen- 
tial equation u’(t) = Au(f) are infinitely differentiable in ¢ > 0. Partic- 
ularly important examples of abstract elliptic operators are those in 
the class @, where solutions can be analytically extended to a sector 
about the positive real axis. The class @ is characterized in the first 
two sections of this chapter; the rest of the material is on applications 
to differential operators. Section 4.3 deals with the ordinary differen- 
tial operators in compact intervals last seen in Section 3.4; in Sections 
4.4 to 4.10 we study second order partial differential operators in 
smooth domains of Euclidean space, beginning with dissipativity and 
assignation of boundary conditions. Extensions in C, of differential 
operators in various spaces are then constructed. We treat L? spaces 
in Sections 4.6 and 4.7, and L’” spaces and spaces of continuous 
functions in Section 4.8. Section 4.9 is devoted to the proof that the 
L? extensions belong in fact to the class @ (with attendant smoothness 
results for solutions of the equation u’(t) = Au(t)) and to the removal 
of certain dissipativity assumptions on the boundary conditions; these 
assumptions are only significant in L' and in spaces of continuous 
functions and play a strictly auxiliary role in other spaces. Finally, we 
study in Section 4.10 compactness of families of solutions and pre- 
servation of positivity of initial data. 


For the ordinary differential operators in Section 4.3, the 
treatment is essentially the same in all spaces; in contrast, the L? case 
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for partial differential operators is more elementary and is thus 
presented first. The reader interested only in the L* theory may 
proceed directly to Section 4.6 from Section 4.2, skipping most of the 
intermediate material. 


41. ABSTRACT PARABOLIC EQUATIONS 


Let A be an operator in © and let u(t) = S(t)u be a generalized solution of 
u(t) = Au(t) (4.1.1) 


in (— 00,00). We know (Section 2.2) that if the initial value u(0) belongs to 
D(A), then u(-) will be a genuine solution of (4.1.1); in particular, u(-) is 
continuously differentiable and belongs to D(A) for all ¢. On the other 
hand, let u(-) be differentiable at ty. Then, as h~'(S(t) + h)— S(ty))u= 
h~'(S(h)—1)S(ty)u, it is immediate that S(t))u€ D(A); thus u(0)= 
S(— to) S(to)u © D(A) as well. In other words, only solutions that originate 
in D(A) may be smooth. This property is based, roughly speaking, on the 
fact that the solution operator of (4.1.1) 1s defined for all t. We study in this 
section operators A having properties in a sense opposite to those of 
elements of the class C. 

The operator 4€€@, is said to be abstract elliptic (in symbols, 
Ae€C*”) and the equation (4.1.1) abstract parabolic if and only if every 
generalized solution of (4.1.1) is continuously differentiable in ¢ > 0 (even if 
u(0) does not belong to D(A)). The following result shows that the smooth- 
ness properties implied by this definition are stronger than apparent. 


4.1.1 Lemma. The following four statements are equivalent: 


(a) S(-)u is continuously differentiable in t>0 for alluce E. 
(b) S(-)u is infinitely differentiable int >0 for allu€ E. 
(OS(DE SVG) (t= 0): 

(d) SOE C D(A®) =A 2, D(A") C= 9). 


n=1 


Proof. It is plain that (b) implies (a) and (d) implies (c). We show 
that (c) implies (d). If t > 0, we have S(t)u = S(t/2)S(t/2)u; since A and S 
commute, AS(t)u = S(t/2)AS(t/2)u © D(A) and thus S(t)u © D(A’). The 
general statement is obtained on the basis of the identity S(7) = S(t/n)". 

We show next the implication (a)=(c). Let 0<a<B<oo and 
consider the operator 


u— (S(t)u)’=5u 


from E into the space C = C(a, B; E) of all continuous £-valued functions 
f(-) defined in a<t<f, endowed with the supremum norm. Assume 


174 Abstract Parabolic Equations: Applications to Second Order Parabolic Equations 


u, >uin E and 5u=(S(-)u,)’ > f(-) in C. Then 
S(t)u, — S(a)u, > [f(s) as fat ap.) 


so that letting n > 00, we obtain Su = (S(t)u)’ = f(t). This shows that 5 is 
closed, hence bounded because of the closed graph theorem. But if u © D(A), 
(S(t)u) = AS(t)u; thus A S(t) is bounded and it results from the closedness 
of A that S(t) C D(A) fora<t< 8. Since a and £ are arbitrary, (c) follows. 

We prove finally that (b) is a consequence of (d). To this end we 
observe that if u@ D(A%), then (S(t)u)’= AS(t)u=S(t)Au, which is 
again continuously differentiable; then (S(t)u)” = (S(t) Au) = S(t) A7u,..., 
and so on. It follows that S(-)u is infinitely differentiable; making use of (d) 
and writing S(t)=S(t—t,)S(t))u for t >t , we see that (b) holds. This 
ends the proof. 


We have proved as well the fact that AS(t)=S’(t) is a bounded 
operator and that ¢ > AS(t) is strongly continuous for t > 0. Clearly the 
same is true of A”S(t) = S(t — tp (AS(t) /m))”. We define 


y(t) =||AS(e) =11S'(OI (2 > 0). (4.1.2) 


Because of the strong continuity of AS(-) and of the uniform boundedness 
theorem, y is bounded on compacts of t > 0. The same is true of 


Y(t) =A"S(t)=[S(A)I| (> 0) 
for any m>1. If 0<a<t<t’)<B<o, 
SO(z?)u— SO) uly < SO" Y(s) ull ds < C(t" thal 
t 


where C only depends on a, £ so that t > S(t) is continuous in t > 0 as a 
(E£)-valued function. Since, on the other hand, we have 


S(t) — S(t) = f'S*P(s) ds 
t 


(as can be seen applying the operators on both sides to an arbitrary element 
u & E), the following result is immediate. 


4.1.2 Corollary. Let A&C”. Then t > S(t) €(E) is infinitely dif- 
ferentiable in t> 0 and S°™(t) = A™S(t) (t > 0). 


We examine more closely the growth properties of the function y. In 
view of the inequality || AS(t)|| < || AS(tq)| ||S(¢ — t9)||, we see that 


UVSC er at) (4.1.3) 


if A© C,(w). In contrast, y may grow arbitrarily fast when ¢ > 0. 
The following result provides a complete characterization of the class 


Cee 
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4.1.3 Theorem. Let AE C,. Assume that for every a> 0 there exists 
B = B(a) > 0 such that p(A) contains the region 


Q(a, B) = {rA; RedA > B — alog|A}} (4.1.4) 
and 
IRA) CAI" (A €Q(a, B)) (4.1.5) 


where m is an integer independent of a. Then A © ©”. Conversely, let AGC”. 
Then for every a there exists B such that Q(a, B) C p(A) and 


IRIAN < CIA] (AE Q(a,B)). (4.1.6) 
Theorem 4.1.3 is a particular case of the much more general Theorem 


8.5.1, thus we omit the proof (see also Figure 8.5.1 for a region (a, £)). 


Several subclasses of C® characterized by the growth of the function 
y at the origin have been identified. 


4.1.4 Example. Assume y is integrable near zero. Then A is bounded. 
In fact, we have 


co 


IT AR(A)| <f eMy(t) dt 


for A large enough; for A ~ oo the right-hand side tends to zero and the 
result follows in the same way as Lemma 2.3.5. 


An extremely important subclass of C* (whose characterization will 
be completed in the next section) is the class @ of all A € C® such that 
y(t) =0(t7') ast > 0. (4.1.7) 
It is a remarkable consequence of (4.1.7) that S, which is only assumed to be 
differentiable, admits in fact an extension to part of the complex plane as an 
analytic function. To simplify the statement of this result (which will be 
proved later in this section), we introduce some notations. 
Let 0<q<z7/2. An operator A&C, is said to belong to @(¢) if S 
can be extended to a (E)-valued function S$({) defined and analytic in 
{f; args] <p, +0}=2,(9) 
(here we take arg in (— 7, 7]) and strongly continuous in 
(f; |arg$| <p} ==(¢). 
We note that the strong continuity assumption simply reduces to 


lim S(§)u=u. 
jargs|<9,5>0 


It is easy to see by means of standard analytic continuation arguments that 
the semigroup equation (2.1.2) holds in =(q@), that is, 


S(z+f)=S(z)S(S) (z,5€2()). (4.1.8) 
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In fact, if (2.1.2) holds for s,r> 0, it will hold for s>0, = =2,(q) (both 
sides of (4.1.8) are an analytic continuation to 2 ,(@) of t > S(s)S(t)) and 
a similar argument takes care of the variable s. 

It is a consequence of the uniform boundedness theorem that ||S(¢)| 
is bounded in, say, |arg§|<, |§|<a. A reasoning based in this and on 
(4.1.8) and entirely similar to the one leading to (2.1.3) shows that 


IS(G< cers! (FE X(g)) (4.1.9) 


for some constants C, w (not necessarily the same in (2.1.3)). 
For 0 <q < 7/2 we define 


@(p-)= U @(¢’). 


0<9’<@ 
A real variable characterization of the classes @(q@ —) is made explicit in the 
following result. 
4.1.5 Theorem. Let C>1/e. Assume Ae C® and 
| AS(t)|| < Cro! (4.1.10) 


for t near zero. Then 
Ae@ (yp “a ye 


where p= arcsin(Ce)~'. Conversely, let AE @(p—). Then AEC” and 
(4.1.10) holds near zero. 

Let @ be the class of all A € C® satisfying (4.1.10) near zero. Then 
Theorem 4.1.5 can be restated in the single equality 


@= U @(e-)= U (9). 


0<p<n/2 0<p<2/2 
Proof. Assume A€@ so that (4.1.10) holds for 0<t<6>0. We 
have 
IS (2) = A"S()I 
=|\(AS(t/n))"\|<(Cn/t)"” (n>t/8,0<1t<oo). 
(4.1.11) 


Accordingly, given ¢ > 0, the coefficients of the power series 


oe = BaD sony) (4.1.12) 


n=0 


(except perhaps for a finite number), are bounded in the norm of (E) by 


mires ee) (n>00) (4.1.13) 


by virtue of Stirling’s formula. Then the series (4.1.12) is actually convergent 
in the disk |{—7|<+t/Ce and defines there a (E)-valued holomorphic 
extension of S. Carrying out this construction for all t > 0 and showing in 
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t/Ce = tsing 


FIGURE 4.1.1 


the usual way that extensions to overlapping disks coincide in their intersec- 
tion, we see that S can be analytically extended to the open sector 


= (~p—) = {5 larg s| <q =arcsin(Ce) |; f+0}s 


Let 0<q’<g, §€2,(q’), |§|<dcosg’, mp” =args so that t= |f| /cos yp” 
< |¢| /cos g’ < 6 and (4.1.10) holds. We have 


oo SS FANe (PCG; n ie) Cnsi WEN 
Isi<q+ © ES) c+ y Cone 


n=\1 n=1 


t = |¢|/cos ¢"’ 


FIGURE 4.1.2 
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An estimate of the same sort can be obtained in |¢| < a for arbitrary a using 
the semigroup equation (4.1.8). 
We prove now strong continuity of S. Since ||.S(¢)|| is bounded in 
> ,(qg’) for |&| bounded, we only need to show continuity for, say, u © D(A). 
We note first that if uw € D(A), then 
S(S)u=S(S)Au ($E2,(g)). (4.1.15) 


In fact, this is clearly the case for §=t>0 and follows for § = 2,(@) by 
analytic continuation. Together with (4.1.14), this implies that ||S’(¢)u|| is 
bounded in = , (q’) for § bounded. We write 
S(S)u-u=(S(S)-S(S|))ut S(S)Ju-u (ue D(A)). (4.1.16) 
We have 
W(S(8)—SOS1)) alls f 18°C) de < CS — [$1 | Il 


in view of the boundedness of ||S’({)u||. We obtain 


[IS(S) = ull < CE = [S| [Mull FSCS) a — ull, 
which, in view of the strong continuity of S(t) for ¢ real implies the desired 
result. 
We prove now the converse. Assume that A] @(qm—) for some 
g > 0. Then, if y’ < » we have 


AS(t) =S’(2) 


= | SS (4.1.17) 


- ati |z—t| = ¢sing’ z —_— fam 


from which (4.1.10) readily follows. 


4.1.6 Remark. Making use of the argument at the end of the proof of 
Theorem 4.1.5 we can prove that 


WAS) C/IS| (S]2.(9'), [S| <a) (4.1.18) 


if a> 0, p’ < g (the constant C, of course, will depend on 9’ and a). In fact, 
we only have to apply Cauchy’s formula (4.1.17) for t = § € = , (q’) integrat- 
ing over circles |z — {| = |{| sinn, where  < y — q’. (See Figure 4.1.3). 

4.1.7 Remark. Although we may allow the parameter in the definition 


of @(@) to roam in the range 0 < p <7, it should be pointed out that the 
class @() becomes trivial when g > 7/2; precisely, 


Q(p)=(E) (p>7/2). (4.1.19) 


In fact, let S(¢) be analytic in a region 2 ,(@) with y > 7/2. Making use of 
the semigroup equation (4.1.8) we can write 


S(e)=S(e+i)S(e-i) (e>0). 


If we lete> 0, S(e+i) > S(i), S(e— i) > S(— i) in (E) so that S(e) > J in 
(E). This shows, using Lemma 2.3.5, that A is bounded,. thus proving 
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FIGURE 4.1.3 


that equality (4.1.19) holds. 
Using the argument in Theorem 4.1.5 we easily obtain: 


4.1.8 Theorem. Assume A&C and 


I 
lim sup ¢|| AS(1)|| < > = 0.367... (4.1.20) 


C0: 


Then A is bounded. The constant 1\/e in (4.1.20) is best possible. 


That 1/e is the best possible constant is seen as follows: let /? be the 
Hilbert space of all sequences € = (€,, &,...}, n=), ,---}--- 
(é,, 1, €C) such that =|£,,|? <0o endowed with the scalar product (£, ) = 
én, and let A be the self-adjoint operator defined by Aé = {— né,,). Then 
AEC® with S(t)E = {e E,) and limsup ¢|| AS(t)]| = 1 /e. 


4.1.9 Example. Let 4@ CC®. Then A is bounded. 


4.1.10 Example. Let 4 € ©”. The assumption that || A.S(-)u|| is integrable 
near zero for every u € E does not imply that A is bounded (compare with 
Example 4.1.4). This can be verified with the same operator in Example 
2.4.7, this time in the Banach space of all sequences € = (&,, €,,...} such that 
||| = 2|&,,| < 00, endowed with the norm ||-||. 


4.2. ABSTRACT PARABOLIC EQUATIONS; 
ANALYTIC PROPAGATORS 


We give in this section a complete characterization of operators in the class 
@ in terms of the location of p(A) and the growth of ||R(A)|| there. This 
characterization turns out to be fairly simple to apply, involving only the 
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verification of a single inequality for || R(A)|| in contrast to the infinite set of 
inequalities (2.1.11) that appear in connection with the class C,. 
Extending our definition in the previous section, we set, for « real, 


D(p, a) ={A; |arg(A — @)| <p, A * a) 

= (¢ e , a) > {r; |arg(A . a)| <@, A + a}. 
4.2.1 Theorem. Let A be a densely defined operator in E, and let 
0<p<z7/2. (a) If A] @(q) then there exists a real number a such that 


> (p+ 7/2, a) € p(A) for each o' (0 < gy’ < @) and there exists C = C,, such 
that 


IRIS poy (4.2.1) 


a| 
forX €X,(g’+ 7/2, a). (b) Conversely, assume that 2 ,(p + 7/2, a) € p(A) 
and that (4.2.1) holds forX © 3 ,(p + 7/2, a). Then AE @(p—). 


Proof. Let A€ @(q). If w is the constant in (4.1.9), let a= w/cos 
and A, = A-al, so that S,({) = S(§; A,) =e “S(£). Since Ref > cos y§| 
in =(q@), we have 

SCS I Ce S882 een oC (ie Co). (4.2.2) 
Hence 
R(A)u=R(A-a; A,)u 


=[oe Araig(t)udt (uEE) (4.2.3) 
0 


for Re(A — a) > 0. If Re(A — a)e'? > 0 as well, we can deform the path of 
integration in (4.2.3) into the ray P_ = {{; arg’ =—q, Ref >0)} and thus 
extend analytically R(A) to the half plane Re(A — a)e’? > 0. Likewise, if 
Re(A —a)>0 and Re(A — a)e~'? > 0, we can integrate in the ray T, = 
{f; arg § =, Ref > 0} and extend R(A) to the half plane Re(A — a)e‘? > 0. 
That these extensions are in fact R(A) in the new regions follows from 
Lemma 3.6. We have then proved that R(A) exists in 2,(m + 7/2, a). We 
estimate now ||R(A)||. If Re(A — a)e'? > 0, we obtain, bounding the integral 
intl ..cthat 


IRCA) SC exp(—(Re(A—a)e'*)1) de 


=C/Re(A—a)e'’® (Re(A—a)e”>0). (4.2.4) 
Similarly, if Re(A — a)e~'? > 0, we integrate in T.,, obtaining 
IRA )I| < C/Re(A—a)e"? (Re(A—a)e"?>0). (4.2.5) 
Inequality (4.2.1) then results from the easily verified estimates 
|A — a| <Re(A — a)e'®/sin(@ — g’) 
(—(9’+ 7/2) <arg(A—a) <0) (4.2.6) 
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Re (A — a)e-¥ > 0 


FIGURE 4.2.1 


and 
|A — a| <Re(A —a)e ‘%/sin(g — g’) 
(0 <arg(A—a)<g’+7/2) (4.2.7) 


valid if p — g’ < 7/2— 4. (The constants in (4.2.1) and (4.2.2) are of course 
different; the same observation applies to subsequent estimates.) 


a 


FIGURE 4.2.2 


We prove now the converse. Suppose that R(A) exists in 
= (py + 7/2, a) and let (4.2.1) hold. By means of a translation of A similar 
to the one used in the first part of the proof, we may and will assume that 
a<0. Let 0<q,, 9, <¢ and let ['(p,, 9.) be the contour consisting of the 
two rays argA =q,+7/2, ImA>0, and argA = —(9, + 7/2), ImA <0, 
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X(e + 1/2, a) 


T(¢1,¢2) 
FIGURE 4.2.3 


the entire contour oriented clockwise with respect to the right half plane. 
Define 


a ble Mt > 4 
S(t) rl Mi R(X) dd (t>0). (4.2.8) 
Since |exp(At)| = exp(—sing,|A|t) in the upper part of the contour and a 
similar equality holds in the lower half plane, it is clear that the integral in 
(4.2.8) converges for all t > 0 and defines there an infinitely differentiable 
(£)-valued function S(t) in t > 0; moreover, S(t) does not depend on q, or 
y, as a simple deformation-of-contour argument shows. We prove next that 
S can be analytically extended to the sector = ,(q’) for every y’ < g. To this 
end, take t={ with 0 < arg{<q’<p and use in the integral (4.2.8) the 
contour ['(@ — g’, py). Then we have 


|exp(A$)| = exp(— |A| [S| sin(p — y’ + arg¢)) 
< exp(— |A| |f| sin(e — @’)) 
on the upper half of the contour, whereas on the lower, 
|exp(AS)| = exp(—|A| |$| sin(@ — arg f)) 
< exp(—|A| |$| sin(y — g’)). 
This shows that S, as defined by (4.2.8), can be extended to the intersection 
of 2,(’) with the upper half plane. A similar reasoning takes care of the 


lower half plane and a simple estimation of the integral (4.2.8) with 
judicious choice of the contour shows that 


IS(HI<C (SEz,(g’); [§| > a) (4.2.9) 


for any a> 0, where C may depend on a. However, when ¢ > 0, the factor 
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exp(A¢) in the integral (4.2.8) dissolves away and we need to bound in a 
different way. To do this, we take first § with 0 < arg{ <q’, § +0, and use 
the contour I'(g — q’,~) in the integral in (4.2.8). After this we make the 
change of variables z = Xf, obtaining 


] e* Z 
S(¢) ==> ER =) ae, ' 4.2.10 

sins lees ¢ ali 
where of course (l'(y — 9’,p) =I'(y — op’ + args, p —argé). We can now 
deform the contour to, say, [(@, » — @’) and modify this contour in such a 
way that z passes to the right of the origin as it travels upwards. Call I’ the 
contour thus obtained. 


Z(e + 1/2, a) 


FIGURE 4.2.4 


We make use of (4.2.1) to estimate the integrand in (4.2.10); there 
exist a,C’> 0 such that if |{| <a, 
one 


(=) g 


(note that if z€I’ and 0<arg$ <q’, then z{~'€2,(p+7/2,a)). We 
obtain 


5 


7, 


Zz 


| 
<C <C’ | (2eP (4.2.11) 


isons cf | EI tae. (4.2.12) 


A symmetric argument takes care of the range — y’ < arg{ <0; we finally 
deduce that 


ISIS, (FE Z(9'), [61 <a) (4.2.13) 
We show next that S is strongly continuous at the origin, that is, 
lim S({)u=u (ueE£) (4.2.14) 


jargé|<9’,|f| 70 
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for every »’ <q. In view of (4.2.13) we only have to prove this for u in a 
dense subset of E, say, in D(A). As customary we treat separately the cases 
0<arg{<q’ and —’<arg{ <0. In the first case we use the contour 
I'(~— q’,@) modified near the origin in the same way as I” (we call I” 
again the resulting contour). Making use of the equality R(A)u= 
A 'R(A)Au + A 'w in the integral (4.2.8), we obtain 


S(s)u= 55 f eMR(A)uan 


] ers 
[ RO) Auda + 


f ers 
Veet E ae IN dn} 
The first integral is continuous in 2(q’) and vanishes at {=0, as can be 
seen making use of (4.2.1). The second one can be readily computed by 
residues and evaluates to 1. This shows that (4.2.14) holds. 
We have proved, in particular, that S(-) is strongly continuous in 
t > 0 and it follows from (4.2.13) that 


IS(t)II<C (¢>0). 


To show that A4€C,, we use now Lemma 2.2.3. Let 0<q’<g, T= 
T'(¢’, 9’). If w> 0 and u& E, we have 


[rems(syude= [em 5 [eMR(A)udr | dt 


271 
1 ee) 
oe —(w—A)jt 
Sails et dt) R(A)udd 
Sa OES pian 
271 rA ( Ju 
= R()u, (4.2.15) 


where the interchange of the order of integration can be easily justified 
estimating the integrand, and the last step is an application of Cauchy’s 
formula in the region to the right of I’, which is clearly valid in view of 
(4.2.1). This ends the proof of Theorem 4.2.1. 


Theorem 4.2.1 can of course be cast in the form of an equivalence. 


4.2.2 Theorem. Let A be a densely defined operator in E,0 << 
m/2. Then AE Y(y—) if and only if for every y'<@ there exists a real 
number a=a(q’) such that X(~’+7/2,a)C p(A) and (4.2.1) holds for 
A€2,(9'+ 7/2, a), with C=C,,. 


The next result shows that an inequality of the type of (4.2.1) need 
only be assumed in a half plane. A similar argument shows that @(g —) 
may be replaced by @(q) in part (b) of Theorem 2.4.1. 
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4.2.3 Lemma. Let A be a densely defined operator in E. Assume 
that R(X) exists in ReX > a and 


Cc 
(ECS peer 


aa (4.2.16) 


there. Then A _ satisfies the hypotheses of Theorem 4.2.1 for p< = 
arcsin(1/C). 


Proof. It follows from (4.2.16) that ||R(A)|| remains bounded as 
ReA — a as long as |A —a| does not approach zero. Then R(A) exists if 
ReA =a, \ + a. We develop R(A) in Taylor series about a+ in, |n| > 0: 


R(A)= ¥ (@+in—X)"R(a+in)” (4.2.17) 
n=0 


In view of (4.2.16), the series is convergent in the region 
|A—(a+in)| <1/C. (4.2.18) 


The union of all circles defined by (4.2.18) with the half plane ReA >a 
evidently coincides with 2 , ((@) + 7/2)—, a). Take now 9 < gp, C’=1/sing. 
If \€2,(p+7/2,a) and ReA <a, ImA > 0, let n= |A — a|/cosg. Then 
|A —(a+in)| <(sing)n = C’~'n and we can estimate the series (4.2.17) as 


n = |X — al/cos ¢ 


FIGURE 4.2.5 
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follows: 
Cases Gy Nes Cae at ‘ 
IRA <= Vic 
er 1 
Gee: Coe eet CO COne 1] 
at oe hs ese = See 4.2.19 
<7 zc) Go hal a aera 


A symmetric argument takes care of the case ImA < 0. 


The following result, which is a generalization of (half of) Theorem 
3.1.8, will be useful in the characterization of operators in the class 


GivezOr)): 


4.2.4 Theorem. Let A be a densely defined operator in E, 
@: D(A) > E* a duality map. Define 


3 = 38(06; A) 
={AEC;A=(A(u), Au); we D(A), u +0} (4.2.20) 
and let r = r(6; A) be the complement of 3. Then: 
Dain, 
\lu|| <dist(A, 3) '||Au— Aul| (we@D(A)). (4.2.21) 


(b) If A is closed, (AI — A) D(A) is closed forX € vr. 
(c) Assume that X) € r is such that 


(A, f— A) D(A) =E. (4:29) 
Then x (Xo), the connected component of x that contains Xo 
satisfies 
r(Ag) ¢ p( A) (4.2.23) 
and 


R(A)I| <dist(A,3)>' (Aer(A,)). (4.2.24) 


Proof. Clearly we only have to prove (4.2.21) for ||u|| =1. If Aer, 
we have 


0 <dist(A,3)<|A—(A(u), Au)| 
=|{8(u), Au — Au)| <||8(u)I| [Au — Aul| 
= ||Au— Aull, 
which proves (a). It is plain that (b) is an immediate consequence of (a). To 
prove (c), we only have to show that r(A,)Mp(A) is both open and closed 


in r. That r(Ag)% (A) is open in r is evident. Let {A,,} be a sequence in 
t(A 9)M p(A) such that A, > A € r. Then there exists 5 > 0 with 


dist(A,,,3) >6 
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for n large enough. This shows, in view of (4.2.21) that ||R(A,,)|| < 67 |. By 
virtue of Lemma 3.5, A © p(A). This ends the proof, since (4.2.24) is an 
immediate consequence of (4.2.21). 
4.2.5 Corollary. Let A be a densely defined operator in E such that 
Re(0(u), Au) < — 6|Im(A(u), Au)| (ue D(A)), (4.2.25) 
where 0: D(A) > E* is a duality map and § > 0. Assume, moreover, that 
(AI-— A)D(A)=E (4.2.26) 
for some X > 0. Then A € @(g~ —)NC, (1,0), where p = arctg 6. In particular, 
if (4.2.26) holds and Im(6(u), Au) = 0, 
(0(u), Au) <0 (ue D(A)), (4.2.27) 
then A € @((17/2)—)NC, (1,0). 
Proof. Inequality (4.2.25) clearly implies that r(6@, A) contains the 


sector 2,((p+7/2)—) with p=arctgd. We obtain immediately from 


(4.2.24) that | 
|R(A)I| < 1/Re Ae” 


in Rede’? > 0; likewise, if ReAe~'? > 0, 

| R(A)I|| < 1/Redre7'? 
and the proof ends exactly like the first part of the proof of Theorem 4.2.1 
by using inequalities (4.2.6) and (4.2.7). 


We note that, under the hypotheses of Corollary 4.2.5, we can obtain 
very precise estimates for ||S(¢)|| in the entire sector 2 ,(q). In fact, using 
(4.2.25) we deduce that 

Re(6(u), e'YAu) = (cosy )Re{(u), Au) —(siny) Im(@(u), Au) <0 
(4.2.28) 
if |tg /| < 6. Accordingly, the operator e’“A is dissipative if || < py = arctg 6. 
Since e’“A generates the strongly continuous semigroup ¢ > S(e'¥t) (1 > 0), 
we obtain from Theorem 3.1.8 that 
IS()I<1 (largs| <@). (4.2.29) 
We also note that the argument leading to (4.2.29) implies in particular that 
S(-) has a strongly continuous extension to the closed sector 2(¢). 


4.3. APPLICATIONS TO ORDINARY 
DIFFERENTIAL OPERATORS 


We examine the differential operators 

A( Bo, B;) u(x) = a(x)u"(x)+ b(x)u'(x)+e(x)u(x) (4.3.1) 
in a finite interval 0 < x </ in the light of the previous results on the class 
@. As in Section 3.4, our standing assumptions are that a is twice continu- 
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ously differentiable, b is continuously differentiable, and c is continuous in 
0 <x <l/. The boundary conditions at each endpoint are of type (I) or (II) 
(see (3.4.1) and (3.4.2)). Also, we assume that 

Ox.) a Onh( Orm oh) (4.3.2) 
The domain of A( Bp, B,) in L?(0,/) (1 < p < 0) consists of all ue W*?(0, /) 
that satisfy the boundary condition at each endpoint: in the space C(O, /] 
(Co, C;, Co, depending on the boundary conditions used), D(A( Bo, B,)) is 
the set of all u@C™(0, /] satisfying the given boundary condition at each 
endpoint with A(8,, B,)u in the space. When several spaces are at play, we 
indicate by A,( Bo, B,) the operator in L? and by A( Bo, B,) the operator in C 
or subspaces thereof. 


4.3.1 Theorem. The operator A (Bo, B;) (1< p<oo) belongs to 
@(y, —), where 


7 1/2 
g, = arcte|(=25) His : (4.3.3) 

For every p with 0 < 9 <q,, there exists w = w( p,p) such that 
IS, Oiler’! (largs| <q), (4.3.4) 


where Si) = exp(SA ,( Bo, B,)). 


Proof. The result is a consequence of Corollary 4.2.5. To check this 
we denote by @ the only duality map in L” and perform an integration by 
parts similar to that in (3.4.6). Assume for the moment that p > 2, that both 
boundary conditions are of type (I), and take wu twice continuously differen- 
tiable and satisfying the boundary conditions. For any 6 we obtain 


lull? *(Reca(u), A, (Bo, B))u) + dIm(6(u), A,( Bo, B,) uy) 
=Re f ((au’) + (b —a’)u'+cu)|u\|?~?adx 


+ 1m ((au’y +(b —a’)u' + cu)\ul?~2itdx 
= { na(i)= 5 (a'()- 6(1)) | eI 
= { v04(0)— 5 (a(0)— (0) luo? 
—(p-2) f alul?*(Re(au’))? ae 
BSC p =2) f'alul?*Re( au’) Imi’ de 
~ Prater |u Pax + sf (b —a’)\u\?~*Im( itu’) dx 


l ! iad / 
+ BAe: — b’+ pc) |u|? dx. (4:35) 
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We transform the sum of the first three integrals on the right-hand side 
using the following result: given a real constant a> — 1, 


|z|? + a((Rez)’ + (Rez)(Imz)) >0 (4.3.6) 
for every z € C if and only if 
2 
Tot). (4.3.7) 


To prove this we begin by observing that (4.3.6) is homogeneous in z, thus 
we may assume that z = e'?, reducing the inequality to the trigonometric 
relation 1+ a(cos* p + dcospsing) > 0, or, equivalently (setting » =2¢), 
2+a(1+cosy + dsinw) > 0. Let a> 0. Since the minimum of the function 
g(v)=cosy + dsiny equals —(1+67)'/*, (4.3.6) will hold if and only if 
2— a((1+ 67)!” — 1) > 0, which is (4.3.7). 

On the other hand, the maximum of g is (1+ 87)!/7; if -l<a<0 
(4.3.6) will hold if and only if 2—|a|((1+ 6*)!”7 +1)>0, which is again 
(4.3.7). 

In view of the homogeneity of (4.3.6), it is obvious that if (4.3.7) is 
strict, there exists t > 0 (depending on 6) such that, for every z € C, 


|z|? +a((Rez)° + 8(Rez)(Imz)) > 7|z|. (4.3.8) 
We use (4.3.8) for z = uu’: 


—(p = 2) f alujr-*(Re(au’))* dx + 8(p = 2) f alul? *Re(au’)im( au’) dx 


— fajulr-2yu'|? dx = - fajul “fax, (4.3.9) 
0 
where 
f =|au’|? +(p —2){(Re(au’))” + 5Re(aw’)Im(izu’)} 
> 7\au'|? =7\ul7|u’|? (4.3.10) 


for some t > 0 if 
: 5 1/2 
o<a<((—25) =il , (4.3.11) 


We must now estimate the other terms on the right-hand side of 
(4.3.5). To this end, consider a real-valued continuously differentiable 
function p in 0<x</. Since (p|u|”)’=p’|u|? + pp|ul? *Re(au’), we ob- 
tain, for any e> 0, 


|e(7)|u(Z)I? — p(0)|u(O)I?| 


» =p) 
pe f DP AO ! / pe P 
< PE fipliur wae + flo + 25-10) lui? ds, (4.3.12) 
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where we have applied the inequality 
|u| ju’| =2(e7'|ul)(elu’|) <e?|u’|? +e? |ul?. (4.3.13) 
We use (4.3.12) for any p such that 


p(1) = na(I)— = (a1) (0). 


p(0) = Yoa(0)~ = (a'(0)—B(0)) (4.3.14) 


(we may take p linear) to estimate the first two terms on the right-hand side 
of (4.3.5); for the fourth integral we use the inequality (4.3.13), in both cases 
with e sufficiently smail (in function of the constant 7 in (4.3.10)). We can 
then bound the right-hand side of (4.3.5) by an expression of the type 


! 2 rhe t 
—ef ul? \u’| dx + w f \ul? dx 
0) 0) 


where w = w(5) and c= c(d) > 0. Upon dividing by ||u||?~* we obtain 
Re(0(u), A, (By, B,)u) < + 6Im(O(u), A, (By, B,)u) + o||u||7. 
(4.3.15) 


To extend (4.3.15) to any u © D(A, (Bp, B,)), we use an obvious approxima- 
tion argument. Inequality (4.3.15) is obtained in the same way when Bo, f, 
(or both) are of type (II). In the last case the use of the function p is of 
course unnecessary. 

When 1<p<2 we prove (4.3.15), say, for a polynomial satisfying the 
boundary conditions and take limits as before. See the comments in the proof of 
Lemma 3.2.2. 


Inequality (4.3.15) is none other than (4.2.25) for the operator 
A,(Bo, 8,)— oI, thus Corollary 4.2.5 applies. The estimate (4.3.4) is a direct 
consequence of (4.3.15); in fact, if p’< @, and |p| < g’, we have 


Re(6(u), eA, ( By; B,)u) = (cosp) Re(O(u), A, (By, B;) u) 
— (sing) Im(6(u), A,( Bo, Bu) 
<w(cos@)|lull> (ue D(A)) (4.3.16) 
so that e'?4,( By, B,)— wcos gl is dissipative. 


A careful examination of the result just obtained reveals that the 
restrictions on the domain of analyticity of S,(S) (which become progres- 
sively worse when p—1 or poo since », > 0 in those two cases) are 
actually restrictions on the validity of (4.3.4). 

This makes clear the limitations of any analysis of operators in @ 
based on Corollary 4.2.5; an operator A © @(@) such that S({) = exp(¢A) 
satisfies 

S(O) < cee! (FS X(e)) (4.3.17) 
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m/2 


Pp 


FIGURE 4.3.1 


but not (4.3.4) in any sector may slip past Corollary 4.2.5 in the same way 
an operator in C,(C,w) may fail to be detected by Theorem 3.1.8. These 
considerations are thrown into focus by the following 


4.3.2 Example. Let A= 4,(o, 8,), where the basic interval is 0 <x <7, 
Au=u", and both boundary conditions are of type (II). The operator 
S(£) = exp({A) can be explicitly computed by the separation-of-variables 
techniques in Sections 1.1 and 1.3: if u~ 2a, sinnx, then 


loo) 
S({)u= ¥ e-”Sa, sin nx 
n=1 


x (40g) 7 f~ e-8)7/Aby(£) dé, (4.3.18) 


where in the last formula u has been continued to — co < x <oo in such a 
way that the extended function is odd about = 0 and = a. It is plain that 
if Ref>0, the operator S({) is bounded in L?(0,7), 1< p<oo and in 
Co, ,[0, 7]. We estimate its norm in the latter space: 


IS(S)ulle < (4mls1)7{ fe PRH48" ae al 


= (|f|/Res)'*|Jullc (4.3.19) 
IS(S)I< (S| /Res)'”. (4.3.20) 


A corresponding bound in L?” can be obtained by interpolation. But an 
estimate of the type of (4.3.4) will not hold in any sector |p| < g, if E = L' 
or if E =C. This follows from the next example and a simple interpolation 
argument. 

It is of some interest to ask whether the angle », in Theorem 4.3.1 is 
the best (i.e., the largest) such that (4.3.4) holds for every p < g,. This is in 
fact the case. 


so that 


4.3.3 Example. Let 1 < p<oo, A,(Bo, B,) a general differential operator. 
Then, if |p| > ,, the operator e’*A, (Bo, B,)— w is not dissipative for any 
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w, so that (4.3.4) does not hold for any such @ even though it may be the 
case that A€ @(g’) with g’>g,. We sketch the proof for the boundary 
conditions u’(0) = u’(/) = 0. Assume that 


> ((525)-1) - 


Then we can find a complex number z of modulus | such that 
Iz|? +(p —2)((Rez) — 8(Rez)(Imz))=—p<0. (4.3.21) 


Let » be a smooth real-valued function such that 7(0)=7’(/)=0. 


Then u(x) = exp(zn(x)) © D(A,(Bo, 8;)) and we have ux )ul x)= 
zn (x)exp(2(Rez)n(x))} = zP(x) with y real. Accordingly, if f is the func- 
tion in (4.3.10), 


fas rlel waa 
Estimating the other terms in the same way as in Theorem 4.3.1, we obtain 
the inequality 


Re(9(u), A,( Bo, B,)u) — dIm(4(u), 4,( Bo, B,) u) 
> eljull?-? ful??? dx = Cljull?, (4.3.22) 


where c> 0. If (4.3.15) holds for some w, we deduce that there exists a 
constant C’ such that 


! —2 12 , ! 
fier Tle: bea flu ax, 
) ) 


an inequality that can be easily disproved. 


Theorem 4.3.1 can be used to obtain sharp bounds on the norm of 
certain multiplier operators. For instance, let / = 7, Au =u", B,, 8, boundary 
conditions of type (1) with yy = y, = 0. Then S(¢) = exp({A ,( Bo, B,)) is given 
by 


S(g)u= Y e-" Sa, cos nx 
n=0 
for u~ Za,cosnx. Consider S(f) in the space L?, 1< p<oo. Since 
S({)cos x = cos x, ||S({)|| >1. Examining (4.3.5), taking into account that 
a1, b=c=0, and making use of (4.3.6) and (4.3.9), we see that 
e'?A ,( Bo, ,) is dissipative if |p| < @, So that 


ISC)l=1 if jargs|<g,. (4.3.23) 


On the other hand, it follows from Example 4.3.3 that the inequality does 
not extend to |arg¢| >, even in the weakened form (4.3.4). 


Since Theorem 4.3.1 does not provide any information on A, or A, 
we give later a sort of substitute that falls short of proving that these 
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operators belong to @ (Theorem 4.3.5); this result hinges upon the case 
p=2, where the sector of analyticity in Theorem 4.3.1 is optimal (see 
Remark 4.1.7). As a preliminary step we prove that A, and 4 €C,, which 
was only shown in Section 3.4 under dissipativity assumptions on the 
boundary conditions. 


4.3.4 Theorem. (a) The operator A,( Bo, B,) belongs to C,, in L'(0, 1). 
(b) The operator A( Bo, B,) belongs to C, in C[0,1] (Cy, C), Cy , depending on 
the boundary conditions used ). 


Proof. Assume for the moment that both boundary conditions are 
of type (1). If the dissipativity conditions (3.4.8) are not satisfied for p =1 
there is obviously no hope to prove that A,( Bp, 8,)— w/ is dissipative for 
any w since they are necessary for dissipativity of any operator, A( Bp, B,) 
using these boundary conditions in L'. The same comment applies to 
conditions (3.4.5) in C. However, a renorming of the space will remove this 
obstacle. 

Let 1< p<oo, p a continuous positive function in 0 < x </. Con- 
sider the norm 


lull, = [fiu(xe(x)? ax) (4.3.24) 


in L?(0,/). Clearly ||-||, is equivalent to the original norm of L”; we write 
L?(0,/), to indicate that L? is equipped with ||-||, rather than with its 
original norm. The dual space L?(0,/)*% can be identified with Le (0-1); 


p’ '+p !=1, endowed with its usual norm, an element u* € L? (0, /) acting 
on L?(0,/), through the formula 
l 
(u*,u), = [wrup dx. (4.3.25) 
0 


If p>1, there exists only one duality map 6,: L? > L? given by 6,(u) = 
6(pu), 9 the duality map corresponding to the case p=1 (see Example 
3.1.6). For p=1 the duality set of an element u € L'(0, /), coincides with 
the duality set of up as an element of L'(0,/) (see again Example 3.1.6). We 
take now wu twice continuously differentiable and perform the customary 
integrations by parts, assuming that p is twice continuously differentiable as 
well: 


\|up||?- 7 Re, (u), Ax((By; B,)uy, 
= ||up||? *Re¢p8(pu), A,( Bo, B,)u) 


=Re f'((au’)' + (b —a’)u'+cu)|u\? *iup? dx 
0 


= { wa(t)— 5 (a"(1)~B(0)) jlo)” 
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~ { ¥a(0)=4 (a'(0)~(0))} u( 0 %0(0)” 
—(p~2) fralulr*(Re(au’))’ 9? dx 

2 Iu! |?p? dx — “alain e( iu’) p?~ |p’ dx 
~ [alu ?|u'I'p? d p fajul?*Re( au’)? 


/ 
- a ee pe)|ul?p? dx + f(a’ b)Iul’p?'p' dx 
0 


= {a ole ) aes (a1) a(1)) iu Do” 


{{v0- eae (0)- = (a (0)—6(0))ju(0)"0(0) 


Gp ~2) f'alul?*(Re(au’))'p? dx 


/ 
— foalulr-?|w' |p? ax 
10) 


1 
+ f'{(apr'p'y + Fa b’+ pc)p? +(a’— b)p?-'p'b|ul? dr. 


(4.3.26) 


Since p’(0) and p’(/) can be chosen at will, we do so in such a way 
that the quantities between curly brackets in the first two terms on the 
right-hand side of (4.3.26) are nonpositive, say, for 1< p <2. As the first 
two integrals together contribute a nonpositive amount, we can bound 
(4.3.26) by an expression of the form w’'l|u||? < w||u||?, where w does not 
depend on p. Consider now the space L!(0, / ),- Again under the identifica- 
tion (4.3.25), the duality set ©, (uw) of an element u consists of all u* < L*(0, /) 
with u*(x)=|lull, heme einer. where u(x)+#0 and 
|u*(x)| <|lull, elsewhere. We can then take limits in (4.3.26) as p > 1 in the 
same way as in Lemma 3.2.2 and obtain an inequality of the form 


Re(u*, A,(Bo, B;)u), < < w||ul|; (4.3.27) 


in L'. The inequality is extended to arbitrary u € D(A,( By, B,)) by means of 
the usual approximation argument. Now that A,(B),8,)—w/ has been 
shown to be dissipative, m-dissipativity is established using Green functions 
as in the end of Section 3.4. The case where one (or both) of the boundary 
conditions are of type (II) is treated in an entirely similar way; naturally, the 
use of the weight function is unnecessary in the latter case. 

To prove a similar result for the operator A we renorm the space C 
or the corresponding subspace by means of 


lull, = max lu(x)lo(x), (4.3.28) 
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where p is a positive, twice continuously differentiable function in0 <x </. 
The use of the weight function p is again unnecessary when both boundary 
conditions are of type (II): we treat below in detail the case where By and B, 
are of type (1), the “mixed” case being essentially similar. Choose p in such 
a way that 


p’(0)+ yop(0)>0 (resp. p’(/)+ y,p(1) <0) (4.3.29) 


if Yo < 0 (resp. y, > 0). The dual of C[0,/] equipped with ||-||, can again be 
identified with Y[0, /], an element p € L[0, /] acting on functions u € C[0, /] 
through the formula 


(usu) = f'u(x)o(x)u(de). (4.3.30) 


Accordingly, the norm of a measure 4 ©» as an element of C* is still 
||| = {o|u|(dx) and the identification of the duality sets ©,(u) can be easily 
adapted from Section 3.1; ©,(u) consists of all «© with support in 
m,(u) = {x; |u(x)|e(x)| =||ul|,} and such that upp (or up) is a positive 
measure in m,(u) with ||p|| = ||u||,. The same comments apply of course to 
the spaces Cy,C;,Co ,, where the corresponding measures are required to 
vanish at 0, /, 0 and /. 

We now show that A(B, B,)— wl is m-dissipative for w large enough. 
Observe first that if w’(0)=y )u(0), u’(/)=y,u(/), then up satisfies the 
boundary conditions 


(up)'(0) = Y,,(up)(0), (up)()=y,,(up)(1), (4.3.31) 
where 
Yoo =%o + P'(0)p(0) '>0, ¥,,=yt+0'(J)o(1) <0. (4.3.32) 


An argument already employed in Section 3.3 shows that for any 
u€ D(A(Bo, B;)), u* 0 the set m,(u) does not contain either endpoint of 
the interval [0, /] if both yo ,, y;,, > 0, so that 


(|up|7)’(x) =0, (|up|?)"(x) <0 (xEm,(u)). (4.3.33) 


On the other hand, if either y), or y,, vanish, m,(u) may contain 
the corresponding endpoint but arguing again as in Section fe we see 
that (4.3.33) holds. Writing n=’, we have (lup|? Y= 2(u,u; i + uu) 
ur et 5) Hy  (lupl- yo = 2(a uy FP uzus)y + (ui? 4+ up) + 
A(u,ui + uu)’ +(up + uz)”. Hence, it follows from (4.3.33) that 


Re(uo!u’) = |jull?(u,ui + u.us) = — dul? (ue + 03) 07 | 
——— ty” sie (4.3.34) 
Re(u-!u’) = |u|"? (u,ui’ + uu) < —|lull-?(u? + u?) 


+||ul|-? (uz + 03)? m/? — Sllull-? (ut + uz) n'y” 
Salle iene ann (4.3.35) 
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in m,(u). Accordingly, if u € @,(u), we have 
Re(u, A(By,B))uy =f Re(w'A( By, B))u) oud 
m,(u) 


< w|lul|? (4.3.36) 


for some constant w, which shows that A(8,, B,)—w/ is dissipative. That 
(AI — A( Bo, B,))u=v has a solution u for all v is once again shown by 
means of Green functions. This ends the proof of Theorem 4.3.4. 


Theorem 4.3.1 only states that u(t)=S,(t)u, the solution (or gen- 
eralized solution) of u’(t)= A,(Bo, B,)u(t) can be extended to a function 
u(f) = S,(¢) “analytic in the L? mean.” However, more than this is true, 
since u(t, x) = u(t)(x) can be shown to be pointwise analytic. This result 
extends to p= 1. 


4.3.5 Theorem. Let uEG& L? (l< p<o). Then u(t, x)= 
(S,(t)u)(x), after eventual modification in an x-null set for each t, can be 
extended to a function u({, x) analytic in = ,(7/2—). Moreover, u(t, :)EC 
(Co, C,, Co, depending on the boundary conditions ) for all § € = ,(7/2—) and, 
for every yp with O < y < 1/2 and every € > 0 there exist constants C = C(q, €), 
w = w(g, €) such that 


IS, (C)ulle < Ce?! ul] (S S2(e), [Sl > 8), (4.3.37) 
where the norm on the right-hand side is the L? norm. 


Proof. Let p,q be such that l1< p<q<oo. Since A,(fy, 8,;) > 
A (Bo, B,) (both operators thought of as acting in 1%) we also have 
R(A; A, (Bo, B))) 2 R(A; Aj(Bo, B,)) and it follows from formula (2.1.27) 
that the same inclusion relation holds for the solution operators S,; pre- 
cisely, if u = L7(0,/), we have 


S,(t)u=S,(t)u (4.3.38) 
for t > 0. Consider now a function u in W':?(0,/) for some p > 1. We have 
u(x)—u(x’) = f w(é) de (4.3.39) 


for almost all x, x’, so that it follows from Hdlder’s inequality that, after 
eventual modification in a null set, uw is continuous in 0 < x </. Moreover, 
setting (say) x’= 0 in (4.3.39) we obtain an inequality of the form 


|u(x)| <|u(O) +017? lu‘ p>, 


where the expression on the right-hand side is easily seen to be a norm 
equivalent to the original norm of W':”. It follows that 


W'-?(0,/)cC[0, /] (4.3.40) 
with bounded inclusion. 
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We take now u€ L?(0,/) and JA sufficiently large. We have 
Z 
S,(t)u= R(A; A, (Bo, B)))(AL— A, (Bo, By) S(t) R(A5 4p (Bo, B,)) u 


an R(A; A, (By, B,) (AL — A,( Bo, By)) Sp (t) R(A; A, (By, By) 4, 
(4.3.41) 


the last equality justified by (4.3.40) and preceding considerations. In view 
of Theorem 4.3.1 for p = 2, S,(t) can be analytically extended to 2 ,(7/2—) 
and satisfies (4.3.4) there for any gm with 0<qg<~7/2. Noting that 


A,( Bo, B))?S2(S) = (A3( Bo, 8) S(K/2))? and using (4.1.18), we can show 
that for every » with 0<q<7a/2 and for each e>0 there exist C,w 
depending on @ and «¢ such that 


(AT A,( By, B,)) S(8)I <Cerlll (SEX(p), |f§|>e) (4.3.42) 
with C and w depending on @. Consider now D(A,(o, 8,)), which consists 
of all ue W'-?(0,/) that satisfy the boundary conditions at 0 and /. Since 
D(A,(o, B;)) is a Banach space both under the norm of W'? and under 
(the norm equivalent to) the graph norm |ju||’= (AZ — A,(Bo, B,))ul| and 
the first norm dominates the second (times a constant), it follows from the 
closed graph theorem that both are equivalent, so that, taking norms in 
(4.3.41) (or, rather, in its analytic extension to Ref > 0), we obtain from 
(4.3.40) that S,(¢) can be extended to a C[0,/]-valued analytic function in 
= ,(7/2—) and 


IS, ($) alle <CMAT ~ Ap (Bos Bi)) Sx(E) R(A; A, (Bo Br) ull 
<C’e*lIR(A; A, (Bo, By) ull 
<Ce*lSllul|, 
under the conditions claimed in Theorem 4.3.5. This ends the proof. 


As it may be expected, greater x-smoothness may be obtained if the 
coefficients of Ay are assumed smoother. An auxiliary estimate will be 
needed. 


4.3.6 Lemma. Let a(resp.b,c) be k +2 times (resp. k +1, k times) 
continuously differentiable in 0<x <I; let 1<p<o and X large enough. 
Then the only solution of 


(AI — A,( Bo, B,))u =f (4.3.43) 
in D(A(Bo, B,)) belongs to W***-?(0, 1) if f ©W* (0,1). Moreover, there 
exists a constant C = C, independent of f such that 

lull war22 < Cll fll yer. (4.3.44) 


Proof. For k=0 the result is of course a consequence of the 
identification of the domain of A,( fp, B,) in Section 3.4. Consider now the 
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case k=1. If u is an arbitrary solution (no boundary conditions) of the 
homogeneous equation au” + bu’+(c—A)u=0, then v =u’ satisfies av’ + 
bu’ +(c—A)vo=g=-—a'u” — b'u'— c'u (where g is continuous in 0 < x </) 
in the sense of distributions. It follows then essentially as in Lemma 3.2.5 
that v is twice continuously differentiable in 0 < x </, so that u€ C® (0, /]. 
Let now G(x, €) be the Green function of A( Bp, B,)— AJ, where A is large 
enough. Then we can write the solution of (4.3.43) in the form 


ae 


_MolS) ie u/(§) 
— u(x) Pel) 48-40) Saye 


(see Section 3.4 for the description of all the functions involved). We then 
have 


; ERG ies x uo(§) a 
w(x) =— ix) [ep lO) 48 Hol f eel 4. 


(4.3.45) 


Since both a,W are nonzero and continuously differentiable and uy, u,; € 
C® 0, /], it is clear that ue W*?(0,/) and that an inequality of the type of 
(4.3.44) holds.' The proof for k = 2,3,... is similar. 


To simplify the statement of the next result we assume infinite 
differentiability of the coefficients of Ag. 


4.3.7 Theorem. Let a,b,c be infinitely differentiable in 0<x <l. 
Then each generalized solution u(t, x)= u(t)(x)= (S,()uy(x) of u(t)= 
A,(Bo, B))u(t), 1< p<co (after eventual metuiran ere in an x-null set for 
Ee t) can be extended to a function u(§, x) infinitely differentiable in x and 
analytic in § for Ref >0; moreover, for every €>0, every positive p with 
yp < 1/2 and every integer k =0,1,... there exist C, w depending on e, p and k 
such that 


MCS, Mom <Ceellull ($e X(g), [S| >e), (4.3.46) 


where the norm on the right-hand side is the L? norm. A similar statement 
holds for solutions in C. 


Proof. We have already observed in the proof of Theorem 4.3.5 
that the W*? norm and the norm ||u||’=|(AZ— A p(Bo, B,))ul| are equiva- 
lent in D(A,(Bo,8,)) (A large enough). If u E D(A, (Bo, B,)*), then 
CN Tied Bes B,))u belongs to W?, and it follows from Lemma 4.3.6 that 


'Of course, that ue W*?(0,/) follows directly from Lemma 3.2.6. The present 
argument is used to establish (4.3.44). 
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uc W*? with 


lll war < CIAL — A, (Bo. B,)) ell yr 


<C'(AI— A, (By, B))) wll ze. 


An inductive argument then shows in the same fashion that 


Ill wre < Cy (AT ay A,(Bo; Sp tlie (4.3.47) 


Write A,( By, B,)/S(S) = (A, (Bp, B,)S(K//)).. Using (4.1.18) for [f|>°/j 
and (4.3.47), we deduce that ||u({,-)||,,2.» satisfies an estimate of the 
required form. The result then follows from the fact (consequence of (4.3.40) 
applied to higher derivatives) that W**'?(0,/) C C0, /] with bounded 
inclusion. 


4.3.8 Remark. If the operator A is written in variational form (2.2.35) all 
the results in this section (except for Lemma 4.3.6 and Theorem 4.3.7) can 
be proved under the only assumption that a, 6 are continuously differentia- 
ble; the assumption on c is the same. In Lemma 4.3.6 it is enough to assume 
that a,b are k +1 times continuously differentiable, c is k times continu- 
ously differentiable. 


4.3.9 Example. The results in Example 3.4.5 can be extended to the 
operators in the present section (i.e., the dissipativity assumptions on the 
boundary conditions can be lifted). 


4.4. SECOND ORDER PARTIAL 
DIFFERENTIAL OPERATORS. DISSIPATIVITY 


Throughout the rest of this chapter we shall study operators of the form 
Ayu= dd a,(x)D/D'u+ Yo b(x)Diutc(x)u (4.4.1) 
j=l k=l GA 


in a domain Q in Euclidean space R” with boundary I’. The coefficients will 
be assumed to be real and, for the time being, as differentiable as required 
in the various computations. Note that if the a,, are continuously differen- 
tiable in 2, we may write A, in divergence or variational form, 


A,u= y D!(a,(x)D*u)+ - b(x) Dut e(x)u, (4.4.2) 
=1k=1 j=l 


where 
m 


a k 
b= b=) Day. (4.4.3) 
k=1 
In this section and the next we shall use either of the two forms as 
convenience dictates. We may and will assume that the matrix @(x)= 
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{aj,(x)} is symmetric for all x, since we can always replace a,,(x) by 
3{aj,(x)+ a, (x)}, which does not modify the action of A, on functions. 

Before discussing the assignation of boundary conditions, we ex- 
amine in this section the behavior of A, applied to functions that vanish for 
large |x| and near the boundary of 2. To this end, we define D(A,) to be 
the space 1) (Q) of all twice continuously differentiable functions on Q 
with compact support contained in Q (recall that supp u, the support of w, is 
the closure of the set {x €Q; u(x)+0)}). We shall consider Ay in the 
complex spaces L?(Q), 1< p<oo and C,(Q), the space of all functions 
continuous in Q that tend to zero as |x| oo if Q is unbounded’; if Q is 
bounded, E = C(). 


4.4.1 Lemma. The operator A, is dissipative in C,(Q) (dissipative 
with respect to a duality map) if and only if 


G(x) 0, Leta a0. Cea). (4.4.4) 
where @(x) > 0 means the matrix @(x) is positive definite, 

Yas onts £pox inl Ge RZ). (4.4.5) 

J=lk=1 


The proof runs very much as in the one-dimensional case (Lemma 
3.2.1) thus we omit some details. Let ue D(A,), u+0, m(u)= 
{x €Q; |u(x)| =|lul]}. Since u(x)=0 for x €T and at infinity, m(u) is 
bounded and m(u) I =. Any element p in O(u) C ¥(Q) is supported by 
m(u) and u(x)u(dx) is a positive measure in m(u). Since |u|? attains its 
maximum in m(u), we must have 


4D/|u|? =u,D/u,+u,D/u,=0 (xem(u)) (4.4.6) 


for j = 1,2,...,m, (where u = u, + iu,), and the Hessian matrix C(x; |u|*) = 
{D/D*|u(x)|*} is negative definite (— JC is positive definite) for x € m(u). 
We note now that 


3D/D*\u\* = u,D/D*‘u, + u,D/D‘u, + Diu, D*u, + D/u,D‘u, 
while, for x € m(u) we have 
u~'D/D*u = ||ul|-?(u,D/D*u, + u,D/D‘ uy) 
+ iljul|~?(u, D/D*u, — u,D/D*u,) 
and 
u-'D/u = iljul|-*(u,D/u, — u,D/u,). 
It follows immediately that Re(u~'D/u)=0 and Re(u~'D/D‘y) = 


*Naturally D( Ao) = D(Q) is not dense in E=Cy(Q). This has no bearing on 
dissipativity. 
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\|u||"*(GD/D* |u|? — D/u,D*u, — D/u,D*u,); accordingly, 
Re(y, Agu) 


sak 


mu 


(Ilull ? a, ($D/D* |u|? — D/u,D‘u, — Diu,D*‘u,)+chudu <0 
) 


(4.4.7) 


in view of the hypotheses and of the following elementary result on linear 
algebra. 


4.4.2 Lemma. Let & = {aj}, ={hj,) be symmetric positive defi- 


nite m Xm matrices. Then 
m m 


Bye 0 (4.4.8) 
k=1 j=1 
Proof. Let % = {b,,} be an orthogonal matrix such that JC = B/D, 
where ’ indicates transpose and °) is a diagonal matrix; since the elements 
V,,---,¥,, n the diagonal are eigenvalues of they must be nonnegative. 


Clearly we have 
Dia a: LD 4545; iP; Bin: » 
which is obviously nonnegative. This ends the proof. 


To prove that both conditions (4.4.4) are necessary, let € be an 
arbitrary vector in R”, a a positive number, x, a point in Q. Since 
E@E= {E5§,) is a positive definite matrix we can find a real valued twice 
differentiable function with compact support contained in Q (that is, a 
function in D(A,)) having a single maximum at x, and such that 


u(x,9)=a, W(x; u) =— é@E. 
The duality set O(u) than consists of the single element ad, (6) the Dirac 
measure at x.) and 


(8p, Au) = — (@E, €) + ac(xo), (4.4.9) 


which can be made positive by adequate choice of £,a if any of the two 
conditions (4.4.4) are violated. 


Second order operators Ag satisfying (4.4.5) are called elliptic in Q. 
As we shall see next, the ellipticity condition is also necessary and sufficient 
(together with additional assumptions on the 5, and c) for dissipativity of Ao 
in L?(Q2). 

4.4.3 Lemma. The operator A, is dissipative in L? (1< p<oo) if 


@(x)>0 (xeEQ) (4.4.10) 
and 


o(x)+5 (LL DDhay(x)-LD/b,(x)) <0 (xeEQ). (4.4.11) 
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The first inequality is necessary in all cases; the second is necessary when 
p=l. 


Proof, If p>1 the only duality map 6: L? > L?(p’-'+ p-'=1)is 
O(u) = |\ul|?~? |u(x) |? a(x) (u * 0). For p > 2 we prove just as in the case 
m=1 that if u€ D(A,), then 8(u) has continuous first partials and 


\|u||?~2D/0(u)(x) =(p—2)|ul? *Re(aD/u)a+ lu? ?D/ia 
while, on the other hand, 
D/\u\? = p|ul? *Re(uD/u). 


To compute Re({6(u), Agu) we use the divergence form (4.4.2) of the 
operator, obtaining 


[|u|]? °Re(@(u), Anu) 
= Ref (LE D/(a,D'u) + ¥ (6,- YD*a,,) Diu + cu)|ul?2adx 
=-(p =2) flu {EY a, Re(wd/u)Re(aD*u)) dx 
= flue (Na, Diub*a) dx 
+5 [(LLDD'a, — LD! + pe}iul? dx <0 (4.4.12) 


by means of integration by parts in each variable (since u vanishes near the 
boundary T no assumptions on applicability of the divergence theorem are 
necessary). Note that in establishing (4.4.12) we have made use of the 
inequality 


Vrengis§, = LL a,ResRes, + DY a,ImgImg,>0 (4.4.13) 


valid for arbitrary complex §),...,§,,,- 

In the case |< p <2 the computations are formally valid, but (as already 
pointed out when m=1 in Section 3.2) it is not clear whether @(u) is absolutely 
continuous in any one variable. We bring again into play the class P@™ of piecewise 
analytic, twice continuously differentiable functions of one variable with compact 
support. If wu D(AQ), then u can be uniformly approximated together with its 
derivatives of order < 2 by a linear combination of functions of the form 


u,;®--- Ou 


m? 


where the u, are twice continuously differentiable functions of one variable and the 
support of each term in the linear combination is contained in Q (a theorem of this 
type is proved in Schwartz [1966: 1, p. 108]. A similar statement can be easily seen 
to hold with u, € 9@. A linear combination v of the type obtained has the 
property that x; 0(x) (x),...,%;-1)%j41)---)%,, fixed) belongs to P@™ so that 
6(u) is absolutely continuous as a function of any one of its variables and therefore 
the manipulations leading to (4.4.12) are fully justified also for 1 < p < 2. 
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The case p = 1 is again handled by a limiting argument as we did in 
Lemma 3.2.2; also, the treatment for m=1 can be extended to show that 
(4.4.11) is necessary when p = 1. 

Finally, the necessity of (4.4.10) for 1 < p <oo follows from 


4.4.4 Example. Let p > 1, and let {a,,}, g, be continuous in 2. Assume that 
[ur Ya, D/uD‘ut g\u|?) dx > 0 
Q 


for all u € )(Q)g. Then 
Q(x) 20 (xeEQ). 


An important role in the rest of the chapter will be played by the 
formal adjoint Aj of A, defined by 


Aju= >) DID*(ay,(x)u)— LD!(b,(x)u)+e(x)u. (4.4.14). 


The domain of AG is defined in the same way as D(A,). Integrating by 
parts, we obtain 


[ (Agu) ods = fudge dx (4.4.15) 
Q Q 


for u,v © D(A,) = D(A), which equality can be taken as a definition of 
Ay. We relate now the dissipativity conditions for Ay and Ao. Clearly (4.4.4) 
is the same either for A, or Aj and it is easy to see that the inequality 
(4.4.11) holds for an operator A, in L? if and only if it holds for Aj in L”, 
p’-'+ p '=1 (in G if p=1). The necessity of these conditions in L' and 
Cy then shows that A, is dissipative in L'(Q) if and only if A is dissipative 
in Cy (i2). 

From Section 4.6 onwards the operator A, will generally be written 
in divergence form (4.4.2). In this notation, the formal adjoint is given by 


Aju= LY D!(ay,(x) D‘u)- YD/(b,(x)u)+e(x)u (4.4.16) 


and the dissipativity condition (4.4.11) for E = L?(Q), 1< p < oo, takes the 
simple form 


c(x)— 5 DDB (x) <0. (4.4.17) 


Obviously, the analogous dissipativity conditions for C(Q) are the same 
irrespective of the form we use in writing Ag. 

We note finally that the fact that (4.4.11) (or (4.4.17)) is not 
necessary for dissipativity of Ag when 1 < p <oo has already been pointed 
out in Section 2.3 for the case m = 1 (Example 3.2.4). A counterexample for 
the case m > 1 can be constructed in an obvious way using that result. 


4.4.5 Example. Show that inequality (4.4.11) is necessary for dissipativity 
of A, in L'(Q). 
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4.5. SECOND ORDER PARTIAL DIFFERENTIAL OPERATORS. 
ASSIGNATION OF BOUNDARY CONDITIONS 


We need now conditions on 2, I’, in order to be able to apply the divergence 
theorem in Q, 


[(U,») do = f div Ud, (4.5.1) 
Tr Q 


to smooth vector fields U with compact support, where v is the outer normal 
vector at I and do denotes the hyperarea differential on [. We introduce a 
sequence of classes of sets where the conditions for validity of (4.5.1) are 
amply satisfied. 

A domain 2 CR” is said to of class C) (k an integer > 0) if and 
only if given any point x <I there exists an open neighborhood V of x in 
R”™ and a map 7:V > S”(S"=S"(0,1) ={n ER”; |n| <1) the open unit 
sphere in R”) such that: 


(a) » is one-to-one and onto S™ with n(x) =0 
(b) The map n (resp. n~ ') possesses partial derivatives of order <k in 
V (resp. in S™) which are continuous in V (resp. in S") 


(c) 


n(VNQ)=S"={nE 8S”; n,, > 0} (4.5.2) 
n(V AT) =Sf'={n eS"; n,, = 0) (4.5.3) 


n(VNQ) 


nVATL) 


FIGURE 4.5.1 


*For k>1 it follows that T is a differential manifold of class C*) and dimension 
m— 1. For k = 0, T is locally homeomorphic to S$’; this kind of subset of R” is usually called 
a topological manifold (of dimension m — 1). 
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We shall call any of the neighborhoods V postulated above a boundary patch 
with associated map yn. An argument involving local compactness of R” 
shows that we can find a sequence V,,V,,... of boundary patches and a 
sequence S,,S,,... of spheres S,=S(x,, p,) ={x ER”; |x — x,| <p,) 
(called interior patches) with the following properties: 


(d) Let K be any compact subset of R™. Then 
KNV,=0, KOS,=2 (4.5.4) 


except for a finite number of indices. 

(e) There exists p’,0 <p’<1, and a sequence {p/}, 0 <p/ <p, such 
that Q is contained in the union of the S"(x,,p/) and the 
Vi =n, '(S"(0, p’)) (m, is the associated map of V,). 


In intuitive terms, the (V,,} and the {S,,} cover 2 with “something to 
spare near the boundaries.” 

We point out that in the case where {2 is bounded, the Heine-Borel 
theorem shows that the cover {V,,}U{S,,} can be chosen finite. 

It is easy to see that, given p”; p/, p,,-.. with p’< p” <1, p, <p, < 
p, we can find nonnegative functions §,¢,,¢5,... in °) with {(x)=1 in 
S”(0, p’),§,(x) =1 in S(x,, p,), §(x) = 90 outside of S”(0, p”), §,(x) =0 
outside of S’"(x,,, p,’). Since, in view of (d), all the terms of the sum 


Ls.(x)+ 2S (na(x)) =4(2), (4.5.5) 


except for a finite number, vanish on any given compact set it is clear that 
T(-) is well defined and k times continuously differentiable if Q is of class 
C‘*); moreover (e) implies that 


(x) >0 (xe) 


so that if we define x/,(x) =§,(x)/7(x), x2(x) = §(n,,(x))/7(x), we obtain 
a partition of unity {x!,sU{x°), 


xe) tex Hl en) (4.5.6) 


subordinated to the cover {S,,}U{V,,} in the sense that the support of each x 
is contained (with something to spare) in either a boundary or an interior 
patch. This partition of unity (which has some deluxe features not always 
needed) consists of & times continuously differentiable functions if Q is of 
class C) and will allow us to piece together local results. In the sequel, 
interior patches S,, will be denoted by V,' and boundary patches by V,’. 
We note, finally, that various additional conditions can be imposed 
on the V and the V,’ without modifying the previous statements; for 
example, we may require these sets to be of diameter <6 (this will be 
essential in the proof of Theorem 4.8.4). With reference to Green’s theorem 
(4.5.1), it is not difficult to see that it holds in a domain of class C“” for 
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vector fields U continuously differentiable on Q and having compact sup- 
port; in particular, v and do are well defined everywhere. It is clear that the 
requirement that 2 be of class C“ leaves out such everyday domains as 
cubes, where the divergence theorem holds; however, this is not very 
important since we shall be forced to suppose in most of our treatment that 
Q is at least of class C™. On the other hand, although tougher domains will 
be admitted in Section 4.6, no use of the results in this section will be made 
there. 

We study now dissipativity of certain extensions of A), beginning 
with the L? case. We denote by A, the operator (4.4.1) with domain 
D(A,)= o)(Q) consisting of all functions u twice continuously differentia- 
ble in 2 with compact support. We assume that Q is of class C“” and that 
the coefficients aj,, bj, c admit extensions to 2 having as many continuous 
derivatives as needed in each statement. 

We look for dissipative restrictions of A,. Our first computation is an 
offspring of (4.4.12), taking into account the boundary terms. As before, we 
transform first A, to divergence form and then apply the divergence 
theorem, obtaining 


\|ul]?~2Re(@(u), 4,u) = Ref {LE D(a, Dsu)}|ul? Pade 
+Ref (X(4, —~YD‘a,) Diu}|ulP inde + J elul? dx 
=-(p ~2) flu? { 2 La, Re(wd/u)Re( wD*u)} dx 
= flu {2 Na, D/uD‘at} dx 
+ 5 {LED Pa, — Db, + pc}lul? dx 
+Ref (LV aux D'ujlulr rade 
+5 f(D (4,- LD dka,.)y)hul? do, (4.5.7) 


where »,,...,¥,, are the components of the outer normal vector pv. If 
hypotheses (4.4.10) and (4.4.11) in the previous section are satisfied it is 
clear that the integrals over Q contribute a nonpositive amount to (4.5.7). To 


streamline the writing of the two boundary integrals we introduce the 
following notations: 


= |e te av, D*u, (4.5.8) 


j=lk=l 
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which, modulo a factor, is the derivative of u in the direction of the 
conormal vector ¥=(Lajv;,...,L4;,%;); naturally, D’u is called the co- 
normal derivative of u at the boundary (with respect to A,). We also write 


b=) [4,- » Dhan, (4.5.9) 
1 k=1 


The boundary terms in (4.5.7) can then be expressed thus: 
5 ] 
Ref { (D'u)ul 2+ — blu? do. (4.5.10) 
if P 


We shall use the following linear algebra result: 


4.5.1 Lemma. Let @& be a symmetric positive definite matrix. As- 
sume that (@£€, €) = 0 for some &ER™. Then 
@E=0. 


The proof results immediately from writing € in terms of a basis of 
eigenvectors of @. 


To study (4.5.7) we divide now the boundary I into three disjoint 
pieces: 


T'={(. eT: (@(x)y, 7) >0} (4.5.11) 
lr? ={x €T;(@(x)»,v) =0, b(x) > 0} (4.5.12) 
T° ={x eT: (@(x)p, 7) =0, b(x) <0}: (4.5.13) 


At T'* and I’? we have D’u =0 for any u in view of Lemma 4.5.1 and the 
first term in the integrand of (4.5.10) vanishes. The second term contributes 
a nonnegative amount in I irrespective of any boundary condition satisfied 
by u; to achieve the same in I’? we require that 


Ue) = Omex e Ie) (4.5.14) 
Finally, the contribution over I'' will be nonpositive if 
u(x)=0 (er) (4.5.15) 
or 
DPu(x)=(x)u(x) (x eT"), (4.5.16) 
where y is a function with 
(xx) +5 b(x) <0 (xeTI'). (4.5.17) 


We have proved part of the following result: 


4.5.2 Lemma. The restriction A of A, to the space of all functions 
u € %)(Q) satisfying the Dirichlet boundary condition (4.5.14) on T? and the 
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13; (@(x)v,v) = 0, bx) <0. 


No boundary conditions. 


Tl; (@(@)r,v) > 0 


Boundary condition 


u(x) = 0 


T2; (¢(x)v,v) = 0, b(&*) > 0 
or 


ee Boundary condition 
D'u(x) = yooux) 


u(x) = 0 


FIGURE 4.5.2 


boundary condition (4.5.15) or (4.5.16) in T° is dissipative in L?(Q),1< p< 


v @(x)>0 (xe®), (4.5.18) 


e(x)+— 5 (LED Da a,(x)—- D/b(x))<0 (xeQ), (4.5.19) 
and 


y(x)+— SEG LY D'‘a,(x))¥(x)<0 (xeET'), (4.5.20) 


(where v(x) = Mov agri is the outer normal vector at x) if (4.5.16) is 
used on T'. Condition (4.5.18) is necessary for dissipativity of any extension of 
Ay in L?(Q), 1< p <0; conditions (4.5.19) and (4.5.20) are necessary when 
p =1. Moreover, in this last case, the boundary condition (4.5.14) on T°? is as 
well necessary for dissipativity. 


The sufficiency proof has already been completed, at least when 
p>J1, and is extended to the case p=1 by means of the usual limiting 
argument. The necessity statements regarding (4.5.18) and (4.5.19) are 
handled, just as in the previous section, by taking functions that vanish near 
the boundary. Finally, the necessity of (4.5.20) for p =1 follows very much 
as in the one dimensional case (note that the proof can be “localized” by 
taking wu with small and conveniently located support). 

The case 1 < p < 2 presents the customary difficulties in that the calculation 
(4.5.7) may not be directly justifiable for u€ D( Ay); we must then approximate an 
arbitrary u © D(Aj) uniformly together with its first two derivatives by a sequence 
{u,,) for which (4.5.7) is licit. We can do this by first extending u to a C®) function a 
in R” with compact support (this can be easily handled by using a partition of unity 
like (4.5.5)) and then approximating @ as in the previous section. 


Before studying the case E = C(Q) we examine the way A, trans- 
forms under a smooth, invertible change of variables x > n = n(x). Denote 
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by A, the operator in the new variables, 


GES aya) Dal 9S) 5,4) Dia) Recayaln), 


Pa eat j=l 
(4.5.21) 
where, using the traditional notation for partial derivatives, 
m m on; On, 
mh ha “Bx. Ox,” (4.5.22) 
Pee ots x ie (4.5.23) 
gee kane = 
Note that, af €=(£5.. 2,6) eR”, 
DD eF c= ED es ee 
where 
re m On, 
f=) aa (4.5.24) 


so that the condition that @(x)>O0 is invariant. If the transformation 
involves a piece of the boundary I’, then the unit outer normal vector 


vp=(,,..., pay at some point x <I and the unit outer normal vector 
n=(n,...,N,,) at 7 = n(X) are related to each other by the equations 
m Ox m en 
==:)| t t 
i Bis Say A — : 4.5. 
: ; z d J i be 2 Ts \ : ai 


where p = p(x) > 0 is a normalization factor; then 
p 7? La annye= L Larry (4.5.26) 


which shows that the definition of I'' is invariant as well. A simple 
computation shows that, if 


e m QO. 
5 - - \n, (4.5.27) 
l 


then 


at all points x © IT where (@(x)v,v)=0. Hence T? and © are also in- 
variant. Note that it follows from (4.5.22) and (4.5.25) that the conormal 
derivative is invariant in the ni bt sense: 


v= Saeeee an =p) ayy a =pD"u. (4.5.28) 
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n 
FIGURE 4.5.3 


4.5.3 Lemma. Let A be the restriction of A, to the space of all 
functions u€ D)(Q) satisfying the Dirichlet boundary condition (4.5.14) on 
Vr? and the boundary condition (4.5.15) or (4.5.16) on ['. Then A is dissipative 
in C(X2) if and only if 

@(x)S0, c(x)<0 (xeQ), (4.5.29) 
and 
v(x OMe) (4.5.30) 


if the boundary condition (4.5.16) is used on T!. The boundary condition 
(4.5.14) on I? is necessary for dissipativity. 


We limit ourselves to proving the sufficiency part. Let u © D(A), u + 0 
and m(u) = {x €Q: |u(x)| = ||u||}. We have to prove that 


Re [ Au(x)p(dx) <0 
m(u) 
for any p © O(u); since u(x)u(dx) is a positive measure, it is enough to 
prove that 


Reu(x) ‘Au(x)<0 (x€m(u)). (4.5.31) 
To prove (4.5.31) at points x € m(u)MQ, we use the argument in Lemma 
4.4.1, thus only elements of m(u) OT (which were absent there) may be 


cause of trouble. Clearly m(u) NT? =@, but m(u) may contain points of T? 
(and also of I’! if the boundary condition is (4.5.16). 
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T3 


U/ 


h2 


FIGURE 4.5.4 


Let XE m(u)NT? and let V? be a boundary patch with associated 
map 7 with n(x) = 0 (see the beginning of this section). Through the change 
of coordinates x > n, we may assume that, locally, x =0,IT is the hyper- 
plane x,, = 0 and (2 is the half space x,, > 0. Since u reaches its maximum at 
xX, we must have there 


Diao Dies Wal tele (alee), (4.5.32) 


and the “partial Hessian” KC, ,(0; |u|?) of |u|? with respect to x,,...,X_—] 
is negative definite at x. Noting that the outer normal vector at 0 is 
yp = (v,,...,¥,,) = (0,...,0, —1) and that we must have (@p, v) = 
Lda,,(0)v;v, =0, we see that a,,,,,(0) = 0. It follows from positive definite- 
ness of @ that a,,,(0)=a,,,(0)=0 (l< j<m—1) as well; in fact, if this 
were not true, the vector € = (0,...,7,..., 1) would make (@(0)é, €) negative 
for t suitable placed and sized. We have then, at x = 0, 
Pi Narita m—\ 
Au= ¥ )) a,,D/D'ut+ J) bDiut cut b,,D™u= A” ut b,D"u, 
j=l k=l j=l 


(4.5.33) 


O52 ) 


FIGURE 4.5.5 
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where A” acts only on x,,...,X,,_,- Moreover, since 0 © T3, we must have 
b(0) < 0, where, in the present coordinates, b = LD*a,,, — b,,. Since @(x) is 
positive definite, a,,,,,(x) > 0 everywhere and thus a,,,,, has a minimum at 0; 


accordingly, D'a,,,,=-°° =D" ~'ajim = 9, D”'Qnm = 0 there and 
b,, (0) = Da, (0) — b(0) > 0. (4.5.34) 


We use now the decomposition (4.5.33) as follows. The first term involves 
the (m — 1)-dimensional operator A” and is treated as in Lemma 4.4.2 using 
the first m—1 equalities in (4.5.32) and the negative definiteness of the 
partial Hessian IC, ,(0; |u|?). In the second term we use (4.5.34) together 
with the relation 

Reu'D"u =4|ul|-?D™ |u|? 


and the last inequality (4.5.32); adding the two terms we obtain (4.5.31) 
at X. 

The preceding argument settles completely the problem if the 
Dirichlet boundary condition is used in I'', since in that case 


m(u)A(T!UT?) =o. (4.5.35) 


Clearly, we can also cover the boundary condition (4.5.16) if we show that 
(4.5.30) implies (4.5.35), which we do now. Since we already know that 
m(u)OT* =, we only have to examine the case where X € m(u)QNT". If 
y(xX) < 0, we have 


D? |u|? =2ReaD’u=2y|u\? <0 (4.5.36) 


at x. Since (@v, v) = (¥, v) > 0 there, the conormal vector points away from 
Q (at least locally); hence (4.5.36) implies that wu must be increasing along 
—v near xX, a contradiction. If y(x)=0, however, this simple argument 
breaks down (and (4.5.35) may in fact be false). To handle this case, using 
again a boundary patch V° and the associated map 7 we can assume locally 
that x = 0,’ is the hyperplane x,, = 0,Q the half space x,, > 0. Since X is a 
maximum of |u|*, D/|u|?(x)=0 (1< j<m-—1), but in this case it is also 
true that 


x 
FIGURE 4.5.6 
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D? |u|? =2ReaD*’u=0 
at 0 and, since (@v,v)>0, % does not belong to the hyperplane Xm = 9; 
hence all the first partials of |u|? vanish at x = 0: 
Dill a= serie Gl alt=): (4.5.37) 


We make use of Maclaurin’s formula up to terms of order two, 


|u(x)|* = |u(0)|? + (IC (05 |u|?) x, x) + 0(|x]?) 


in the half space x,,>0. Since 0 is a maximum of |u|*, we must have 
(IC(O, |u|), €) < 0 in the half space £,, > 0, thus in R”, and we can handle 
X exactly as a point of m(u)NQ. This ends the proof. 

The necessity arguments are conducted much as in the one-dimen- 
sional case (Lemma 4.4.3) and are left to the reader (Example 4.5.5). 


As we did in last section, we translate the conditions obtained to 
operators in divergence form. Condition (4.5.19) is (4.4.17); the definition of 
b is now 


b= DS by. (4.5.38) 


and (4.5.20) accordingly becomes 
] i 
Y(x) +> 2.5)(x)», <0. (4.5.39) 


We bring into play the formal adjoint Aj defined in the previous 
section (see (4.4.14)). The Lagrange identity (4.4.15) takes the form 


[(Aou)e dr = [ul Age) dx + [ ((D7u) 0 uD’v + buw) dx, 


(4.5.40) 


where b is given by (4.5.9) and u,v €)(Q). Assume, for the sake of 
simplicity, that ['=T (ie., that (@(x)v,v) > 0 for x ET). If wu satisfies the 
boundary condition (4.5.16), then 


(Agu) 0 dx = fu( Aor) dx (4.5.41) 
Q Q 
if v satisfies the adjoint boundary condition 


D*v(x) =(y(x)+b(x))o(x) (xeTI"'). (4.5.42) 


On the other hand, (4.5.41) holds if both u and v satisfy the Dirichlet 
boundary condition, which is thus its own adjoint. 
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4.5.4 Example. Show that (4.5.20) is necessary for dissipativity in LCD 
of the restriction of A, satisfying (4.5.16) on I''. Show that the Dirichlet 
boundary condition (4.5.14) on I’? is as well necessary. 


4.5.5 Example. Show that (4.5.30) is necessary for dissipativity in C( (2) 
of the restriction of A, satisfying (4.5.16) on T''. Show that the Dirichlet 
boundary condition (4.5.14) on I’? is as well necessary. 


4.6. SECOND ORDER PARTIAL DIFFERENTIAL 
OPERATORS. CONSTRUCTION OF m-DISSIPATIVE 
EXTENSIONS IN L? 


We consider operators in divergence form 


Agu= YY Di(ay(x)D*u)+ Y b(x)Diu+e(x)u (4.6.1) 
j=lk=l j=l 

in an arbitrary domain (2 in Euclidean space R” (to simplify notations the 
coefficients b, in (4.4.2) are called 5; here). A great part of the theory can be 
constructed without smoothness assumptions on the coefficients, thus we 
shall only suppose that the a,,, the b; and c are measurable and bounded in 
Q2. In this level of generality, of course, the first difficulty is how to define 
D(A,) (even if u€ 6)(Q), La, D*u may fail to have weak derivatives). We 
shall avoid this problem simply by not using A, in the general case (if the 
coefficients fulfill the differentiability assumptions in the previous two 
sections we set D( Ay) = 6))(Q).) Besides the measurability assumption, we 
require that A, be uniformly elliptic: 


(A) There exists k > 0 such that 
dal x eee 2 ll? (ESR™) (4.6.2) 


a.e. in (. 


Since conditions (4.5.19) and (4.5.20) for boundary conditions of 
type (1) are far from necessary for p = 2, we shall discard them and content 
ourselves with constructing from A, operators A in C,(1, w) (i.e., such that 
A— wl is m-dissipative) for some w. 

All the subsequent treatment is based on: 


4.6.1 Lemma. Let H be a complex Hilbert space and let the func- 
tional B: H X H >C be sesquilinear (linear in the second variable, conjugate 
linear in the first). Assume that 


|B(u,o)|<Cllul|lioll, |B(u,u)|> lull? (uoeH) (4.6.3) 


for some c,C > 0. Then if ® is a bounded linear functional in H, there exists a 
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unique Uy © H with C~'||®|| < ||up|| <7 '||®|| and such that 
®(u) = B(uo, u). (4.6.4) 


Proof. It follows from the first condition (4.6.3) that v > B(u, v) (u 
fixed) is a bounded linear functional in H. Therefore, there exists w = Qu 
such that 

B(u,v)=(w,v), (4.6.5) 


(-,-) the scalar product in H. It is clear that the operator Q so defined is 
linear in H. Moreover, ||w||? = ||Qu||? = (Qu, Qu) = B(u, Qu) = |B(u, Qu)| 
< C||u||||Qu|| so that Q is bounded (with norm <C). On the other hand, 
||-e||||Qu|| > |(Qu, w)| = | B(u, u)| > e||ul|* so that ||Qu|| > c||u\|; hence Q@ maps 
H in a one-to-one fashion onto a closed subspace K of H. If K + H, there 
exists a nonzero Wp such that B(v, wy) = (Qv, wy) = 0 for all v © H. But then 
B(wWo,%>) = 9, which contradicts the second inequality (4.6.3). It follows 
that K = H and that Q is invertible. If v) € H is such that ®(u) = (vp, u), 
we have 


®(u) = B(Q>'vy, x), 


which shows (4.6.4). The statements on the norm of uy = Q~ 'vy are obvious 
from the previous argument. 


We look now at the problem of obtaining extensions (properly 
speaking, “definitions”) of A, that belong to C, (1, w). These extensions will 
be obtained on the basis of boundary conditions 8 of one of the following 


types: 

(1) Dax = y(x)ulx) (xeT) (4.6.6) 
(11) u(x)=0 (x eT) (4.6.7) 
already considered in Section 4.5. As we may expect, these boundary 
conditions will only be satisfied in a suitably weak sense. 

We begin with the Dirichlet boundary condition (4.6.7). The basic 
space in our treatment will be the closure Hj(Q) of D(Q) in H'(Q) (see 
Section 8 for definitions); as usual, H'(Q) and Hj(Q) are equipped with the 
scalar product 


m 


(u, 0) wa) = (u,v) 2@t+ Ly (Du, Dv) 12). (4.6.8) 
j=l 


For A > esssupc + 1 we define 
(u,v), = [ {LL ag (x) Diao + (A e(x)) ao} de. (4.6.9) 
Q 


It is easy to see that each (-,-), possesses all the properties of a scalar 
product; moreover, the norm ||-||, derived from (-,-), is equivalent to the 
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norm provided by (4.6.8). In fact, assuming (as we may) that k <1 in (4.6.2), 
we obtain 


KllullZacay <MallX < Mllullznca) (4 = Ho(2)), (4.6.10) 


where M is a constant depending on 4, on the a, and on c (recall these 
functions are bounded in Q). We define a sesquilinear form in Hj(&) by the 
formula 


B,(u,v)= [ {LL a,D/aD*» (Sb D/a)v+(A— e)ito} dx 
= (u,0),— f (Lb, Diz) vdx. (4.6.11) 


Assume that 
A—c(x)>K>0 ae.inQ, (4.6.12) 


where K is to be fixed later. Then 


[(2b,D10) ods 


< f|(L5,0/7) eax 


Ly 
< 


fa ~e(x)) "Earl ax) (fo —c(x))|v|? dx 


—_~ 


< CK~ (|| D/ull)|lol], < Cm'?2K-'/2( Dull?) Hol 
< Cm'?K~' \Iullnaylloll,a< CK ‘7 |lullallell, (u,0 © Hg(@)) 


(4.6.13) 


by the Schwarz inequality, where K is the constant in (4.6.12) and C’ does 
not depend on A. Taking K sufficiently large, we may assume that 
C’K~'/? =a<1 so that 


Re B,(u,u) = luk Ref (Lb,D/az) wax 
Q 


> (1—a)llul|X (ue Ae(Q)) (4.6.14) 


and the second inequality (4.6.3) holds for B,; that the first is verified as 
well follows from the Schwarz inequality for (-,-), and from (4.6.13) for 
any K > 0. 

We define now an operator A(fB) in L?(Q) as follows. An element 
u€ L*(Q) belongs to the domain of A if and only if u © Hj(Q) and 
w > B)(u,w) is continuous in Hj(Q) in the norm of L?(Q). Since H}(Q) is 
dense in L*(Q), we can extend the functional w > A(u,w)— B,(u,w) con- 
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tinuously to all of L?(Q), and there exists a unique element v € L7(Q) such 
that 


A(u,w)— B,(u,w)=(0,w) (we HA(Q)). (4.6.15) 
By definition, 
v=A(B)u (4.6.16) 
and it is clear that A()w is linear. We show that 
(AI — A(B)) D(A(B)) = L*(2). (4.6.17) 


To do this, let v € L?(Q). Since ®(w) = (v, w) is continuous in L*(Q)—thus 
in Hj(Q)—we use Lemma 5.6.1 to deduce the existence of a u © H{(Q) 
such that B,(u, w) = (v, w); in view of the definition of A( 8), u € D( A(B)), 
and (AJ — A(8))u =v, thus proving (4.6.17). We have not shown yet that 
D(A(B)) is dense in L7(Q). Since Hj(Q) is dense in L7(Q) it is enough to 
prove that D( A()) is dense in Hj(Q). If this were not the case, applying 
Lemma 4.6.1 to B,, we could find a nonzero w © Hj(Q) such that 
B,(u,w) = 0 for all u€ D(A(B)). In view of (4.6.15), this would imply that 
((AI — A(B))u,w)=0 for all such u, hence w=0 by virtue of (4.6.17). It 
only remains to be shown that A(£) belongs to C, (1, w) for w large enough. 
This is obvious from (4.6.14) since 


Re(A(B)u,u) =Aljull’ —ReB,(u,u) <Allull? (we D(A)); 
(4.6.18) 
it suffices to set w =X. 
We have completed the proof of: 


4.6.2 Theorem. Let Q be an arbitrary domain in R” and let the 
coefficients of the differential operator Ay be in L®(Q) and satisfy (4.6.2); 
assume that B is the Dirichlet boundary condition. Then the operator A(f) 
defined by (4.6.15) and (4.6.16) belongs to C,(1, w) for w sufficiently large. 


The treatment of boundary conditions B of type (1) is slightly 
different. Here the basic space is H'(Q). To surmise the form of the 
functional B to be used now, we perform the following computation, where 
I is the boundary of 2: 


[{L La, D/aD'e = (b,D/a)e +(A- c) tiv} dx 


= [ (D’a) odo + [ ((AL~ A))it) ode, 
iB Q 
thus if B is to be satisfied, the functional must be 


By g(u,v) = [{L La, Dado —(LbDit)o+(r — c) uv} dx 


— [ yiiw do = B,(u,v)— f yavdx, (4.6.19) 
Tr i 
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and if the assumptions of Lemma 4.6.1 are to hold we need to postulate 
that: 


(B) I is smooth enough to allow definition of the hyperarea differen- 
tial do. 

(C) The function y is measurable and locally summable on I’; there 
exists a positive constant a’ <1 such that 


[74 do} < ailollali¥lh (9,~eED) (4.6.20) 


for A large enough. 


The functional B, , is defined by (4.6.19) (strictly speaking, first for 
u, v € 9) due to the surface integral term and then extended to u, v € H'(&) 
by continuity of B, , and denseness of 6): see Theorem 4.6.5). To obtain an 
inequality of the type of (4.6.14) for B, , in H'(Q), it suffices to use (4.6.14) 
in H'(Q) for By with a<1— a’. 

The construction of A(8) runs very much along the same lines as in 
the case of the Dirichlet boundary condition. Since B, g satisfies the 
assumptions of Lemma 4.6.1, we can define A(£) by 


A(u,w)— By g(u,w) =(A(B)u,w), (4.6.21) 


the domain of A() defined as the set of all ue H'(Q) such that w—> 
By _,(u,w) is continuous in the norm of L?(Q). Denseness of D( A()) and 
equality (4.6.17) are proved exactly in the same way. Finally, to show that 
A(B)€C(1,w), we only have to note that an obvious analogue of (4.6.18) 
holds for A(f) and B, ,. We have thus completed the proof of 


4.6.3 Theorem. Let Q be a domain in R™ with boundary T satisfying 
(B). Assume the coefficients of Ay are in L*(Q) and satisfy the uniform 
ellipticity condition (A). Finally, let y be a locally integrable function such that 
(C) holds. Then the operator A(B) defined by (4.6.21) belongs to C,(1, w) for 
w large enough. 


It is natural to ask in which sense, if any, functions in the domains of 
the operators A(8) in Theorems 4.6.2 and 4.6.3 satisfy the boundary 
condition 8. The fact that every element of D( A(8)) (in fact, of Hj(Q)) will 
(almost) satisfy the Dirichlet boundary condition B if adequate conditions 
are imposed on I follows from the next result, which is stated in much more 
generality than needed now, with a view to future use. 


4.6.4 Theorem. Let Q be a bounded domain of class C“*, k >1,4 
and let 1 < p <0. Then (a) if 


l<p<m/k, 1<q<(m-1)p/(m-kp) (4.6.22) 


“Or, more generally, having the uniform C (*) regularity property and a simple k-exten- 
sion operator: see Adams [1975: 1], especially pp. 67 and 83. It follows from the definition in p- 
67 that a bounded C‘*) domain has the uniform C*)-regularity property; on the other hand, 
since I’ is bounded, the existence of the simple k-extension operator is automatic (loc. cit. p. 84) 
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there exists a constant C (depending only on Q, p, q) such that 


\/q 
Mll nacry = [fmiras | <Cllull y-ray (4.6.23) 


for every ue C™(Q). (b) If 
p2>m/k, (4.6.24) 
then (4.6.23) holds for every q>1. 


The proof (of a more general result) can be seen in Adams [1975: 1, 
p. 114]. 


The next result we need is on approximation of elements of W*:?(Q) 
by functions of “) (which was already used in the construction of By g in 
(4.6.21)). 


4.6.5 Theorem. Let Q be a demain of class C®,1< p<. Then “) 
(or, rather, the set of restrictions of functions of ) to Q) is dense in W*:?(Q). 


For a proof see Adams [1975: 1, p. 54], where the assumptions on the 
domain Q are less stringent.° 


By means of Theorems 4.6.4 and 4.6.5 we can prove that elements of 
H'(Q) =W'?(Q) “have boundary values” in a precise sense. Let u € H'(Q) 
and let {u,,) be a sequence in %) converging to u in H'(Q). Then it follows 
from (4.6.23) that the restrictions of {u,,} to [ (which we denote by the same 
symbol) converge in L7(T) (actually in L*°"~ ?/"—%)(Q)) to an element of 
L?(T). We can thus define the restriction or trace of u to T by 


u=lmu, 


the limit understood in L?(T) (it is easy to see that it does not depend on 
the particular approximating sequence {u,,} C ©) used). It follows then that 
elements of A(8) C Hj(Q) do vanish on I in the sense outlined above since 
the approximating sequence {u,,} may (and must) be chosen in °)(Q). 

Treatment of a boundary condition of type (4.6.6) is not as simple 
since functions in H'(Q) do not “have derivatives at the boundary,” and a 
more careful characterization of D( A()) is imperative. This will be done in 
the next section, under additional smoothness assumptions. 

From now until the end of the chapter we place ourselves under 
more comfortable hypotheses than those hitherto used. The domain (2 will 
be bounded and at least of class C“’ (although a piecewise C“) boundary, 
like that of a parallelepipedon, is acceptable). The coefficients a;,, b; will be 
supposed to be continuously differentiable in Q, while c is continuous there; 
also, y is continuous on I’. We also assume that the uniform ellipticity 


>The segment property suffices (see Adams [1975: 1, p. 54]). 
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assumption (4.6.2) holds everywhere in Q for some « > 0. In this framework, 
hypotheses (B) and (C) on the boundary I are automatically satisfied. This 
is obvious for (B); to prove (C) it is enough to apply Theorem 4.6.4 with 
k =1, p=q=1, obtaining 


[v4 do 


<C1WPV Dry < CHEM“): 


But 
OV yay = NEVI 2~a) + DID/( SY il ca) 


< ||P] pa) + DIM DP) Vila) + DMPO Hl (a) 
< loll 2ayll¥ll 2 + (LID “ell 2c Mla) 
+Ilpll 22a) (LID Vl) ) 


1/2 
<lloll 22cayllVll zz) +m”? (LID, ell2<a ) IPI 22¢a) 


+ m'7*llgll:2¢a)( DID Mll2¢a)) 
< (Ko + 2m'70'7K~'” Niellall Vila, (4.6.25) 

where K is the constant in (4.6.12) and g, w are arbitrary functions in ©). 

Under the present assumptions, the operator A, can be applied to 
twice differentiable functions. Given a boundary condition B of any of the 
forms (4.6.6) or (4.6.7), we denote by A,(f) the operator A, acting on the 
space C(Q), of all functions u€C(Q) which satisfy the boundary 
condition B. Since )(Q) C C(Q),, it is clear that D(Ao()) is dense in 
L?(Q) for any boundary condition B. 

Assume for the moment that £ is a boundary condition of type (1) 
and let A be the formal adjoint of A), 


Aju= LED! (a,,D*u)- d D!(b,(x)u)+ c(x)u, (4.6.26) 
and £’ the adjoint boundary condition 


D’u(x) = (y(x)+b(x))u(x). (4.6.27) 


We can apply the theory hitherto developed to Aj and £’; the bilinear 
functional is now 


By g (u,v) = [ {LLa,D/ad*o +(Lbd/a)o+(a =—c+ d D’b,) iv) dx 


~ [ (y+ b)ae do. 


Assuming that u and v € %), we obtain applying the divergence theorem (see 
(4.5.40)) that 


By g (u,v) =By g(v, u) (4.6.28) 
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for u,v €°) and thus (by the usual approximation argument) for u,v € 
H'(Q). The operator A’( 8’) is defined by 


A(u,w)— By 2 (u,w) =(A(B)u,w), (4.6.29) 


the domain of A’(B’) consisting of all those ue H'(Q) that make By py 
L?(Q)-continuous in H{(Q). It follows easily from this and from (4.6.28) 
that (A B’)u, w) = (u, A(B)w) if ue D(A(B’)) and w € D( A(B)), so that 
AB’) c A(B)*. But AB’) belongs to C,, while A(B)*, being the adjoint of 
an operator in C,, belongs itself to C, (Theorem 3.1.14). Accordingly both 
R(A; A(B)*) and R(A; A B’)) exist for A large enough and we prove as in 
the end of Theorem 2.2.1 that 


ACB) = -ACB)™. (4.6.30) 


Equality (4.5.40) shows that A)(8) C A(B), Ao(B’) € A’( B’), thus we obtain 
upon taking adjoints, 


Ay(B)c A(B) ¢ Ao(B’)*,  A0(B’) C A(B) € Ao(B)*. (4.6.31) 


As we shall see in the next section (under additional assumptions), the two 
double inclusion relations (4.6.31) are actually equalities (with Ay(8), 4o(B’) 
replaced by their closures). 

It remains to deal with Dirichlet boundary conditions. Here H'(Q) 
must be replaced by Hj(Q) and the adjoint boundary condition B’ is of 
course f itself (see Section 4.5); we leave the details of the argument to the 
reader. 

We collect some of the preceding results. 


4.6.6 Theorem. Let Q be a bounded domain of class C\ and let 
a;,,,; be continuously differentiable in Q, c continuous in Q; assume the 
uniform ellipticity condition (4.6.2) is satisfied everywhere in Q for some x > 0. 
Then (i) If B is the Dirichlet boundary condition, Aj(B) is densely defined and 
possesses an extension A(B)€C,(1,w) defined from the functional B, for 
large enough by (4.6.15), (4.6.16). (11) If B is an arbitrary boundary condition 
of type (1) with y continuous on T then A,( 8), again densely defined, possesses 
an extension A($8)€C,(1,w) defined as in (i) but using the functional By p- 
The duality relation (4.6.30) holds in all cases. 


4.6.7 Remark. All the developments in this section can be applied to the 
case 2 =R”™, where [ is empty. The treatments for all boundary conditions 
coalesce. 

4.6.8 Remark. The method used to construct the operator A(8) can be 
made to function under much weaker assumptions. For instance, consider 
the operator 


Agu= YD! (a,(x)D*u)+c(x)u, (4.6.32) 


where the a,, and c are merely measurable and locally integrable (but not 
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necessarily bounded) in an arbitrary domain 2 C R”; we require in addition 
that c be essentially bounded above and that the symmetric matrix @(x) = 
{aj,(x)} be positive definite, that 1s, 


(@t,£)=D YVa,(x)E&>0 (EER”), (4.6.33) 


a.e. in Q (note that (4.6.33) does not prevent the quadratic form Lia, (x)§)&; 
from degenerating anywhere in &, or even the a, from vanishing at the 
same time in parts of Q). Consider for simplicity the case where f is the 
Dirichlet boundary condition. Instead of Hj(Q), the basic space is now 
KH, (Q), the completion of (2) in the norm derived from the scalar product 


(9. ¥)a=f(X Ya, (x) D/PD*y + (A—-c(x)) Gv} dx (4.6.34) 


with A >esssupc +1. The functional B, is nothing but B,(u, v0) = (u,v), 
(in which case Lemma 4.6.1 actually reduces to the representation theorem 
for bounded linear functionals in a Hilbert space) and the construction of 
the operator A(f) proceeds without changes. 

Addition of first-order terms b,D/ u to the operator A, is possible, 
but we must assume that, roughly speaking, “the b, vanish where Y Ya, §€, 
degenerates.” Precisely, we postulate the existence of constants A > 0, 
0<a<1 with 


(Lb(x)E,) <a2(A-e(x)) LY ay(x)Eg (EER) (4.6.35) 


a.e. in Q. This guarantees an inequality of the form (4.6.14), thus the 
construction of A() is carried out in the same way. 

Boundary conditions of type (1) are handled through assumptions 
(B) and (C); here we require the constant a’ in (4.6.20) to satisfy a’<1l—a, 
a the constant in (4.6.35). Of course, the question of in what sense the 
boundary conditions are satisfied admits an even less clean cut answer in 
this level of generality, even for the Dirichlet boundary condition: roughly 
speaking, the boundary condition u = 0 will be satisfied in the part of the 
boundary I’ where 2a, ,(x)&€; is nondegenerate (see the discussion in 
Section 4.5 on assignation of boundary conditions). 


4.7. REGULARITY THEOREMS 


We place ourselves here under (some of) the assumptions in the second half 
of Section 4.6. To begin with, we shall assume throughout the rest of the 
chapter, unless otherwise stated, that Q is of class C®. For the sake of 
simplicity, we also assume that Q is bounded, although this is not essential in 
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some results. The operator A, will be written in divergence form, 
Agi =n oe D!(a,,D*u)+ bb. Diu cu, (4.7.1) 
j=lk=l j=l 
and to simplify future statements we introduce the following definition: A 
is of class C“, k>1 in Q (in symbols, Ay = C(Q)) if and only if 
a, €C(Q), b,, ce C%(Q). We shall assume throughout that Ay is 
uniformly elliptic: 
Deas (x) bb ee KE? (xE2,EER™) (4.7.2) 


for some k > 0 and write 


K,, = max {|D*a,(x)|,|D%b,(x)|, |D%(x)I) 


for 1< j,k <mand |a|<n, |&|<n—1; clearly the definition makes sense 
if Ay ]€C“(Q) and l<n<k. 

Roughly speaking, the results in this section state that the solution of 
(AI — A(B))u = f is “two degrees smoother” than f in the L? sense, at least 
if the coefficients of Ay are smooth enough. In all that follows, A > 0 will be 
a sufficiently large parameter, this expression meaning that all the argu- 
ments in Section 4.6 function, in particular, the second inequality (4.6.3) is 
satisfied by B, in the case of Dirichlet boundary conditions or by B) , for 
boundary conditions of type (1). 

Our first result holds with no assumptions on Q. 

4.7.1 Interior Regularity Theorem. Let Q be an arbitrary bounded 
domain in R”™ and let A, be of class C\(Q) and uniformly elliptic. Assume 
u & H'(Q) satisfies 


B(u.9)=(f.9)= | fede (pe 9(2)) (4.7.3) 
for some f © L?(Q), and let Q’ be a domain with Q' CQ. Then u € H*(Q’) and 


there exists a constant C (depending only on Xt, Q’, K,, «, X) such that 


Mell 2c) < C(I I 22¢@ Fll¥ll(ay). (4.7.4) 


Proof. Let x be a function in %)(Q) such that x(x) =1 in Q’ and let 
v = xu. Plainly v € Hj(Q) and a simple computation shows that v satisfies 


By(v,p)=(g,9) (pe D(2)), (4.7.5) 
where 


g=xf- u( DY Di (a,,D*x)+ Yb,D/x)-2LY a;,D/uDkx. 
(4.7.6) 


Let now h be a nonzero real number, i an integer (l<i<m), e,= 
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(0,...,0,1,0,...,0) <= R” (1 in the i-th place). Given an arbitrary function 
w = w(x), we define 


tiw(x)=w(x+he,), A,w(x) = (riw(x)— w(x))/A- 
Obviously A‘,w will approximate D‘w for h small. The precise statement we 
need is: 


4.7.2 Lemma, Let 1< p<oo, an arbitrary domain in R™,u a 
function in L?(Q). Assume there exists a constant C such that 


Awe <C 


for h small enough, where Q' is any domain with Q’ CQ. Then the derivative 
D'‘u exists in the sense of distributions in Q, belongs to L?(Q) and 


[Dwi =< C: (4.7.7) 
For a proof, see Gilbarg-Trudinger [1977: 1, p. 162]. 


We note the following formal rules of computation with the opera- 
tors 7; and A’: 


DIX, = Ai, D!, 
[ (Aiw)edx = - f w(442) dx, 
N,(wz) = (Aw) riz + wii, z (4.7.8) 


(the second holds if w or z vanish near the boundary of Q and h is 
sufficiently small). Using these rules, we take m € °D)(Q) and compute: 


B, (Av, p) = f (LX ay. (A',D0) Dip > A(Ai,0) p} dx 


as [{XLA_, (4, D'p) Di5+ Aod'_,p} dx 
wer) B,(o, A'_,@) 
- [ (ZEA ,ay7!,D'pD*) dx, (4.7.9) 


where we denote by B, the functional corresponding to the homogeneous 
operator 


Agu= YY) Di(ayD*u). (4.7.10) 


Let g be the function in (4.7.5). Define 
g=g+ )bDv+cv 
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We use now (4.7.9) keeping in mind that B,(v, A'_,p) = (8, A_,@) and that 
both inequalities (4.6.3) hold for By (where c, C only depend on x, A, K,) in 
the norm ||-||, or (with different constants) in the norm of Hj(Q). Note first 
that, since A’,v © Hj(Q) for h sufficiently small, there exists » € D(Q) 
(depending on /) such that 


; & , 
||A',0 = || 4,2) < 5 lAnell aya 
where c, C are, for the moment, the constants in (4.6.3). Hence 


|B, (40, 9)| > |B, ( Ayo, 4,0) | - 


B, (Av, y- A',v)| 
: ) : Cotre 2 
2 c||4,0|l F(a) = C\|A || zacayll a A',0|l (a) 2 Fl Anel isa): 


(4.7.11) 
By virtue of (4.7.9) and (4.7.10), 


B,(A,0, 9) < CA zc llea +lllnjcayllPllngcay)» (4.7.12) 
where C’ does not depend on h. Noticing that 
|A_ ll 22a) Ss II Pll ica) S CAL cay» 


where C” is likewise independent of 4, we obtain combining (4.7.11) and 
(4.7.12) that 


Ae 24a) = C(llgllz2@) +lloll aca) 
or 
|| 4’, Del] p2(a) < C(Ilgllz2¢a) +lell (9) ) 


for arbitrary i, 7, thus the theorem results from Lemma 4.7.2 and the fact 
that u=e in YQ’. 


Under the assumptions of theorem 4.6.6, we obtain the important 
result that A( 8) (8 any boundary condition) acts on elements of its domain 
“in the classical sense”; in other words, if u€ D(A(B)), 


A(B)u=LYa,D/D'ut V(b + LD*a,,)Diutcu, (4.7.13) 


where all the derivatives of u involved exist® and belong to L7,.(Q). To see 
this, let f be the right-hand side of (4.7.13); an integration by parts shows 
that B,(u,p)=(Au—f,¢) for p= DQ), thus by uniqueness, A(B)u is 
given by (4.7.13). 

Theorem 4.7.1 contains no information on the global behavior of u, 
precisely, on whether u belongs to H?(Q). To obtain results of this type, we 
begin with a local result for Dirichlet boundary conditions. 


° Of course, in the sense of distributions. 
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FIGURE 4.7.1 


4.7.3 Local Boundary Regularity Lemma. Let A, be of class C“ in 
S" and uniformly elliptic there. Assume u © Hj(S") is zero for |x|<p <1 
and satisfies 


B(u,p)=(f.~) (ee D(S7)), (4.7.14) 


where f € L?(S™). Then u € H*(S"™) and there exists a constant C depending 
only on K,,«, A such that 


lull p2¢s% S C(I fllzzcsry +(|2ll acs )- (4.7.15) 


The proof is a rather immediate adaptation of that of Theorem 4.7.1. 
Since u is already zero for |x| < p <1, multiplication by x is unnecessary. A 
moment’s reflection shows that all the arguments of Theorem 4.7.1 apply as 
long as the operators 7}, A’, act on directions parallel to the hyperplane 
X,, = 0, that is, if 1<i<m—1. Accordingly, we can prove existence of 


DiDiu_ (let<m—1, l= jam) (4.7.16) 


in L?(S"™) and establish for each an estimate of the required type. The only 
second derivative not included in (4.7.16) is (D™)*u; however, by virtue of 
Theorem 4.7.1, (D”)*u exists in the sense of distributions in S” and is 
locally square integrable there: in view of (4.7.13), 


(D")u=— aa yd De + YE. + YD*a,,) Diu + cu) 
Gm GNU f )s (4.7.17) 


where the double sum is extended to indices (j,k)*(m,m). Since 
Gnm(x)<« | by virtue of the uniform ellipticity assumption (4.7.2), the 
corresponding estimate for (D’)*, hence (4.7.15), follows. 


We piece together these results. 


4.7.4 Global Regularity Theorem. Let Q be a bounded domain of 
class C™, and let A, be of class C\ in Q and uniformly elliptic. Let 
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u€ D(A(B)) (B the Dirichlet boundary condition), that is, let u€ Hj(Q) 
satisfy 


B,(u,w)=(f,w) (we Al(Q)) (4.7.18) 
for some f = L?(Q) (f = (AI — A(B))u). Then u © H*(Q) and there exists a 
constant C (depending only on {, K,, k, A) such that 

lll 72¢@) < C( [If ll 22¢ay +llell aca) )- (4.7.19) 


The central idea of the proof consists in dividing Q into interior and 
boundary patches (in the sense of Section 4.5) and then using Theorem 4.7.1 
for the interior patches and Corollary 4.7.3 (via a change of variables) for 
the others. The effect of these changes of variables is examined in the 
following result. 


4.7.5 Lemma. Let V,V’ be bounded domains in R™, n:V —>V’ an 
invertible map onto V' such that the derivatives D“n (resp. D°n~ ') exist and 
are continuous in V (resp. V’) for |a|<k. Given ue W*?(V’), define 


Nu(x) =u(n(x)). 


Then N is a bounded, invertible linear operator from W*:?(V’) onto W?(V ), 
hx. p<.0o. 


For a proof see Adams [1975: 1, p. 63]. 


Proof of Theorem 4.7.4. Let Vi, V;j,...,V?,Vy,... be a finite cover 
of Q by interior and boundary patches and let x}, x},-..,x?,x3,-.. be a 
subordinated partition of unity in the sense of Section 4.5. We have 


u=Dixiut Vxru= Yui t+ Yur. (4.7.20) 
Each of the functions u’, satisfies 


B(ui,p)=(gi.9) (pe D(V,)), (4.7.21) 
where 


8, =Xif— ul LD Di(a,,D*x%,) + Lb,Dx;,] 


Thus it follows from Theorem 4.7.1 that ui, € H?(V,'). Accordingly, u!, € 
H?(Q) and’ 


Nei Neca) < C(I gill ceca) tlbll aca) ) 


<C' (WF lle2cqy tlellartay) (2 = 1,2...) (4.7.23) 


7Naturally, all the interior patches can be lumped together. Also, multiplication by x' 
(and the subsequent calculation) can be easily avoided. 
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The treatment of boundary patches is not as immediate. It is still true that 
u satisfies (4.7.21) (where p belongs now to Hj(V,? 0 Q)) with g” given by 
an expression similar to (4.7.21). If n is the map associated with V,°, then we 
can show that a> (which is wu? as a function of 7,,...,7,,) Satisfies 


B,(u?,w)=(87,w) (we Hg(S7)), (4.7.24) 


where the tilde in g? is interpreted in a similar way and B, is the functional 
defined in terms of the transformed operator A, in the same way B, was 
defined using A,. Evidently Ay is of class C‘)(S”) and it was already 
shown in Section 4.5 that 


ya at t= eee (4.7.25) 
where £ = J’E, J the Jacobian matrix of 7 with respect to x; thus the uniform 
ellipticity condition (4.7.2) is satisfied (with a different constant k bounded 
below by a multiple of « in each patch). Since @? € Hj(S”™) and it vanishes 
for |x| <p <1, Lemma 4.7.3 applies to show that 72 € H*(S™) and 

a? ll 209% < Cll ll¢sm +22 lls): 
which implies, making use of Lemma 4.7.5, that u? © H?(Q) and that 
leall 2c SC (Iigll 2c) +llaell nay) 
<C"( flix Fllull (ay) (2 =1,2,...). 


Combining these inequalities with (4.7.20) and (4.7.23), we deduce that 
u © H*(Q) and (4.7.19) holds, thus ending the proof of Theorem 4.7.4. 


It is easy to prove that (4.7.19) implies 
Il4ll 72a) S C\\(AL 7 A(B)) ull 72(a) (4.7.26) 


with C depending only on 2, K,, «, A. To see this, we only have to observe 
that 


III zea) S C'lf lla) 7 CW(AL A A(B)u)llz2(9); 


which is an immediate consequence of the first inequality (4.6.5) for By, 
since 


Cllell sycayll%ll c2¢ay < elleall wacayllull aay <|By(u, w)|=|(F, w)| 


<I F ll z2cayll4#ll 22¢a) (u € Hj(Q)). 


We consider now boundary conditions of type (I). The arguments are 
very similar, and the only piece of fresh information needed is a result 
analogous to Lemma 4.7.3 for these boundary conditions. 


4.7.6 Local Boundary Regularity Lemma. Let A, be of class C“ in 
S"" and uniformly elliptic there. Assume u€ H'(S") is zero for |x| <p <1 
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and satisfies 
By alu) = B(u.9)- f yupdo=(f.9) (pe9) (4.7.27) 
0) 


where y is continuously differentiable in S" and f © L?(S™). Thenu € H*(S"') 
and there exists a constant C (depending only on K,, x, X, M,, where 


M, = max {|D“y(x)|} 
xeSo: 


for &=(a),....%,,—))> || =a, +--7 ta <k) such that 


m—1 
ell 2c < Cilla +l|ull sm) (4.7.28) 


Proof. Let i=1,2,...,.m—1. We compute the left-hand side of 
(4.7.27) with A’,u in place of u. The expression for B,(A‘,u, p) is exactly the 
same as that in (4.7.9). On the other hand, 


f y\',ug do = = uN'_,(yp) do = =A, a(A'_,yr_,p + yA_,p) do, 
sr sr Sr 


thus, if B, is the functional in (4.7.9) and By g is similarly defined with 
respect to the homogeneous operator (4.7.10), 


By p(Mi,u, 9) aa Byles A'_,9) 


a Wes A'_,a,,71.,D*pD/i} dx 


uh uh'_,yt'_,pdo, (4.7.29) 
Se 


where the hypersurface integral on the right-hand side of (4.7.29) is esti- 
mated with the help of the Schwarz inequality and Theorem 4.6.4: 


i 


2 
aN ,yt! pdx} <MPf |ul?dof |r! ,@l?do 
. SJ’ So’ 


oO 
< Cllull; Nell? 
> H'(S™ NPI AS”): 


We proceed now exactly as in the end of the proof of Theorem 4.7.1 to show 
existence of, and to estimate the second derivatives in (4.7.16); the missing 
derivative (D™)*u is accounted for by means of (4.7.17). Details are 
omitted. 


4.7.7 Global Regularity Theorem. Let be a bounded domain of 
class C® and let A, be of class C)(Q) and uniformly elliptic in Q. Let B be a 
boundary condition of type (1) with y continuously differentiable on the 
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boundary T. Assume that u€ H'(Q) belongs to D( A(B)), that is, 
By p(u,w) =(f,w) (we H'(Q)) (4.7.30) 


for some f € L?(Q) (f = (AI — A(B))u). Then u € H?(Q) and there exists a 
constant C (depending only on Q, K,, «, \, M,) such that 


Nell 2c) < C(I Ila) Fell w2¢ay)- (4.7.31) 

The proof is essentially similar to that of Theorem 4.7.4, the only 

slight difference appearing in the treatment of the boundary patches 
V’,V2,... and the functions u? = x°u. It is easy to see that each u/ satisfies 


By,p(un>) = Brune) — fi yp arp do = (87,9) (pe), 


ve 
(4.7.32) 
where g? is given by an expression of the type of (4.7.22) and 
y? =D xe yy. (4.7.33) 


If n is the map associated with the boundary patch V,? and — indicates, as 
before, that a function is considered to be a function of 7),...,7,,, a 
straightforward computation® shows that 


By p(t.) = B,(a,,9)— [ prrinty do =(e,.0) (pe) 
0 


where again B) g, B, are the functionals corresponding to A, and p is the 
normalization factor in (4.5.28). We can then apply Lemma 4.7.6 and the 
proof runs much like that of Theorem 4.7.5. 


In some instances it is advantageous to replace inequality (4.7.31) by 
one of the type of (4.7.26), that is, by 


I] 72(a) ~ C\(AL i A(B)) ull 72(Q) (4.7.34) 


with C depending only on Q, K,, k, A, M,. The argument leading to (4.7.34) 
is very much the same as that justifying (4.7.26) in the case of Dirichlet 
boundary conditions. 

An important consequence of the regularity results just proved is 
that the domains of the operators A(B) can be now identified in a much 
more satisfactory way than hitherto possible. 


4.7.8 Corollary. Let Q be a bounded domain of class C®, and let Ao 
be of class C‘” and uniformly elliptic in Q. Finally, let B be a boundary 
condition of type (1) or (II) (in the first case, with y continuously differentiable 


*In this, an important role is played by the invariance of the conormal vector (or 
derivative) shown in (4.5.28). 
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on 1). Then D(A(B)) consists of all u€ H*(Q) that satisfy the boundary 
condition B almost everywhere on T. When B is the Dirichlet boundary 
condition, we can also write 


D(A(B)) = H2(2)N HA(Q). (4.7.35) 


Proof. We begin with the case of Dirichlet boundary conditions. 
The inclusion D(A(B)) C H?(Q) results from Theorem 4.7.4 and the fact 
that any u © D(A(f)) C Hj(Q) vanishes a.e. on T has already been dis- 
cussed in the previous section (see the comments after Theorem 4.6.5). The 
converse is a consequence of the following result and of a simple application 
of the divergence theorem: 


4.7.9 Lemma. Let Q be a bounded domain of class C\, 1< p<, 
u an element of W':?(Q) such that u=0 almost everywhere on the boundary 
I. Then u € Wi) ?(Q) = closure of D)(Q) in W'?(Q). 


The proof is based on Theorem 4.6.5 and on the method used in the 
proof of Theorem 3.18 in Adams [1975: 1, p. 54]. We omit the details. 


The case of boundary conditions of type (I) is handled as follows. 
Let u be an arbitrary function in “). Making use of Theorem 4.6.4 for the 
first derivatives of uw, we obtain 


|| D7 ull pcr) s C|lull 722) (4.7.36) 


(the index 2 on the left-hand side can be improved to 2(m—1)/(m —4)). 
We take u € H?(Q) and approximate it in the H* norm by a sequence {u,, } 
in . Applying (4.7.36) to u, — u,,, we can then define 


D?u=lim D’u (4.7.37) 


the limit understood in the norm of L?(T) and (as easily seen) defined 
independently of the sequence {u,,}. Let B be a boundary condition of type 
(I) and u€ D(A(B)). We have already shown that u € H7(Q) (Theorem 
4.7.7), thus D’ is defined in the sense indicated above. Applying the 
divergence theorem to each member u,, of an approximating sequence and 
to a g © 9) we obtain 


By, pln) = By(uy. 9)— f D7 yp do = [ (MI A,)z,) 9 dx. 
(4.7.38) 


Letting n > 00, we use the fact? that A,z, > A,@ in L?(Q) while D’u, 
converges in L*(T). We take limits in (4.7.38) and conclude from the 


°An abuse of notation is implicit here since A, was not originally defined in H?(Q) 
(see Section 4.5). 
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definition of A(£) through B, , that 
[ Diag do = | yap do 
r r 


for arbitrary » € %); hence 

D’u=yu a.e.onT (4.7.39) 
as claimed. Conversely, let u € H*(Q) such that (4.7.39) is satisfied a.e. on 
and let {u,) be again an approximating sequence in “). Using the divergence 
theorem and taking limits, we easily obtain that B, ,(u,p)=(f,@) for 
every y © %), where f = (AI — Ay)u, thus u € D(A(B)). 


Stronger regularity results can be obtained under stronger assump- 
tions on the coefficients of A, and the domain 2. These results, which we 
prove below, will be the basis of the treatment in L? spaces for p > 2 in the 
following sections. 


4.7.10 Interior Regularity Theorem. Let the hypotheses of Theorem 
4.7.1 be satisfied with Ay of class C**” in Q and f in H*(Q). Then 
u © H‘‘*+?)(Q’) and there exists a constant C (depending only on Q, XY, K,, k, 
dX) such that 


Neel] r**2¢027) < C(I ll ecay +Mlell ray )- (4.7.40) 


Proof. We only consider the case k =1 since extension to k>1 
involves no new ideas. Let 2” be a domain with 2’cQ”, Q” CQ. By 
Theorem 4.7.1, u€ H?(Q”); it is then easy to see that u, = D'u © H'(Q”) 
satisfies 

By(u;,9) = (f.) (4.7.41) 
for pg € %)(Q”), where 


f,= D'f + LY Dia, D/D'ut YD'(b, + YD‘a,,) Diu +(Die)u. 
(4.7.42) 
Clearly we have 
Ifill 2¢ay SIF lay + Cllullzcary 


where C depends only on Q, Q’’, K,, «, A. Inequality (4.7.40) then follows 
immediately from Theorem 4.7.1. 


4.7.11 Local Boundary Regularity Lemma. Let the hypotheses of 
Lemma 4.7.3 be satisfied with Ay of class C‘**) in §™, and f © H*(S”™). 
Then u © H***(S") and there exists a constant C (depending only on K,, k, 
A) such that 


Nell e250 < C(I flliecoey +lell nese )- (4.7.43) 


Proof. Again we only consider the case k = 1. Since u © H?(S”), 
u, = D'u€ H'(S"') for any i. Moreover, if i =1,2,...,m—1, we check easily 
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that u,;=0 a.e. on SQ’; thus, using Lemma 4.7.9, we see that u,; = D'ue 
H)(S") for i=1,2,...,m—1 and each u, satisfies (4.7.41) with f, given by 
(4.7.42) and vanishes in |x| <p. Hence Lemma 4.7.3 shows that all third 
generalized derivatives D'D/D*u exist for 1<i<m-—1l, 1< j,k <m and 
their L* norm is bounded by the right-hand side of (4.7.43). The only 
derivative absent from the argument is (D”)?u. However, we can express it 
by means of the others in the style of (4.7.4) keeping in mind that 
2a, DID* (DM) tb Day) D/CD™u) Aic( Du) -= ND uae 
This ends the proof. 


4.7.12 Global Regularity Theorem. Let the assumptions of Theorem 
4.7.7 be satisfied with Q of class C+”, A, of class C%*” in Q and 
f =(AI— A(B))u in H*(Q). Then u € H**?(Q) and there exists a constant 
C (depending only on Q, K,, «, X) such that 


Well pr+2¢0y < C (WF ll szecary + llell cay )- (4.7.44) 


The proof follows closely that of Theorem 4.7.4 and is thus omitted; 
in the boundary patches we use of course Lemma 4.7.11 in lieu of Lemma 
4.7.3. 

If A is large enough, inequality (4.7.44) implies 


WNll r*+2¢ay < CIAL — A(B)) ull zecay (4.7.45) 


with C depending only on , K,, x, A; to see this, we argue as in the proof 
of (4.7.26). 


4.7.13 Local Boundary Regularity Lemma. Let the hypotheses of 
Lemma 4.7.6 be satisfied with A, of class C**” in S™, yEC**”D(S%), 
f © H*(S™). Then u€ H**?(S"™) and there exists a constant C (depending 
only on K,, x, 4, M,) such that 


lll ,6) < Clilf ll wecsey + llull cea) (4.7.46) 


Proof. Once again we only consider the case k = 1, and set u; = D‘u, 
1<i<m-—1. The function u, belongs to H'(S") and satisfies 


By p(ui,9) = By(u,,)— f yi,pdo =(f,)+ f hp do 
Se Se 
(4.7.47) 
for p € )(Q), where f; is given by (4.7.42) and 
h,= (Diy)u+(YD'a,,,) Diu. 


Strictly speaking, Lemma 4.7.6 is not directly applicable here due to the 
presence of the hypersurface integral on the right-hand side of (4.7.47). 
However, this additional term can be estimated with the help of Theorem 
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4.6.4: 


[hie dol < Wh ll acopllll 2259 < Clllirsellllinsey 
So m 


C( My llull nicomy + MKallull (69 Pll (sy: 


Using now (4.7.26) for the second term between parenthesis, we apply the 
argument in Lemma 4.7.6 to the difference quotients Aju,, 1< j<m-—1 
and prove that each u, belongs to H?(Q) and that the derivatives D'D/D*u, 
leiam=)) hag, k< <m Satisfy an estimate of the type of (4.7.73). The 
derivative (Dui is captured as in the end of Lemma 4.7.9. 


4.7.14 Global Regularity Theorem. Let the assumptions of Theorem 
4.7.7 be satisfied with Q of class C**, Ao of class C**” inQ,yeC%* (1), 
and f =(AI— A(B))u in H*(Q). Then ue H**?(Q) and there exists a 
constant C (depending only on Q, K,, «, A, M,) such that 


Nels 2¢@) < C(I lla F1l¥llar(ay) (4.7.48) 
The proof follows that of Theorem 4.7.12 and is thus left to the 


reader. 


As in the case of Dirichlet boundary conditions we can show that 
(4.7.48) implies 


lull +20) < CIA — A(B)) ull zea) (4.7.49) 


for A large enough with C depending only on 2, K,, «, A, M,. 

With the help of the following result, a particular case of the Sobolev 
imbedding theorem, we can show that u must in fact have a certain number 
of derivatives (in the classical sense) if & is large enough. 


4.7.15 Theorem. Let Q be a domain of class C and let u€ 
W*-?(Q) with 1 < p <0o and (k — j)p>m for some j > 0. Thenu€ C(Q) 
(after eventual modification in a null set) and 

All cn) S C\lUllw*-rcay> (4.7.50) 


where the constant C does not depend on u.'° 


The result is a particular case of Theorem 5.4 in Adams [1975: 1, pp. 
97—98] and yields the following 


4.7.16 Corollary. Let the assumptions of Theorems 4.7.12 or 4.7.14 
be satisfied with k +2— j >m/2 for some j > 0. Then ue CQ) and 


Nell cor < CUA lla +1lell aya) (4.7.51) 


'This result holds under the sole assumption that Q possesses the strong local 
Lipschitz property (Adams [1975: 1, p. 66]), which holds for any domain of class C), 
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where C does not depend on u. If the assumptions are satisfied for all k, then 
ue CQ). 


4.8. CONSTRUCTION OF m-DISSIPATIVE 
EXTENSIONS IN L?(Q) AND C(Q) 


The results in the previous section are sufficient to assemble suitable 
extensions in L?({2); however, a precise characterization of the domains can 
only be obtained using a deep a priori estimate (Theorem 4.8.4). We assume 
again throughout this section (unless otherwise stated) that Q is a bounded 
domain of class C® and that A, is an operator of class C" in Q, although 
we shall occasionally be forced to work with smoother domains and 
operators in several results. The uniform ellipticity assumption (4.7.2) is 
assumed to hold. Since A, will be written both in the form (4.4.1) and in 
variational form, we shall denote by b, in this section the first order 
coefficients in (4.4.2). 


4.8.1 Lemma. Let B be a boundary condition of type (11) or of type 
(I) with y continuous on T, 1 < p< 00, W*?(Q)g the space of allue W*?(Q) 
that satisfy B a.e on T, C(Q), the space of all ue C(Q) that satisfy B (in 
the classical sense) everywhere on 1. Then COQ), is dense in W*?(Q) 5 in 
the norm of W*?(Q). 


We note that the boundary values and the boundary derivatives of a 
function u © W?(Q) are defined in the same way as for p = 2 in Corollary 
4.7.8: 


u=limu, in L?(L), (4.8.1) 

Dy=tm Dv in L? (1), (4.8.2) 

where {u,)} is an arbitrary sequence in %) converging to u in W*?(Q); 
existence of the limit follows from Theorem 4.6.4, and existence of the 
sequence {u,,) from Theorem 4.6.5. The exponent p in the two limit relations 


(4.8.1) and (4.8.2) can be improved except when p =1 (see again Theorem 
4.6.4). The proof of Lemma 4.8.1 is fairly elementary and we omit it. 


1 


4.8.2. Corollary. Under the assumptions of Theorem 4.6.6, we have 
Ay(B)= A(B) = (40(B’))*, (4.8.3) 


the closure and adjoint understood in L*(Q). 


Proof. Combining (4.7.13) with (4.7.26) for the Dirichlet boundary 
condition (or (4.7.34) for other boundary conditions), we obtain that the H” 
norm and the graph norm |\(AJ — A())u|| (A large enough) are comparable 
in D(A(B)). The first equality (4.8.3) then results immediately from Lemma 
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4.8.1 for p=2, the second from the first applied to the formal adjoint 
Ao(B’) and from (4.6.30). 


We can now construct the desired extensions in L?({2). 


4.8.3 Theorem. Let 1< p<, Qa bounded domain of class C® if 
1<p<2 (of class C**” with k>m/2 if 2< p<), Ag an operator of 
ins CO ifil <p <2) (ofsclass Cl" if 2p = se) <cisiee the uniform 
ellipticity hae (4.7.2), B a boundary condition of type (11) or of type (1) 
with yE COT) (yECK**M(L) if 2 < p < 0) satisfying 


v(x)+2 ¥ (x)9< = 09 pbc): (4.8.4) 


where v = (¥1,...,%,) is the outer normal vector at x (if p = %, this inequality 
is y(x) <0). Finally, let b; © C(Q) and 


w, = max ee 3 D/b,(x) (4.8.5) 


j=1 
(w, = max c(x) if p = 0). If 1 < p <0, the closure A,(B)=A A, (B) in L?(Q) 
belongs to C, (1, ): Moreover, if |< p < 00, we have 
————~ \* 
A,(B) = Ao(B) = 4o(B’)* = (40'(8)) (4.8.6) 
where A}( B’) is thought of as an operator in L? (Q) ( p’~'+ p~'=1). Finally, 


if p = 0, the closure A,,(B)=Ao(B) in C(Q) (Cp(Q) if B is of type (II) 
belongs to C,(1, ,,). 


Proof. We note that if w’,w/, are defined by (4.8.5) in relation to 


the formal adjoint Ap, then we Gea easily that w, = w,, for 1 < p <oo, and 
that w;, = w,. Obviously we may assume that w, = 0; otherwise we simply 
replace A,)(B) by Ao(8)—,/. The same observation holds for w,,. We 
begin with the case E = L?(Q), l<p<2. It follows from Corollary 4. 8.2 
that if A>O is large enough, (AJ — A,(B))D(A,(B)) is dense in 
(AI — A(B))D(A(B)) = L?(Q). We see that (AI — A,(B)) D(A, (B)) is dense 
in L?(Q), 1< p <2, and by virtue of Lemma 3.1.11, Ay() is m-dissipative 
in L?(Q) (recall that A,() is dissipative in view of Lemma 4.5.2). The case 
p > 2 is slightly more complex to handle. Let f € H*(Q)N L?(Q) = H*(Q) 
and let u€ D(A(£)) be the solution of (AJ — A(8))u=f for sufficiently 
large A > 0. In view of Theorem 4.7.14 (or Theorem 4.7.12 in the case of 
Dirichlet boundary conditions), u€ H**?(Q), hence u€ C®(Q) by Theo- 
rem 4.7.15. It follows from Corollary 4.7.8 that u satisfies 8 almost every- 
where (thus everywhere) on I’, hence ue C(Q), = D(A, (B)). Since f is 
arbitrary we deduce that (AJ — Ao(B))D(Ao(B)) > > H*(Q), which is dense 
in L?. As we already know that A,({) is dissipative in L? (Lemma 4.5.2), 
we obtain again from Lemma 3.1.11 and Remark 3.1.12 that A,() is 
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m-dissipative in L?(Q). The case E = C(Q) (C,p(Q) if Dirichlet boundary 
conditions are used) is handled in the same way. It remains to prove the 
duality relations (4.8.6). From the Lagrange identity (4.5.40) we deduce that 
A,(B)¢ Ao(B’)*, thus A,(B)¢ Ao(B’)* =Ao'( B’)*. However, we know 


that A)(f) is m-dissipative, and so is Aj(’) * after Theorem 2.3.10, since 
L?(&) is reflexive for 1< p<oo. Hence the resolvent of both operators 
exists for A > 0 and they must then coincide (see the end of the proof of 
Lemma 2.3.9). This completes the proof. 


The precedent L?” theory is not entirely satisfactory. In fact, the 
characterization of the domain of 


A,(B)=Ag(B) (= 45(B)* if B= L9(@), 1<p<oo) (4.8.7) 


is somewhat imprecise (compare with the L* case in Corollary 4.7.8). This 
objection will be surmounted with the help of the following result. 


4.8.4 Theorem. Let Q be a bounded domain of class C®, and let 
Agu= Yo ay(x)D/Dku+ Vb (x)Diutc(x)u, (4.8.8) 


where the coefficients a;,, bj, c, are continuous in Q; assume A, is uniformly 
elliptic, that is, there exists k > 0 such that 


Lae ene klél> (ee, EER”) (4.8.9) 


and let B be the Dirichlet boundary condition. Finally, let 1 < p <oo. Then 
there exists a constant C (depending only on p, «, 1, the modulus of continuity 
of aj, on St and the maximum of |a,,|, |b;|, |e| on 2) such that 


|| || w2PR(Q) S C(lAoull prea) +||u|| anes) (4.8.10) 


for all u in C(Q),, the set of all u€ C(Q) that satisfy B everywhere on I. 
The same conclusion holds for boundary conditions B of type (1) with the added 
assumption that the a, are continuously differentiable in Q and that y is 
continuously differentiable on T. In this case the constant C depends on p, k, Q, 
the modulus of continuity of aj, and of D'ax, the maximum of |y| and |D*y| 
on I (D# any first-order derivative on [) and the maximum of |a;,|, |D‘a;x\, 
|b], |c| on Q. 


The basic ingredient in the proof will be the following result on 
Fourier multipliers. We denote by %u the Fourier transform of u (see 
Section 8 for definition and properties). 


4.8.5 Theorem. Let m= (oc) be a function k times continuously 
differentiable for 6 #0 in R®, with k >m/2. Assume that for every differen- 
tial monomial D*%, a=(@,,...,a,,) with |a|=a,+--: +a,,<k, we have 

|D*m(o)| < Blo|~!!. (4.8.11) 


Finally, let 1< p <0. Then there exists a constant C (depending only on B 
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and p) such that 
Fan F Fu) rece” ID ES <C||U|l p>¢@™) (4.8.12) 
for every uE L?(R™)N lee 


The requirement that u € L?(IR”) is made to assure existence of %u: 
since (4.8.11) for a=0 implies that m is bounded, mSue€ L?(R™) and 
$~'(m% wu) exists as well. For a proof of Theorem 4.8.5 see Stein [1970: 1, p. 
96] or Hormander [1960: 1]. 


With the help of this result we establish several estimates for first 
and second derivatives of the inhomogeneous Laplace equation.'! 


4.8.6 Theorem. Let u be twice continuously differentiable with sup- 
port contained in |x| < M and let 1 < p<. Then there exists a constant Cy 
(depending only on p, M) such that 


l4llw2-2¢R™) < CollAull roca (4.8.13) 
where A =(D/)? is the Laplacian. 
Proof. Let f =Au. We have 


F(D/D*u)(o eae ; Ff (0) 


for 1< j,k <m, where m,(0) = 0,6,|0| ~“ is easily seen to satisfy (4.8.11), 
hence the estimates for the second derivatives follow from Theorem 4.8.5 
(note, incidentally, that these estimates do not depend on M ). To bound the 
first derivatives and uw itself, it is obviously sufficient to prove that an 
estimate of the form 


Pll recy <C ye || Dol coca (4.8.14) 


j=l 
holds for g continuously differentiable with support in |x| <M, with C 
depending only on p and M. To establish an we use the formula 


eo red Ae 


mt 


eet Dip(y) dy (4.8.15) 
(where w,, = 27”/*/T(m/2) is the hyperarea of the unit sphere in R”), 
which can be easily established as follows (see Stein [1970: 1, p. 125]). Let 
€ER”™, |€|=1. Then 


(x)= f° (grad @(x ~ér), £) de 


''Theorem 4.8.6 can also be proved with the help of the Riesz transforms and the 
Calderon-Zygmund theorem (Stein [1970: 1, p. 59]). 
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Integrating this equality on |é|=1, (4.8.15) results. We can rewrite this 
formula as follows: 


p(x) = LP * 9)(x), 
where P(x) = w,,'x(x)x,|x|~”, x the characteristic function of |x| <2M. 
Since each P, belongs to L'(R™), the estimate follows from Young’s Theo- 
rem 8.1. This ends the proof. 

4.8.7 Corollary. Let R"={x ER”; x,, > 0} and let u be a twice 
continuously differentiable function in R™ with support contained in |x| <M 
and such that u(x)=0 for x,,=0. Let 1< p<oo. Then there exists a 
constant C, (depending only on p, M) such that 


lh 2 cae < Col] Axl] po cay - (4.8.16) 


Proof. Extend the function u to R” by setting u(X, x,,)= 
= u(x, — x,,) for x.,, < 0, where X=(x),...;X,,_;) ER” |: It is clear that u 
is once (but in general not twice) continuously differentiable; in fact, 
although D/D*u exists and is continuous if j * m or k * m, (D™)*u may be 
discontinuous as x passes across x,, = 0. However, if p € %, 


[ u(2,x,,)(D"Y 9 (4, xp) ddr, 
R”™ 
A m\2 a m\2 s A 
= Wl &, Xp )((D )p(2,x,,)—(D") p(&, — x,)) dt dx, 


= (D")’u(X, X_)(P( 2s Xm) — P(X; — Xm )) dx dx,,, 
>0 


Xm 2 


=| (D”)u(&, x,,) 9(%, X) AX dx, (4.8.17) 
R” 


where (D”')?u(x) has been extended to all of R” in the same fashion as u; 
if f = Au is extended in a similar manner, we have 


Au=f (4.8.18) 
in R”, in the sense of distributions. Since the extended u belongs to W?, 
we can approximate it in the W??-norm by a sequence {q,) in %) such that 
gy, = Oif |x| > M+ 1. Making use of Theorem 4.8.6 (note that Ap, > f = Au 
in L?(R”™)) and taking limits, the result follows. 


We treat next the case of boundary conditions of type (I). 


4.8.8 Theorem. Let u (resp. W) be twice (resp. once) continuously 
differentiable in R” with supported contained in \x|< M. Assume D™u(X,0) 
= W(X,0), and let 1< p<oo. Then there exists Cy (depending only on p, M) 
such that 


lel w2-2¢mmy < Coll Atel zocany +l¥ll parce )- (4.8.19) 


240 Abstract Parabolic Equations: Applications to Second Order Parabolic Equations 


The proof is sketched at the end of this section (Example 4.8.21). 


Proof of Theorem 4.8.4. We begin with the case where f is the 
Dirichlet boundary condition. Availing ourselves of the observations at the 
beginning of Section 4.5 we select a cover of 2 consisting of a finite number 
of interior patches V/,Vj,... and boundary patches V’,V,,... and denote 
by xi,x5,---.x?,x5,-.- the partition of unity subordinated to the cover 
UA V>). Clearly we can choose both the interior and boundary patches so 
small that if x and x’ belong to one of them, 


|ajg(x)— 04x) <e, (4.8.20) 


where e > 0 is a constant to be specified later. We examine the situation in 
each patch. 

(a) Interior patches. At one of these, say V'=S”"(X, p), the func- 
tion u' = x‘u satisfies 


A,u'=g', (4.8.21) 
where 
gi=x'Aout (SYa,,D/D*x! + Yb, Dix!) u +2) >) 4,,D'xD*u, 
(4.8.22) 
Denote by Ay ; the principal part of the operator A, frozen at x, 
Ay ;u= S a,,(%)D/D*u. (4.8.23) 
jalk=l 


We perform an affine change of variables x > yn = L(x — X) in V' in sucha 
way that the quadratic form Lda, (x)&€, becomes Lé y in the new vari- 
ables; clearly this change can be made in such a way that 


|[D/n,|,|D/ng |< N, (4.8.24) 


where N depends only on the ellipticity constant « and the maximum of the 
|a;,|. We can then write (4.8.21) in the new coordinates as follows: 


Agi! = Aa! + DY (4yg(n)— 4,4 (0)) D/D‘a! + DB, Dia! + ca = g, 
(4.8.25) 


where A, is the operator A, in the variables 7,,...,7,, (see (4.5.21)) and a, g' 
are u’, g' as functions of the n;. We choose now the constant e in (4.8.20) in 
such a way that |@,,(1)—4@,,(0)| <1/2m?C, when n €V' = L(V'— x), Cy 
the constant in Theorem 4.8.6 (this is clearly possible since (4.8.24) holds 
independently of X and the a,, are uniformly continuous in 2). We make 
then use of (4.8.25) and of Theorem 4.8.6 to conclude that 


~T BS 1 =n | , Rot ne 
\|@"|| wP(vi) S 2||4'|| wry) + C (NZ 'll ocir +||a"|| Uh eae (4.8.26) 
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where C’ is a positive constant. We obtain from this inequality that 


eC lle er yct lie Macca 


Hence, after a change of variables, an examination of (4.8.22) and an 
application of Lemma 4.7.5, 


IX! Ull 2-22) = IIx'Ullw2ecry S C(Aoull roc +|lull oc) 
<C(\|Aoull roca) +lell-rca)) (4.8.27) 


where it is easy to see that C depends only on the constant N in (4.8.24), on 
the constant Cy, and on the maxima of the |a,,|, the |b,| and |c| on Q (see 
equality (4.8.25) and its consequence (4.8.26)). 

(b) Boundary patches. At one of these (strictly speaking, in V? NQ) 
the function u? = x°u satisfies 


Ape = 2", (4.8.28) 


where g” can be expressed from x? and u in the same way as g' from x’ and 
u in (4.8.22), and 


ur(x) =O Wer ave) (4.8.29) 


Let now 7 be the map associated to the patch V? and let A, be the operator 
Ag in the variables 7,,...,7,,. Then AG is uniformly elliptic in S"’ = S"7(0, 1) 
(with ellipticity constant K depending on x and 7 as seen in (4.7.25) and 
following remarks). As in the case of Ay, we define Ao to be the principal 
part of the operator He frozen at 0 = n(x): 


Ajo = 0b, nL p(0) DD". (4.8.30) 
j=lk=l 

We perform now two additional changes of variables. The first is a linear 
change 9 > &’= Lé reducing the quadratic form 124, (O)E,£, to canonical 
form Dae clearly (4.8.24) and following comments hold for L, the operator 
Ao.o transforms into A and the hyperplane 7, = 0 into some hyperplane H. 
Finally, we select an orthogonal transformation 7’ > 7= U7’, which trans- 
forms H back into 7,,=0 (since the transformation is orthogonal, the 
principal part of the transformed operator will still be A). We consider then 
the total change of variables 7=ULy under which the equation (4.8.30) 
transforms (in obvious notation) into 


Ag es (G20), (4.8.31) 
aw =0 (4,=0), (4.8.32) 


with the support of % contained in |#| < M (M only depending on x?, L). 
We can argue then essentially as after (4.8.25) (but using now Corollary 
4.8.7) to obtain 


lx? ull y2-rcay < C(lAoull roca +lell w-2(ay)- (4.8.33) 
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We note that at the heart of this argument lies the fact that there exists an 
absolute constant N such that [ can be covered with boundary patches of 
arbitrarily small diameter (chosen independently of NV) and such that |D/n,|, 
|D/n, '|<N for the associated maps 7. This follows easily from compact- 
ness of IT and will also be used in the treatment of other boundary 
conditions. 

We deal next with boundary conditions of type (I). The treatment of 
interior patches is obviously the same, thus we only have to figure out what 
happens at the boundary patches. We take them so small that if x and x’ 
belong to one of them we have 


|ax(x)— aj,(x’)| , | D'a;,(x)— D'ax,(x’)| SE. (4.8.34) 


The constant e> 0 will be specified later. 

(c) Boundary patches (boundary conditions of type (1)). We use again 
here the change of variables 4 (but drop the hat from 7 for simplicity of 
notation); as before, over a function denotes the action of the change of 
variables. We argue as in (b) but we must examine carefully the (local) 
transformation of the boundary condition 8. Because of the invariance of 
the conormal derivative (see (4.5.28)), the function @ satisfies 


D'a’(n)=e(n)%(n)a°(n) (n,, = 9), (4.8.35) 
where p(7) is the normalization factor in (4.5.28) and 7 is the conormal 
vector (with respect to a) at the corresponding point of the hyperplane 
Nm = 9. Now, since the principal part of Ay at n=O is the Laplacian, 
A =(0,...,0, -1) and D?=— D” at n»=0. We have 


— Da? (m) = —(D* + D”)a°(n) + p(n) ¥(0) a(n) 
=< hy (qty nye ti 0). (4.8.36) 
where D"a°(n) = —L4,,,(n)D/a°(m). We extend h, and h, to 7,, > 0 set- 
ting ¥(1),---sMm—1> Mm) = Y(N,-++>Nm— 19) and continue p in the same 
fashion. Then, taking e sufficiently small in (4.8.34) we can assure that 
allwe-rcamy a ||(D? ay DD”) B lyocam S (1/4Cp NA" lly2--cRy 


(4.8.37) 


where C, is the constant in Theorem 4.8.8. On the other hand, there 
obviously exists a constant C’ such that 


IPallw2cam < lov a"|| wire < Ca" || WiP(R™)- (4.8.38) 


We combine the last two inequalities with (4.8.25) and Theorem 4.8.8 and 
obtain an inequality of the type of (4.8.26) for 7°. After the inverse change 
of variables, (4.8.33) results, the constant C satisfying the stipulations in the 
statement of Theorem 4.8.4. Putting together inequalities (4.8.27) for the 
interior patches and (4.8.33) for the boundary patches, we obtain (4.8.10), 
thus completing the proof of Theorem 4.8.4. 
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Inequality (4.8.10) can be cast into a more useful form if the 
boundary condition B is of type (II) or if B is of type (I) and the 
dissipativity condition (4.8.4) is satisfied for the p in question. We shall use 
the following result: 


4.8.9 Lemma. Let Q be a bounded domain of class C=C", 
1<p<o, e>0. Then there exists a constant C depending only on Q, p, € 
such that 


l4ll w-cay < €||Ul| w2-2¢a) + Cull, -¢Q)- 
For a proof (under considerably weaker hypotheses) see Adams 


[1975: 1, p. 75], where a more general result involving higher order Sobolev 
norms can also be found. 


We make use of Lemma 4.8.9 with e<1/C, C the constant in 
(4.8.10), and obtain (with a different constant) 


|| || w2P(Q) S C(|Agull za) +||Ul| ,2¢a) \p (4.8.39) 


We note next that Ay — w,/ is dissipative if w, is given by (4.8.5); therefore, 
ifA>w 
Pp? 


al | 
Ill poay << (A—@,) AL Ap) ull roy 


(see (3.1.9)). Combining these two last inequalities, we obtain, again with a 
different constant, 


lI24ll w2-2¢a) < CIMAL = Ao) ullzoca (4.8.40) 


(A large enough) for u€C(Q),. In view of Lemma 4.8.1, inequality 
(4.8.40) (as well as (4.8.10), of course) can be extended to uE€ W*?(Q), 
using an obvious approximation argument. 

The main application of Theorem 4.8.4 will be a precise characteriza- 
tion of the domain of 4,(f), the closure of A,(f) in L?, 1< p<oo. Asa 
bonus, we shall also obtain a similar characterization in the C({2) case. 


4.8.10 Corollary. Let Q,A, satisfy the assumptions in Theorem 
4.8.3. Then 


D(A,(B)) = D( Ao(B) ) =W2?(2)p, 


where W?(Q), is the space of all ue W*?(Q) that satisfy the boundary 
condition B at T in the sense of Lemma 4.8.1. 


Proof. The fact that 8 makes sense for any u € W*?(Q) has been 
already established (see Lemma 4.8.1); it is easy to see that W?? (&2), is a 
closed subspace of W*?(Q). We make now use of the fact that C©(Q), = 
D(A,(f)) is dense in W*?(Q), (Lemma 4.8.1) and of the equivalence of 
the W*?(Q)-norm and the graph norm |\(AJ — A9)ul|;»,q) in D(Ao(B)), 
which is an easy consequence of (4.8.40). The remaining details are very 
similar to those for the case p = 2 (Corollary 4.7.8) and are left to the reader. 
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We note that A,(8) acts on elements of its domain in the classical sense, 
that is, (4.7.13) holds. 


We can also identify in a fairly satisfactory way the domain of the 
closure of A,(B) in C(Q) (C,(&) if B is the Dirichlet boundary condition). 


4.8.11 Theorem. Let the assumptions of Theorem 4.8.3 be satisfied 
for p = 00. Assume that (4.8.4) holds for p = 1,0, and let A,,( B) be the closure 
of A,(B) in C(Q) (in Cy(Q) if B is of type (ID). Then D(A,,(B)) consists of 
alluEN,, \W*?(Q), such that" 

Ao(B)uEC(Q) (Cp(Q) if B is of type (II)). (4.8.41) 


Every u€ D(A,,(B)) belongs to C)(Q) and satisfies the boundary condition 
B in the classical sense everywhere on .. The following alternate characteriza- 
tion of A,,(B) also holds: D(A,,(B)) consists of all ue C(Q) (Cp(Q)) such 
that A,,(B), understood in the sense of distributions, belongs to C( Q) (Cp(Q)), 
i.e., such that there exists v = A,,(B)u in C(Q) (Cp (Q)) with 


[ud0(B’)wax = f owdx (we D(Ag(B)) =C®(®)p). 
Q Q 

The proof is based on the #-adjoint theory of Section 2.3. This 
theory will be applied to the space E = L'(Q) and the operator A = 4)( 8’) = 
Aj(B’). The first task is to identify the space E* =D(Aj(p’)*) 
= D(Aj(B’)*) in E* = L®(Q), where A is the formal adjoint of A, and ’ 
is the adjoint boundary condition. We shall presently show that 

igo C() if B is of type (1), 
Cr(Q) if B is of type (I). 


p> 


(4.8.42) 


Consider first the case of Dirichlet boundary conditions. Application of the 
Lagrange identity (4.5.40) shows that Ay(B) C A,(B’)* so that D(A, (8)) = 

C!Q)N Cy(Q)C Cc E* and, taking closures, Cp(Q)C E*. The opposite 
inclusion is not nearly as trivial. Let u © D(Ao(B’)*) (as before, AG(’) 
considered as an operator in L'(Q)). Then there exists f € L*(Q) such that 


[Ao ( Bw dx = [ fords (w © D(4;,(B’))). (4.8.43) 


But this implies that u © D( A’,( B’)*) = D( Ao (B’)*), with AG(B’) thought of 
as an operator in L?(Q), p >] and Ao(p’)*u = f © L?(Q). Since Ao(B’)* 
=A,(B)=A,(B), it follows from the previous Corollary 4.8.10 that u€ 
W*?(Q). for all p>\. Taking p>m, we deduce that ue C(Q) from 
Theorem "47. 15; since u satisfies the boundary condition B on T in the 
generalized sense of Lemma 4.8.1, it is not difficult to show that u must 


"The definition of A, is slightly stretched here. 
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satisfy B in the classical sense. As each u € D(A5(f’)*) belongs then to 
C,(Q) the same must be true of each ue E* (the L® and the C norm 
coincide in C(Q)) and the proof of the second equality in (4.8.42) is 
complete. The first can be handled in an entirely similar way and details are 
omitted. 

The identification of 4’(B’)* =A,'(B’) is essentially the same as 
that of A\(8’)* examined above (with the only difference that f € C,(Q) or 
C(Q) instead of L%). In particular, every u€ D(A,(B)*) satisfies the 
stipulations set forth in Theorem 4.8.11. Conversely, let u be a function 
enjoying these privileges. Then it is obvious that u must satisfy (4.8.43) with 
f = A,(B)u and thus belongs to D( A(B’)*) with 45(B’)*u = f. 

We note finally that since A,(B) C AG(B’)* in Cp(Q) or C(Q), we 
must have A,,(B) =A,(B)€ Ao(B’)*, hence using once again the argument 
at the end of Lemma 2.1.3 we deduce that 


A_,(B) = A,(B")” = A5(B)” (4.8.44) 


(Note that, strictly speaking, the expression Aj(8’)* does not make sense 
since A6( 6’) itself is not a semigroup generator; however, the meaning is 
clear in the present context.) 


The computation of the #-adjoint of A,(f) is considerably more 
complex and will require additional L’” estimates. We shall only consider 
the Dirichlet boundary condition. 

Let fo. fi,---.f, € L?(Q) for some p >1. We shall examine in what 
follows solutions of the equation 


Agu = fo + 2, Df, (4.8.45) 


satisfying a boundary condition of type (II). The main result on this score is 
the following Theorem 4.8.12, where both wu and f, are smooth and the 
solution of (4.8.45) is therefore understood in the classical sense. 


4.8.12 Theorem. Let Q be a bounded domain of class C and let Ay 
be given by (4.8.8) with a;,, b; continuously differentiable, c continuous in Q. 
Let B be the Dirichlet boundary condition. Finally, let 1 < p <0. Then there 
exists a constant C (depending only on p, k, 0, the modulus of continuity of the 
dj,, D'a,, and the maximum of |aj,|, |D'aj4|, [bj], |D‘b)|, |e| on 2) such that 
if u€ C(Q), and (4.8.45) holds with fy € C(Q), f,s---sfn € C?(Q), we have 


ll4llwiecay SC 8 Fill ceca) Tl coca) : (4.8.46) 
j=0 


The proof runs along the “local reduction to the Laplacian” lines of 
Theorem 4.8.4, thus we only sketch the main points leaving some details to 
the reader. For the local treatment of the Dirichlet boundary condition, we 
need analogues of Theorem 4.8.6 and Corollary 4.8.7. These are: 
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4.8.13 Theorem. Let u be twice continuously differentiable, fy con- 


tinuous, f\,.--,fm continuously differentiable, all functions will support in 
|x| < M, and let 1 < p<. Assume that 
AD= fore hy (4.8.47) 


Then there exists a constant Cy depending only on p and M such that 


Wleell yireey< Cy DUG N eo ceny: (4.8.48) 
J=09 


Proof. It follows from (4.8.47) that 


F(D‘u )= Sho nay mG o)=Iyfyt ae (4.8.49) 


jail pei 
Making use of Theorem 4.8.5, we obtain 
Wiefillceerey < Gall fillerca”y (4.8.50) 


with C,, only depending on p. To estimate /, for m > 3, we note that if ,, is 
the hyperarea of the unit sphere in R”, 


1 1 
1 eee D*‘ ——____ d 
BO pe ee ern neue! 
(this follows essentially from Stein [1957: 1, p. 126]; for the case m= 2 see 
Example 4.8.23), and bound this integral using Young’s inequality as in the 
end of the proof of Theorem 4.8.6, obtaining 


Zi follncay < Cell follz-cay> (4.8.51) 


where C, only depends on p and M. The desired inequality is now obtained 
from this one and (4.8.50), the L” norm of u estimated in terms of the L? 
norm of its derivatives again as in Theorem 4.8.6. 


4.8.14 Corollary, Let ue C?(R"), fo © C(R™), f.-.-.f, € 
C)(R") be functions with support in |x| <M. Assume that u ane (4. 8.47) 
in X,, >0 and that u(x)=0 for x,,=0. Then there exists Cy > 0 depending 
oe on p, M such that 


m 


Welle < Cy Le WGI ceca: (4.8.52) 
T= 


Proof. We extend u to the entire space setting u(%, x,,)= 
— u(X, — X,,) (X,, < 0), where X = (x,,...,x,,—,) as in the proof of Corollary 
4.8.7. The same extension is used for fy,...,f,,_,3 for f,, we use instead the 
even extension f(x, x,,)=f(X, —x,,). Although the extended functions 
satisfy (4.8.47) off the hyperplane x,, = 0, they do not fit into the hypothe- 
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ses of Theorem 4.8.13 since (D”)?u and f,, D'f,,...,D’f,, are discontinuous 
across x,, =0. However, the Fourier transform argument is easily seen to 
extend to the present situation. 


We prove Theorem 4.8.12 by means of a cover of Q by interior and 
boundary patches. The notations in the proof of Theorem 4.8.4 will be 
freely used here. 

(a) Interior patches. At one of these the function u' = y'‘u satisfies 


Ajui=gi, (4.8.53) 
where 
g=x'(fo+ LDF)+(L Ya, D/D*x' + Lb, Dix')u 
+207 4;,D!x'Diu 
= x'fy -(XD/x') f, - (La, DID*x' — Lb Dix')u 
-(2)) D*a,D/x')u + YD x'f,) +2 D*(( La, Dx!) u) 
=g)+ Dg. 


After the affine change of variables x > n = L(x — X) necessary to trans- 
form the principal part of A, at x into the Laplacian, we obtain 


Apa = Aa' + DY) (4,,(0)— 4,,(0)) D/D* a! + 506, Dia! + cai! 
= 8 7 pile Das 
where {/;,} = L. Observing that 
YY (a(n) 4,.(0)) D/D*a! = DY DA(a,,(n)— a, (0)) Dsa) 

~ LY (Day (n)- D4, (0)) D¥a! 
—)D/4,,(0)D*a' 

and that 

Yb, Dia = Y D/(b,a')-( D4, a, 


we see that, if V' is small enough, 


m 
NE ye ey SMA yor iy + C E htlaré5 Hae eae) 
t=O 


from which we obtain 


IIx'ell 7-22) S c| Ds Il Fillr2cay +l.) (4.8.55) 
j=0 


(b) Boundary patches. The treatment is much the same, the only 
difference being that the change of coordinates x > 7 is now in general 
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nonlinear; the function gy +LD/g, transforms then into 80 + YYI, poe Zr 
{1,,) the Jacobian matrix of n(x). We write this last expression in the form 
85 HUD Cl ee (LLD‘I;,)g, and proceed as above, applying this time 
Corollary 4.8.14. 


We shall need to define below what is meant by a solution of (4.8.45) 
when 4, fo, f1;--+sfm are no longer smooth. This will be done in the style of 
Section 4.6: given fy, f\,---,f € L'(Q) (Q an arbitrary domain) a function 
uEW'(Q) is declared a solution of (4.8.45) satisfying the Dirichlet 
boundary condition if and only if u€ W,':'(Q) and 


[(Z Day Diup' —(T6,D/u)p — cup) 
=~ [(foe-Lsdie)dx (we (2) (4.8.56) 


4.8.15 Theorem. Let Q be a bounded domain of class C‘**”, A an 
operator of class C+” with k>m/2 satisfying the uniform ellipticity 
assumption (4.8.9),'4 8 a boundary condition of type (Il). Let 1< p<, 
fos fis---sfm € L?(Q), A > 0 large enough. Then there exists a (unique) solu- 
tion’® u & Wy? (Q) of 


(AI — Ay)u=fo+ D4, (4.8.57) 
Moreover, there exists a constant C > 0 independent of fo, f\,.--,f,, such that 
ll y-ray SC ue Fill ceca): (4.8.58) 


roan 

The proof hinges upon the case p= 2. Here the solution is con- 
structed by means of the sesquilinear functional B, in Section 4.6 in the 
space Hj(Q) = W,!:?(Q). It is sufficient to observe that the linear functional 


(0) = f (foo - Lf Die) ax (4.8.59) 


is continuous in H'(Q) and apply Lemma 4.6.1 to B, in Hi(Q). We deduce 
that the solution satisfies the inequality 
Ile¢ll wa. 29) S <C d Wille (Q)- (4.8.60) 
ne 
The next step is to extend this result to p > 2. To do this, another particular 
case of the Sobolev embedding theorem wili be needed. 


'S Here b, Mee bm are the first order coefficients of the operator Ay in divergence form 
(see (4.4.3)) and W-?(Q)=D(Q) CWL?(Q). 


'4The concept of operator of class C‘*) was only defined (in Section 4.7) for operators 
written in divergence form (4.4.2). Of course, the definition is the same for operators written in 
the form (4.8.8). 


'’See footnote 12, p. 244. 


4.8. Construction of m-Dissipative Extensions in L?(Q) and C() 249 


4.8.16 Theorem. Let 2 CR™ be a bounded domain of class C, 
pl, k an integer >1. (a) If kp <™m, then every ue W*?(Q) belongs to 
LQ) if 


l<q<mp/(m- kp). 
(b) If kp =m, then every u © W*:?(Q) belongs to L4(Q) for 
l<q< 0. 
In both cases there exists a constant C = C( p,q, Q) such that 
laa) S Cllellwrcay- (4.8.61) 
For a proof see Adams [1975: 1, p. 97].'® 


We continue with the proof of Theorem 4.8.15. Let p > 2, fo, fi,---sfm 
elements of L?(Q). Since L?(Q) c L*(Q), there exists u € W'?(Q) satisfy- 
ing (4.8.57) and (4.8.60). Consider m sequences { f{”),...,( f°} of smooth 
functions (say, in “)(Q)) such that 


Li - flax 20 (O< jem) (4.8.62) 


as n — oo. Since fp 2 UDY,, € °)(Q2), it follows from Corollary 4.7.16 that the 
solution of 


(A= Agu = f+ DDI 


in W,:*(Q) actually belongs to C®(Q)AC,(Q) so that Theorem 4.8.12 
applies. We use now inequality (4.8.60) for u“” — uv“ deducing that {u"”) is 
a Cauchy sequence in W,'?(Q), hence, by Theorem 4.8.17, in L?(Q) for all 
Pp >2if m=2 or for 

l<p<2m/(m-2) (4.8.63) 


if m > 3. Combining this with inequality (4.8.46) (for the operator A, — AJ), 
we deduce that {u‘”} is a Cauchy sequence in the space W,''?(Q). Taking 
limits in (4.8.56), we obtain a solution of (4.8.57) in W'?(Q), but we still 
must show that u satisfies (4.8.58) instead of the weaker inequality (4.8.46). 
To this end we consider the “solution operator” of the equation (4.8.57), 


Si(Sostere La) =U 


mapping L?(Q)”*! into W':?(Q) in the range of p given by (4.8.63). 
Obviously © is well defined (uniqueness of u for p>2 follows from 
uniqueness for p = 2) and it follows immediately from (4.8.46) and (4.8.56) 
that © is closed; hence we obtain from the closed graph theorem (Section 1) 
that © is bounded, so that (4.8.58) holds. A completely similar argument 
pivoting on p= 2m/(m—2) extends the result to the range p > 2 if m< 4 


'©This result is proved there for arbitrary domains satisfying the cone property (Adams 
[1975: 1, pp. 76 and 66)). 
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or 

2<p<2m/(m-4) 
if m>5; arguing repeatedly in ae same way, we prove Theorem 4.8.16 in 
the range p > 2 for arbitrary values of m. 

The case 1 < p < 2 (which, incidentally, is the one of interest for us) 
is handled by means of a duality argument. Let fo, f\,...,f,, be again 
smooth functions so that the solution u € W,'?(Q) of (4.8.57) belongs to 
C®(Q)AC(Q) and let go, g),---,8, be arbitrary functions in L?(Q) 
(p’-'+ p~'=1). Since p’> 2, if A is large enough there exists a (unique) 
v © W)?(Q) such that 

(AI— Aj)v=8)+ LD, (4.8.64) 


(where Ao is the formal adjoint of A,) satisfying the estimate 


m 


lols) <C Lo Sle“): (4.8.65) 
ne 
An approximation argument shows that (4.8.56) can be used for functions 
gp €C(Q)NC,(Q). Taking » = u, we obtain 


At = Lg, Diu) dx 
= [ {Ea DeDsu+(D/(bjv)u) + (A—c) vu} dx 
= [ {XE a, DeDsu— o( Yb, D/u)+(A — c) ou) dx 


= f (foe - LFD’0) ax, (4.8.66) 
hence, using Hélder’s inequality, 


~ 


(sow Lg, D/u) ax 


m 
ie Mileraolngr 
J=0 


<C 


ys Ville) SS issira 
lice! fo 


(4.8.67) 


by (4.8.65). Since the gy,...,g,, are arbitrary, inequality (4.8.58) is obtained 
fomeaiaseousen 

Let now fo, f te -»fm be arbitrary elements of L?(Q); for each j select 
a sequence {f(")) in (2) such that f'” > f in L?(Q) and let ue 
C!(Q)N C,(2) be the solution of (AJ — Ay)u“ = f{”) +L D/f™. Then it 
follows from the previous considerations that u‘”) is Cauchy, hence conver- 
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gent in W)?(Q) so that u=limu ” is a solution of (4.8.57) satisfying 
(4.8.58). 

It remains to be shown that the solution of (4.8.57) is unique also for 
1<p<2. This is easiest seen as follows. If ue W,''?(Q) satisfies (4.8.57) 
with f, = /,=--- =f,,=0, then a simple integration by parts shows that 
u © D(Ao(B’)*) and (AI — Ao(B’)*)u = 0, where A6(f’) is thought of a an 
operator in L?(Q) and £’=8 is the Dirichlet boundary condition. Since 
A,(B)— wl = Ao(p’)*— wl is m-dissipative in L?(Q) for w sufficiently 
large, u = 0 and uniqueness follows. 


We use the results obtained for an alternate characterization of the 
domain of A,(f), the closure of A p(B) in L'(Q). 


4.8.17 Theorem. Let C be a bounded domain of class C‘“*”, Ay an 
operator of class C‘**) in Q with k>m/2 satisfying the uniform ellipticity 
assumption (4.8.9)'’ B the Dirichlet boundary condition. Then D(A,(B)) 
consists of all u€ L\(Q) such that A,(B)u (understood in the sense of 
distributions) belongs to L'(Q), i.e., such that there exists v (= A,(B)u) in 
L'(Q) satisfying 


[uAl(B)wax = f owdx (we D( Ai (B’)) =CA(Q)NC,(Q) (4.8.68) 
Q Q 


Every u€ D(A(B)) belongs to Wy (Q) if g<m/(m—1). For any such q 
there exists a constant C = C(q) such that 


Well wea) < CI(AT— A,(B)) ull) (ue D(A,(B))), (4.8.69) 


where X > 0 is independent of q. 


The proof is based on the theory of the #-adjoint in Section 2.2 
applied to the operator A’,(B’) in C,(Q). We begin with the identification 
of, C(2)7 =D (A".(B8.)*)=D (A,(8’)*) 5 C@y=2,(@). Let » be an 
arbitrary measure in )(2) = C(Q)* (see Section 7). According to Theorem 
4.7.16, if p > m every function u € W':?(Q) is (equivalent to) a continuous 
function in Q and the identity map from W!?(Q) into C(Q) is bounded. 
We can thus define a continuous linear functional ® in W'?(Q) by means 
of the formula 


®(u) = [u(x)r(dx), (4.8.70) 


It is plain that W':?(Q) can be linearly and isometrically embedded in the 
Cartesian product L?(Q)”"*! of L?(Q) with itself m+ 1 times by means of 
the assignation 

u—(u,—D'u,...,-—D™u) 


See footnote 14, p. 248. 
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(see Section 7) and we can thus extend ® by the Hahn-Banach Theorem 2.1 
to L?(Q)”*! with the same norm; hence there exists an element f= 
(fos Sis-*+sf_) Of L? (Q)"*!, p’~! + p7! =1, such that 


in 1/p 
fll ceaymet = | a Ile < Cllrlls a (4.8.71) 
7=0 


(where C does not depend on » and ||»||;,) = total variation of v) and 
(u)= [ou 2B jpiw dx (uEeW'?(Q)). (4.8.72) 
Q = 
Let p € Y,(&) be an element of D(Ao(B’)*) = D(AT — Ao(B’))*), so 
that there exists vy = (AI — Ao(B’))m © L(Y) with 


far At,( B’)) u(x) (dx) = [ u(x)o(dx) (ue C®(2)NC,(Q)) 
(4.8.73) 


We apply the argument above to the measure v. Once the functions 
fos fis-+-ofm = L? (Q) in (4.8.72) are manufactured, we use Theorem 4.8.15 
to construct a solution u’€W'?(Q) of (4.8.57). It follows from this 
equation and (4.8.73) after an integration by parts that the measure o(dx) = 
u(dx)— u(x) dx satisfies 


far A}(B’))u(x)o(dx)=0 (weC(Q)NC,(2)) (4.8.74) 


We choose now A > w,, (see (4.8.5)); since (AJ — A5(B’) (CP (Q)N Cp(Q)) 
is dense in C,({), it follows instantly that o vanishes identically, so that 
u(dx) = u'(x) dx and D(Ai,(B’)*) CW? (Q), in particular, D(A4(B’)*) C 
L'(Q). Since any ue C(Q), belongs to D(Aj(B’)*) and this space is 
dense in L'(Q), it follows that 


Cray = L'(Q), 


and A’.(B’)* is defined as the operator with domain consisting of all 
u € L'(Q) such that there exists v = A’,(B’)* satisfying (4.8.68). Obviously, 


Ay(B)¢ A‘,(B’)* so that 4,(B)=A,)(B)C A“,(B’)*; since both operators 
belong to C,, 


A,\(B) = A.,(B’)* = 44(B)*, (4.8.75) 
and the proof of Theorem 4.8.17 for boundary conditions of type (II) is 


complete (see the comments after (4.8.44) in relation to the second equality 


(4.8.75)). Inequality (4.8.69) is an obvious consequence of (4.8.71) and 
(4.8.58). 


4.8.18 Remark. We show in the next section that the last vestige of 
dissipativity requirements (namely, (4.8.4) on boundary conditions of type 
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(1)) can be removed. In the case EF = L?(Q) the argument involves no more 
than a sharpening of inequality (4.5.7) and shows that A(8)—wl is m- 
dissipative for w large enough (possibly w > w,) when the boundary condi- 
tion B is of type (1) and (4.8.4) does not hold. As a bonus, we shall deduce 
that 4,(B)€ @. (Logue 4.9.1) 

"The cases E = L'(Q) and E=C(Q), C;() are far more delicate 
since (4.8.4) for p =1 is necessary for dissipativity of any operator A(f) (in 
particular, of A(£)— w/ with w arbitrary). The same comment applies to the 
cases E = C(Q), C,(Q) (see Lemma 4.5.3). However, a renorming of the 
space will do the trick. (Theorem 4.9.3) 


In Example 4.8.19 through Example 4.8.21 a proof of Theorem 4.8.8 
is given. We assume that m > 3 in all examples except in Examples 4.8.22, 
4.8.23, and 4.8.24. 


4.8.19 Example. Let ¥ be a function in W'?(R™) (1< p<oo) with 
support in |x|< M. Then there exists a function » € W”?(R”) with sup- 
port in |x|<2M such that Dp(X,0)=W(X,0) (boundary values and 
derivatives understood as in Lemma 4.8.1) and 


Pll 22a < Coll¥llw-2car> (4.8.76) 


where C, depends only on p and M. 

We prove this result with the help of the Neumann kernel K(X, x,,,) 
= (2/(2— m)w,, (|X|? + x2.) ("7 of R™, w,, the hyperarea of the unit 
sphere in R™. Using an obvious approximation argument, we may and will 
assume that w is infinitely differentiable. Define 


6(x) =0(%, x,,) = he ¥(E.0) )K(x—&,x,,)d& (4.8.77) 


with = (€,,.--,€ 1). Obviously @ is infinitely differentiable in x,, > 0. 
Observe that 


(x)= —[_ [J DE( (Es En) K(R~ 8, Xm Ey)) db 
=-f_ D'V(E En) K(2-£, 4m — bn) dE de, 


+f ¥(88,)DPK(2-£ %,—&n) dEdE,, (4.8.78) 


S720 
hence, if 1<k<m-—l, 


oy, Z m k = (i) 
DI9( x)= ea fe DPE) Dal] St 


m 


2 


as Ae w(x —€)D*D™|é| "9 dé, (4.8.79) 
(m—2)o,, tem daa 
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and another differentiation produces the formula 
2 


(m2), F PIV) D Delia SIN oi 4k 


D/D*0(x)= 


ane bop | eto dé 
(4.8.80) 
if 7 + m; for 7 =m we have instead 
D"D*6(x) = Tada if , Drv elarDex — g)-"- de 
~ Tn aya de PW EDDEDM A — EL? a 
re |, besa) oboe ise an) Pa 


(4.8.81) 


To deal with the two integrals in (4.8.80) or the first two integrals in (4.8.81) 
we note that the Fourier transform of (the distribution) |x|~"~” equals 
—C,,|o|~* (C,, a constant), thus the convolutions amount to multiplication 
of Fourier transforms by C,,0,0,|o| ~? and C,,o,6,,|6|~*, respectively, and 
can be handled using Theorem 4.8.5. 

To deal with the third integral, we integrate by parts, obtaining 


[DY (E, xn) H(E- 2, x) dé (4.8.82) 
R7-! 


where the expression H(X, x,,) = (2/(2— m)w,,)D"(|X|? + x,,) "27 = 
(2/@y )Xm((X|? + x2,)~™/? is the Dirichlet kernel of R”. But it is a classical 
result (see Courant-Hilbert [1962: 1, p. 268]) that 


ii H(&,x,,)d&=1 (x,,>0). (4.8.83) 
R™-! 


Since H > 0, the integral (4.8.82) can be estimated with the help of Young’s 
Theorem 8.1. A bound of the form ||D“Y(-, x,, Il ,oqa-1) is obtained, thus 
we only have to take the p-th power and integrate with respect to x,,. The 
missing derivative (D”)* is included observing that the function 8, being 
defined by (4.8.77), is harmonic in R” so that —(D™)* =Y(D/)?. Deriva- 
tives of order <2 are accounted for using (4.8.15) as in Theorem 4.8.6. 
Finally, the fact that D”0(X,0) = (£,0) follows from an argument familiar 
in the theory of mollifiers using (4.8.83) and the fact that the integral of 
H(X, x,,) on |X| >6> 0 tends to zero as x,, > 0. We have then shown that 
6 satisfies all the properties required of p except for the location of the 
support. To achieve this we simply define g = x8, x a function in 9 with 
support in |x| <2M such that x(x) =1 for |x| < M. 
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4.8.20 Example. Let ue W*?(R”') (1 < p <oo) with support in |x| <M 
and such that D'u(X,0)=0. Then there exists a constant C, (depending 
only on p, M) such that (4.8.16) holds in R”. 

The proof is essentially similar to that of Corollary 4.8.7: we use now 
iherevert_extensions u(x, x, = u(x, —x,,), f(<,X%,,) = 1(%, — X_,) (X, = 0), 
where f = Au. We apply then Theorem 4.8.6, generalized to functions in 
W*?(R™) through an obvious approximation argument. 


4.8.21 Example. Prove Theorem 4.8.8. (Hint: Let go be the function 
constructed in Example 4.8.20. Apply Example 4.8.20 to u— 9.) 


4.8.22 Example. Prove the results in Examples 4.8.19 to 4.8.21 for m= 2. 
(The only notable difference is that the Neumann kernel of Ronis K(x),.%5) 
= (1/27) log(x; + x5). The Dirichlet kernel of R* is the same: H(x,, x5) = 
DE) ea Lo xX) 127/83 3 1X3) -) 


4.8.23, Example. Show how the proof of Theorem 4.8.13 must be mod- 
ified for m = 2. 


4.8.24 Example. Show that the characterizations of D(A,(£)) in Theo- 
rem 4.8.11 and of D(A,(f)) in Theorem 4.8.17 cannot be substantially 
improved in the sense that, in general, D(A,,(8)) * C(Q), and D(A,(B)) 
+ W*'(Q), when m > 2 (take, for instance, & = S” = {x; |x| <1} and solve 
Au=f,u=0 on IT = (x; |x| =1} by means of the Green function G(x, y) of 
the unit sphere. The second derivatives are expressed by singular integral 
operators 


D/D*u =f DD‘G(x, y) f(y) &, 


which do not map C,(@) into C,(Q) or L'(Q) into L'(Q)). 


4.9. ANALYTICITY OF SOLUTION OPERATORS 


We apply the theory in Sections 4.1 and 4.2 to the differential operators in 
the last five sections. Although treatment of operators with measurable 
coefficients in L*(Q) is possible, only “analyticity in the mean” is obtained 
and we limit ourselves to the operators in Sections 4.7 and 4.8. Most of the 
results are obvious generalizations of those for the one-dimensional case in 
Section 4.3, thus some of the details will be omitted. The operator A, will be 
written in divergence form,'® 


ee UY Di (a,,(x) D’u)+ D5, (x) Diu t c(x)u. (4.9.1) 


'8As in other places, we write b; instead of b, for simplicity of notation. 
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We shall show below that the operators A,(8) =A,(B), 1< p <0, defined 
in the previous section belong to @; as an added bonus the dissipativity 
assumptions (4.8.4) on the boundary condition can be abandoned. 


4.9.1 Theorem. Let 1< p<co, Q a bounded domain of class C 
for 1< p <2 (of class C**” withk >m/2 if p > 2), Ay an operator of class 
C in Q for 1< p <2) (of class C**” with k > m/2 if p > 2) satisfying the 
uniform ellipticity assumption (4.8.9), B a boundary condition of type (11) or of 
type (1) with ye C(T) (y EC%*(L) if p > 2). Then the operator A,(B) 
=A,(B) belongs to @(y, —) in L?(Q), where 


i 1/2 
o, ~arets| (525) -1} (4.9.2) 

For every @ with 0 < 9 < g, there exists w = w( p, p) such that 
IS (Oiler! (largs|<@), (4.9.3) 


where S,(§) = exp({A,(B)). 


Proof. Let @ be the only duality map in L?(Q). We perform an 
integration by parts similar to that in (4.5.7), but keeping track of imaginary 
parts: for p>2 the calculation makes sense for arbitrary u in C(Q),, 
whereas for 1 < p < 2 we use the customary approximation argument. 


lull? ?(Re(@(u), A,(B)u) + d1m(4(u), 4,(B)u)) 
=Ref (TY D'(a,,.D'u) + ob, Diu + cu}|ul?-?adx 
+ 61m f (YY D(a, Du) + Da cu}|ul?~?adx 
= [ [y+ 20 }luirdo 
—(p-2) ful? {LY ay, Re(uD/u) Re(aD*u)) dx 
F3(p —2) flul?*{ LY ay, Re(@D/u) Im(aD*u)) dx 
~ ful? {LY ay, D/ud*a} dx +8 f \ul?-{¥b,1m(aD/u)) dx 


43 5 fee — Dib, }\ul? dx. (4.9.4) 
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We have 


=(p = 2) flwr-{¥ Ya,,Re(@D/u)Re(aD*u)) dx 
F8(p = 2) fur {X Ya, Re(@D/u) Im(aD*u)) dx 
Syl 2 Ya,DiuD*it} dx 
x = fru“ aay, a} dx, (4.9.5) 


where 
fix = (UD/u)(uD*i) 
+ (p —2){Re(uD/u) Re(uD*u)+ 5Re(@D/u) Im(aD*u)}. 
(4.9.6) 


Let z,,...,Z,, be arbitrary complex numbers. Consider the matrix 
Z = {z;,} with elements 


Zi, = 2,2, + a{(Rez,)(Rez,)+6(Rez,)(Im z,)}, 
where a, 6 are real constants with a> —1. If é,,...,g,, are real, we have 
Dez in bbe = (32,6,)(28)) 
+ a{Re( })z,£,) Re(D'z,é,) + 8Re( D'z,é,) Im( DL z,£,)}, 


which is nonnegative if 


D 
alll (4.9.7) 


in view of (4.3.6) and following comments; it follows then that Z is positive 
definite. As in the one-dimensional case, it is easy to see that if the 
inequality (4.9.7) is strict, then Z will satisfy LLz,,€&, > 7|z|7|§|? for all 
Z15+++>2ms §19-++9Sms Where 7 >0. We apply this to the matrix F={f,,} in 
(4.9.6): the uniform ellipticity assumption and a slight modification of 
Lemma 4.4.2 imply!’ that if 5 satisfies (4.9.7) strictly with a = p —2, 


LG ap eerie (4.9.8) 


We estimate next the other terms in (4.9.4). Consider a real vector field 


P =(Pj,---5P,) Continuously differentiable in & and such that (p,v)= 


'°T emma 4.4.1 is applied here to the “symmetrized” matrix See Gi ae fej) rather 
than to (f;,} itself. 


258 Abstract Parabolic Equations: Applications to Second Order Parabolic Equations 


y +p 'b on T, where » is the outer normal vector on I’. Then div(|u|?p) = 
|u|? divp + pli aaze, Re(aD/u). By virtue of the divergence theorem, 


flr “bul? do 


=| [ure ») do 


< [dive jul? dx + p ful? >(S2 0) |ZD/u|) dx 


ee a eae 
< > fur ?(Liey| Di?) a+ { {\aivo| + P&S ol jul” ax. 


(4.9.9) 

where we have used the fact that 
2\u| |D/u| <e?|D/ul? +e~*|u|?. (4.9.10) 
This inequality is also used in an obvious way to estimate the fourth volume 


integral in (4.9.4). Taking e > 0 sufficiently small in the resulting inequality 
and in (4.9.9) and dividing by ||u||?~?, we obtain an inequality of the form 


Re(O(w), Ao(B)u) <+3Im(0(u), Ao(B)u) + wllull?, (4.9.11) 
which is then extended to D(A,(f)) in the usual way. The fact that 
(AI — A,(B))D(A,(B)) = L?(&) is established in the same way as in 


Theorem 4.8.3 (note that the dissipativity conditions there play no role in 
this). Inequality (4.9.3) is proved like in the case m=1. 


It can be shown as in Section 4.3 that an estimate of the type of 
(4.9.3) will not hold if |p| > 9,. 


4.9.2 Remark. The characterization of the domains of the operators 
A,,(B) in Corollary 4.8.10 extends to the present case. The proof is the same. 


We extend next the analyticity results in Section 4.3 for the cases 
p=1 and p=oo to the present multidimensional situation, beginning with 
the following auxiliary result. 


4.9.3 Theorem. Under the assumptions in Theorem 4.9.1 for p >2 
(a) the operator A\(B)=Ay(B) belongs to C, in L'(Q); (b) the operator 
A,,(B) = Ay( B) belongs to Cin C(Q) (G,(2) if the boundary condition is 
of type (II)). 


Proof. As in the case m =1, (a) is proved by renorming the space 
L?(&) by means of a continuous, positive weight function p defined in Q: 


ul, = [Ju rox) ae) (4.9.12) 
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The space L?(2) equipped with this norm will be denoted L?(Q),. The 
identification of the dual space is the same as that in the proof of Theorem 
4.3.4; we use the same notation for duality maps and for application of 
functionals to elements of L?(Q),. Assuming that p is twice continuously 
differentiable, we obtain 


l|upl|? *Re(6,(u), Ao(B)u), = |lupll? *Re(p8(pu), 4o(B)u) 


=Ref{) YL Di(a,D*u)+ yb, Diut cu}|ul? ip? dx 
Q 
] 

= — P Pdo 

[[v+ 52 Jue 

Se) aD) dia, Re(aD/u) Re(a@D*u))p? dx 

2 
2 (fea, Via, D/uD*‘i} p? dx 
2 
— pf \ul?-*{ Na,,Re(aD/u) D'p}p?~' dx 
2 


+5 [ (pe- LD mito” ax — [ (L5,D/)lulro? dx. (4.9.13) 


We transform now the third volume integral keeping in mind that 
p\u|? *Re(aD/u) = D/ |u|? and using the divergence theorem for the vector 
U=(U,) of components 


U=|ul’o?'La,Dp (I< fxm). 


Once this is done, the right-hand side of (4.9.13) can be written in the form 
fly — “Dp a = b|ul?p? do 

—(p ~2) ful XE Ya, Re(uD/u) Re(wD*u)} p? dx 

= fur 20 Ya, D/uD*i}p? dx 

+ [ (EE P ane '0) 


+(c-2 YD) o" (Lapp)? pial? de. (4.9.14) 


We can now choose D’p at the boundary in such a way that the quantity 
between curly brackets in the surface integral in (4.9.14) is nonpositive. 
Noting that the first two volume integrals combine to yield a nonpositive 
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amount we can bound the right-hand side of (4.9.14) by an expression of the 
form w||u\|,, where w does not depend on p. Using a limiting argument as in 
the one-dimensional case, we obtain 


Re(u*, Ao(B)u), < allull?, (4.9.15) 


where the expression between brackets indicates application of the func- 
tional u* € O(u) C L®(Q) to Ay(B)uE L'(Q), and ||-||, is the norm of 
L'(Q),. The customary approximation argument shows that (4.9.15) holds 
for A,(B) =A,(B). The fact that (AJ — A,(B))D(A,(B)) = L'(Q) for A > 0 
large enough is shown as in Theorem 4.8.3. Renorming of the space L'(Q) is 
of course unnecessary when is the Dirichlet boundary condition. 

We prove next (b) renorming the spaces C(Q) or C,(Q) by means of 


ul, = max|u(x)|o(x), (4.9.16) 


where p is a continuous positive function in Q; the identification of the 
duals is achieved along the lines of Section 4.3. If B is of type (I) and 
condition (4.8.4) (for p = 00) is not satisfied, we select p twice continuously 
differentiable and such that 


D’p(x)+y(x)p(x) <0 (xeETP). (4.9.17) 


Let u€C(Q),», u+0 and m,(u)={x; |u(x)|p(x) =|lu||,} so that any 
pp €O,(u) is honored by m (wt) and is such that upp (or ao is a positive 
measure in m,(u). Since D’* f(s = y(x)u(x) at the boundary, up satisfies 
the boundary condition 


D?(u(x)p(x)) = y,(x)(u(x)e(x)) (xeT), (4.9.18) 
where 
Yp(x) = ¥(x)+ ae Raat *o(x)<0 (xeDP). (4.9.19) 
The argument employed in Section 4.5 shows that m,(u) does not meet the 
boundary I if y,(x) <0 everywhere on I so that 
D/\up|?(x)=0, —IC(x; |up|?) >0 (x€m,(u)). (4.9.20) 


On the other hand, if y,(x)=0 for some x ET, m,(u) may contain points 
of I’, but we can prove in the same way as in Section 4.5 that (4.9.20) holds. 
Writing 7 = p and u =u, + iu, with u,, u, real, we obtain 


D!|up|? = 2(u,D/u, + u,D/u,)n +(u? + u3) Dn, 
D!D*\up|? = 2(u,D/D*u, + u,D/D*‘ uy) 4 +2( Diu, D*u, + Diu, D*u,)n 
+2(u,D/u, + u,D/u,) D‘y +2(u,D‘u, + u,D*u,) Dn 
+(u? + u3) D/D‘n. 
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Accordingly, it follows from (4.9.20) that if x € m,(u), 
Re(u~'D/u) = |lul|-?(u, D/u, + u,D/uy) = —4llul|-2|ul?n Dy 
= —ty 7 'D/v. (4.9.21) 
On the other hand, again for x € m,(u), we have 
Re(u~'D/D‘ u) = |lul|-?(u, D/D‘u, + u, D/D*u, ) 
= 5|[ull-?2n~ 'D/D*|up|? —||ul|~?( D/u, D‘u, + D/u, D*u, ) 
—||ul|~?(u, Diu, + uy D/u,) 97 'Dkn 
—|ul|~?(u, Dku, + uy Dk uy) q~'D/y 
= allel up +05)” DID" 
= 5|lul|-?97'D/D*|up|? —||ul|-7( D/u, D*u, + Diu, D*u,) 
Te n *D/nD*‘n —4n7 'D/D*n. (4.9.22) 
Accordingly, if 4 € @,(u), 


Re(u, 4o(B)u) = [ Re(u"'4o(B)u)pudu <allul|> (4.9.23) 


m,( u) 


showing that A, — wl is dissipative. The same conclusion then holds for 
A,,(8)=A,(B), and we prove in the same fashion as in Theorem 4.8.3 that 
(AI — A, (B))D(A,,(B)) = C(Q) (or Cp(Q) for the Dirichlet boundary 
condition). 


4.9.4 Remark. The characterization of the domain of A,(f) in Theorem 
4.8.11 extends to the present case. So does the identification of D(A,()) in 
Theorem 4.8.17. 


The following result generalizes the pointwise analyticity conclusions 
of Theorem 4.3.5 to the present case. 


4.9.5 Theorem. Let Q be a bounded domain of class C‘*), Ag an 
operator of class C‘®) in Q satisfying the uniform ellipticity assumption (4.8.9), 
B a boundary condition of type (Il) or of type (1) with y = C@(L). Finally, let u 
be an element of L?(Q), 1< p< (1< p< if B is of type (1)) or of C(Q) 
(Cp(Q) if B is of type (II). Then u(t, x) = (S,(t)u)(x) = {exp(t4,(B))}u(x), 
after eventual modification in an x-null set for each t, can be extended 
to a function u(,x) analytic in 2 ,.(2/2—) Moreover u(f,-) € CQ) 
(C'(Q)AC,(Q) when B is the Dirichlet boundary condition) and for every 
e>0, every p with 0<p<a/2 and every integer k =0,1,..., there exist 
constants C, w depending on €, 9, k, such that 


eS, Mew a < Cee! Mull (FS 2(~), 151 >), (4.9.24) 
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where the norm on the right-hand side is the L? norm if \< p< or the C 
norm if p = 00. 


It is obviously sufficient to prove the theorem in the most unfavor- 
able situation, that where u€ L'(Q); as in the one-dimensional case the 
argument is based on repeated application of Sobolev’s imbedding theorem, 
although the details are somewhat more complicated. We begin by selecting 
two integers j and / such that 


j>m/4, 2l>k+m/2. (4.9.25) 
Let \ > 0 be sufficiently large (so that R(A; A,(f)) exists). We have 


S,(t)u=R(A; 4,(B)) (AT = 4,(B)) S(t) R(A; 4, (B))/u. 
(4.9.26) 


It was shown in Theorem 4.8.18 that if p<m/(m-—1), then D(A,(B)) 
W'-?(Q) and inequality (4.8.69) holds. By Theorem 4.8.16, W'?(Q)¢c 
L7PAm—P)(Q), Arguing exactly as in the proof of Theorem 4.3.5, we show 
that if l<r<s<oo, we have A,(8)> A,(f) (both operators thought of as 
acting in L’(Q)), hence R(A; A,(f)) is the restriction of R(A; A,(B)) to 
L5(Q) (to C(Q) or C,(Q) if s =00). We can then write R(A; 4,(B))?u= 
R(A; A,(B)) ROA; A,(B))u with g = mp/(m — p), and it follows then from 
Corollary 4.8.10 (see inequality (4.8.40)) that R(A; 4,(B))?u © W*4(Q) and 


2 
RCA; A,(B)) all w2-ecay < Cllull nay: (4.9.27) 


Applying again Theorem 4.8.16 we see that R(A; A,(B))?u€ L(Q) with 
r=mgq/(m—2q)=mp/(m-—3p) and 


2 
IR(A3 A\(B)) ull cay < Cllall ay: (4.9.28) 


Arguing repeatedly in the same way, we deduce that R(A; 4,(B))/u € L*(Q) 
with s = mp/(m—(2j—1)p) and 


WR(AS 4\(B)) “ull pay < Cllull na): (4.9.29) 


Since p <m/(m-— 1) can be taken arbitrarily close to m/(m— 1), we may 
assume mp /(m —(2 7 —1)p) is as close as we wish to m/(m—2/) so that, 
in view of the first inequality (4.9.25), s > 2; hence R(A; A,(B))/u € L?(Q), 
and we may take s = 2 in (4.9.29). This means that $,(t) on the right-hand 
side of (4.9.26) can be replaced by S,(t) and we can then use Theorem 4.9.1 
in the case p = 2. Writing (AJ — A,(B))/*'S,(t) = (AIT — A,(B))/*'S,(t) = 
(AI — A,(B))S,(t/(j + 1)))/*! and making use of (4.1.18), we obtain an 
inequality of the type of (4.9.24) for (AJ — A,(B))/*'S,(t)u, but in the 
L?(Q) norm. Inequality (4.9.24) is now obtained as follows. It results from 
Theorem (4.7.12) that if o€ L7(Q), then R(A; A,(B))'v € W2"2(Q) = 
H*'(Q) and 


I 
ROA; A,(B)) oll 72a) < Cllell r2(g)- 
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We apply then Corollary 4.7.16. The treatment of boundary conditions of 
type (I) is entirely similar. 


4.10. POSITIVITY AND COMPACTNESS 
OF SOLUTION OPERATORS 


As pointed out in Section 3.7 the real spaces L?(Q2) (1< p<oo) and 
C(Q), C-(Q) are Banach lattices with Tespect to their natural aiaee relations 
(u<v if u(x) < v(x) everywhere in Q in the spaces C(Q) and C,(Q) with 
“almost everywhere” instead of “everywhere” in the spaces L?(Q)). 
We study in the sequel positivity of the solution operators S, in L?({) 
(1< p<oo) and of S in C(Q) or C,(Q) using the theory of dispersive 
operators in Section 3.7. As in the case m = 1, we center the treatment in the 
case E = C(Q2) where verification of dispersivity is immediate. We have seen 
(Lemma 3.7.1) that all duality maps in C(Q) (hence in C,(Q)) are proper. 
Actually, we shall use this result not in C(Q) with its original supremum 
norm but in relation to the weighted norm (4.9.16); the proof is the same. 


4.10.1 Theorem. Let k > m/2,Q a bounded domain of class C‘**», 
A, an operator of class C‘**" in Q satisfying the uniform ellipticity assumption 
(4.8.9), B a boundary condition of type (II) or of type (I) with ye C** (TL). 
Then if A,(B)=Ao(B) (Ao(B) thought of as an operator in the real spaces 
L?(Q) and C(Q)) the operator S y(t) = exp(tA,(8)) is positive for all t > 0, 
i.e., for every u& L?(Q) (C(Q), C-(2)) such that u(x) >0a.e.inQ(u(x)>0 
in Q), we have 


S,(t)u(x)>Oae.inQ (S(t)u(x)>0inQ). 
The same positivity properly holds for the resolvents R(X; A,(B)) (1< p <0). 


Proof. We begin by showing that (a translation of) the operator 
A,(B) is dispersive in C(Q) (see Section 3.7, especially (3.7.27) and preced- 
ing comments), where we assume C(Q) normed with (4.9.16), the weight 
function p satisfying condition (4.9.17). The subsequent computation is 
essentially the same as that leading to (4.9.23), but considerably simplified 
due to the use of real functions throughout, thus we include the details 
below. Let u be a function in C QQ), such that u, +0 (1e., such that 
u(x)>0 at some point of &)) and let » <0, (u,) so that we d(Q) is a 
positive measure with support in m,(u,) = {x © OF a(x) poe [lua ll}. If 
xEm,(u,), then Diy (Du) ti) ae 0 and the Hessian matrix 
See ip) is negative definite. Since D/D*(up) = (D/D*u)p + D/uD*p + 
D*uD/p + uD/D*p, we easily show that 


(1, Agu) =f ed ee 0 Be a cuip ds 


< w||u, ||; (4.10.1) 
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showing that A,()— w/ is dispersive with respect to any duality map. Since 
we have already shown in Theorem 4.9.3 that A,,(8)—w/ is m-dissipative 
for w large enough (the passage from complex to real spaces effected along 
the lines of the remarks at the end of Section 3.1) it results from Theorem 
3.7.3 that S,,(t) = exp(tA,,()) is a positive operator for all ¢ > 0. The case 
p <co is handled through an approximation argument. Let v be a nonnega- 
tive element of L?(Q), {v,} a sequence of nonnegative functions in o) such 
that v, > v in L?(Q), A>O large enough, u ee u,,) the solution of 
(AD'="Aj(B)) uo". (respys (ALA SCRE B05 bib L?(Q). Since 
A AB). A,(B) (see Section 4.9), it follows that u, € D(A, (f)) and that 
(Al=A ~(B))i, = v,. Now, since R(A; A,,(8)) is a positive operator, u,, > 0 
for all n, and it follows from continuity of R(A; 4,(f)) that u, > u in 
L?(Q). Hence u>0 a.e. in Q, showing that R(A; A,(f)) is a positive 
operator. The fact that S(t) is a positive operator follows then from 
Theorem 3.7.2. This ends the proof of Theorem 4.10.1. 


Going back to complex spaces, we study the compactness of the 
solution operators S,(-). We limit ourselves to the following simple result. 


4.10.2 Theorem. Let the assumptions of Theorem 4.9.5 be satisfied, 
and let the complex number § (Re§>0) be fixed. If {u,} is a sequence in 
L?(Q) with ||u,||<C, then the sequence {S,(§,-)u} contains a subsequence 
convergent in the norm of C(Q). The same property holds for S,,(£) in C(Q) 
or Cy(Q). 


The proof is an immediate consequence of the Arzela-Ascoli theorem 
(see Lemma 1.3.3). 


Theorem 4.10.2 implies that S,(t) is a compact operator in L?({2) for 
every t>0O and that S_(t) is compact in C(Q) or C,(Q). This yields 
significant information on spectral properties of A p(B) and A,(f) through 
known properties of compact operators (Example 3.10) and the following 
result: 


4.10.3 Example. Let A be the infinitesimal generator of a strongly con- 
tinuous semigroup S(-) in an arbitrary Banach space E. Then: (a) For each 
t > 0 we have {u; wp =e, A € o( A)} C (S(t)) (See Hille-Phillips [1957: 1, p. 
467]). (b) If » 0 is an eigenvalue of S(t), at least one of the (countably 
many) roots {A,,} of the equation 


et (4.10.2) 


is an eigenvalue of A. (c) The generalized eigenspace of S(t) corresponding 
to w is the subspace generated by the generalized eigenspaces of A corre- 
sponding to all solutions of (4.10.2) which are eigenvalues of A. 


4.10.4 Example. Let 4,(8) be the operators in Theorems 4.9.5. Then (a) 
o(A) consists of a sequence {A,,A,,...} such that |A,,| > 00 as n> co. (b) 
For any @, 0 <p < 7, o(A) is contained in the sector |arg A| > » (except for 
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a finite number of elements). (c) Each A, is an eigenvalue of A with finite 
generalized multiplicity (see Section 3). 


4.10.5 Remark. Throughout the last three sections, we have been forced 
to impose additional smoothness conditions on the domain and on the 
operator A, when constructing extensions in L?(Q) (p=1 or p> 2) or in 
C(Q), C.(Q). These requirements can in fact be dispensed with, taking 
careful note of the “uniform” character of Theorems 4.8.4 and 4.8.12 and 
suitably approximating Q by smoother domains and A, by smoother opera- 
tors. In this way, even the assumptions for the range 1< p<2 can be 
substantially weakened. We give some details below. 

Let Q2 be a bounded domain of class C®, and let A, be the operator 


Ayu= LY ay(x)DID*ut+ )b(x)utec(x)u (4.10.3) 


Then the conclusion of Theorem 4.9.1 (with identification of the domain of 
A,,(B) as in Corollary 4.8.9) holds under the assumptions that Ay © CUD) 
and that y]C(T) if B is a boundary condition of type (1). "The same 
conditions insure the validity of Theorem 4.9.3 on the operator A,,( 8), with 
identification of domain as in Theorem 4.8.17. In the case of the space 
L'(Q), Theorem 4.9.3 holds if, in addition, b, © C(Q) in (4.10.3). Even 
weaker assumptions can be handled through perturbation methods; see 
Section 5.5. 


4.11. MISCELLANEOUS COMMENTS 


The opening remarks of Section 4.1 (an particular, Lemma 4.1.1 and 
Corollary 4.1.2) are due to Hille [1950: 1]. In particular, Hille proved 
Theorem 4.1.8. Theorem 4.1.3 was discovered by Pazy [1968: 2]; earlier 
sufficient conditions for a semigroup to be in the class C® were obtained by 
Hille [1950: 1] and Yosida [1958: 1]. The rest of the theory in Section 4.1 is 
due to Hille [1950: 1], but the relation between (4.1.10) and the possibility 
of extending S to a sector in the complex plane was discovered by Yosida 
[1958: 1]. Theorem 4.2.1 is due to Hille [1948: 1]. Theorem 4.2.4 was given 
by Pazy in his lecture notes [1974: 1]. The theory pertaining to the class @ 
was extended to locally convex spaces by Yosida [1963: 2]; a similar 
extension of Theorem 4.1.3 is due to Watanabe [1972: 1]. We include below 
some bibliography on semigroups in the classes @ and ©®, abstract para- 
bolic equations and related matters. See Neuberger [1964: 1], [1970: 1], 
[1973: 1], [1973: 3], Prozorovskaja [1967: 1], Certain [1974: 1], Solomjak 
[1958: 1], [1959: 1], [1960: 1], Beurling [1970: 1], Pazy [1971: 2], Hasegawa 
[1967: 1], Efgrafov [1961: 1], Valikov [1964: 1], and Kato [1970: 2]. 

The treatment in Section 4.3 uses suggestions in Pazy [1974: 1], in 
particular that of showing analyticity by means of Theorem 4.2.4. The 
characterization of the “angle of dissipativity” g, in (4.3.3) is in the author 
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[1983: 1]. The idea of reducing the proof of Theorem 4.3.4 to the dissipative 
case by means of weight functions was inspired by the treatment of Mullikin 
[1959: 1]. 

Many (if not all) of the results in the treatment of partial differential 
operators in the rest of the chapter are well known to specialists, although it 
seems difficult to trace all to their sources. Others are folk theorems. The 
theory of assignation of boundary conditions in Section 4.5 is essentially 
due to Fichera in [1960: 1] and previous works; in particular, we owe to him 
the division of the boundary [I according to the type of boundary condition 
(if any) imposed on each piece I’. An elementary account of the Fichera 
theory can be found in Lieberstein [1972: 1]. The only novelty in our 
treatment is perhaps the ernphasis on obtaining dissipative extensions of A). 

Lemma 4.6.1 is the well-known Lax-Milgram lemma ({1954: 1]). The 
rest of Section 4.6.2 follows closely that paper, with the simplifications due 
to the fact that we only deal with a second-order elliptic operator. In the 
degenerate case, sketched in Remark 4.6.8, the use of “weighted Sobolev 
spaces” such as ()(Q) is standard (see Oleinik-Radkevi¢ [1971: 1]). In 
Section 4.7 we have followed closely Gilbarg-Trudinger [1977: 1], where 
historical references to the material in this and the previous section can be 
found. The treatment of the operator A,(f) in L?(Q), p + 2 as the closure 
of A,(f) is closely related with Phillips [1959: 1]. Theorem 4.8.4 is a very 
particular case of general estimates for higher order elliptic equations due to 
Agmon-Douglis-Nirenberg [1959: 1]; the proof here incorporates some 
obvious simplifications. Theorem 4.8.5 is due to Hormander [1960: 1]. That 
the Agmon-Douglis-Nirenberg estimates imply the characterization of 
D(A,(£)) in Corollary 4.8.10 for 1< p<oo is already pointed out in the 
work of these authors. The characterization of the operators A p(B) in the 
cases p =1,00 has been apparently known for some time, but we have not 
attempted to trace each result back to its origin. The case p = 1 is treated in 
Brézis-Strauss [1973: 1] (see also Massey [1976: 1]). For the case E = C, see 
Stewart [1974: 1], and references therein; we note that in this last paper 
operators of arbitrary order are considered and the emphasis lies on 
showing that the operators in question belong to the class @, a task that we 
have avoided. The results in Section 4.9 are multidimensional versions of 
those in Section 4.4 and can also be found in the author [1983: 1]. 


Chapter 5 


Perturbation and Approximation of 
Abstract Differential Equations 


Many differential equations of importance in applications (such as the 
Schrodinger equation) are of the form u’(t)=(A + P)u(t), where the 
operator A is known to belong to ©, or to a subclass thereof and P is 
a perturbation operator. It is then of interest to determine conditions 
on P that guarantee that A + P belongs to the same class. 


Two results of this kind are proved in Sections 5.1 and 5.3, the 
first for the class C,, and the second for m-dissipative operators; there 
are also theorems for the class @ and for the case where P is bounded. 
Applications to the neutron transport equation in Section 5.2 and to 
the Schrodinger and Dirac equations with potentials in Section 5.4 are 
examined in detail; also, it is shown in Section 5.5 how to relax some 
of the assumptions imposed on second order elliptic operators in 
Chapter 4. Symmetric hyperbolic operators, last seen in Chapter 3, 
reappear in Section 5.6; the objective is to study the Cauchy problem 
in Sobolev spaces generalizing the results pertaining to the constant 
coefficient case in Chapter 1. 


A basic problem in the numerical treatment of the abstract 
differential equation u’(t) = Au(t) is that of approximating its solu- 
tions by those of the equation u/,(t)=A,,u,,(t), where A, > A ina 
suitable sense, or by those of a difference equation like u(t+7)= 
TA,,u,,(t)+u,,(t). Sections 5.7 and 5.8 contain a study of this problem, 
with applications to a parabolic equation. 
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5.1. A PERTURBATION RESULT 


It was already observed in Section 2.1 that direct application of Theorem 
2.1.1 is difficult in general, except perhaps in the dissipative case treated in 
Chapter 3. It is many times useful to have at our disposition perturbation 
results, that is, theorems of the type “if A belongs to C, (or to C,C”, @) 
and P belongs to a certain class of operators P(A), then A+ P belongs to 
C, (or to C,C”, @). A straightforward but useful result in that direction is 
the following. 


5.1.1 Theorem. Let AE C,, S(t) = S(t; A) the propagator of 


u'(t)=Au(t) (¢20). (6.171) 
Let P be a closed, densely defined operator such that D( P) > D(A) and 
|PS(t)ul| <a(t)|lu|| (we D(A), t>0), (5,122) 
where a is a finite, measurable function with 
foals) de<co. (5.1.3) 


Then A + P (with domain D(A + P)= D(A)) belongs to ©. 


Proof. Since we wish to show that A+ P © C,, we must deal with 
the equation 


u(t) = (At P)u(t) = Au(t)+ P(t). (5.1.4) 
Formally, we can solve (5.1.4) with initial condition 
u(0) =u, (5.155) 


by means of the following successive approximation scheme: let u(t) = 
S(t)uy and u,(t) the solution of 


u'(t) = Au, (t)+ Pu,_,(t) (t20) (5.1.6) 
u, (0) = up. (5.1.7) 


Then u(t) = limu,(t) will be a solution of (5.1.4), (5.1.5). The initial value 
problem (5.1.6), (5.1.7) can of course be solved by means of the theory 
developed in Section 2.4; in view of (2.4.3) we must have 


u,,(t) =S(t)ug + f°S(t—s) Puy (5) ds (n>1) 
so that 


u=(S+S*PS+S*(PS)*? + ---)uo, (5.1.8) 


where * indicates convolution product and *n the n-th convolution power. 
To justify formula (5.1.8) directly would be cumbersome, thus we will only 
take it as a heuristic guide. 


5.1. A Perturbation Result 269 


In what follows f, g,h,... will be (£)-valued functions defined and 
strongly continuous in ¢ > 0 such that || f||, || g||,... are integrable near zero. 
(Note that, by the uniform boundedness theorem, ||/|| is bounded on 
compact subsets of t > 0; also, since || f(t)|| = sup (II P/(A)ull \|u|| <1}, || FI] as 
lower semicontinuous, hence measurable). We denote by % the space of all 
such functions. 

The convolution of f and g € & is defined by the familiar formula 


(fg)(s)u= ff(t—s)a(s)uds. (5.1.9) 


The following properties of the convolution are either well known or easily 
deduced and left to the reader. 
(a) If f,g =4&, then f* g<% and 
IMF * a(S (flesh) (¢>0). (5.1.10) 
(b) Teng sy (ee 6) eat 


(c) If f or g are strongly continuous in t > 0, so is f * g. 


Clearly we can use (5.1.10) combined with Young’s Theorem 8.1 to 


estimate convolution powers: if fe, f*"=fx*fx*--- * fand 
the IF (2) at =y <0, (64911) 
then 
[rola <y" <0 (n> 1). (5.1.12) 


If g is bounded, 
Ig(l<C (¢>0), 
plainly we have 
Ig * ft" )\(Ol< Cy" (n21,t> 0). (5.1.13) 


We apply these observations to our perturbation problem. It follows 
from (5.1.2) that for each t > 0, PS(t)—which is in principle only defined in 
D(A)—admits an (£)-valued extension PS(t) that satisfies 


IPS(t)\|<a(t) (t>0). (5.1.14) 


Since 
PS(1) =PS(t,)SU— tp), (5.1.15) 


it is clear that PS(-) is strongly continuous in ¢ > 0; in view of (5.1.14), PS 
belongs to %&. On the other hand, it also follows from (5.1.15) that 


|PS(A)I|< Ca(t))e~e%e%" (4 >t), 
where C,w are constants such that 


IS(e)Il< Cee’ (t>0). (5.1.16) 
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We choose now w’ > w so large that 


[oe PS()l at = 7 <1 (5.1.17) 
0 


and avail ourselves of the equality 
exp(— w’t)(f * g) = exp(— w't) f *exp(— wt) g 
to estimate 
Sx(PS)” = exp(w’t){exp(— w't) S *exp(— o’t)(PS)*"}, 

making use of (5.1.16), (5.1.17), and (5.1.13). We obtain 

SC PS)** (Whe Gye" (r= 0): (5.1.18) 
This clearly means that the series 

5(1)= ¥ S4(PS)*(0) (5.1.19) 
n=0 


converges in (£) uniformly on compact subsets of ¢ > 0 and 
IS\(2Il<CQ-y) 'e*" (¢>0). (5.1.20) 


Since reiterated applications of (c) show that every term of (5.1.19) is 
strongly continuous in ¢ > 0, S,(t) 1s likewise strongly continuous in ¢ > 0. 

Let now f be a function in & growing at most exponentially at 
infinity and assume that w’> w is so large that exp(— w’t)|| f(7)]| is summa- 
ble in > 0. Let &f be the Laplace transform of f, 


ef(A)u= fo ef (t)ude, 
0 


which exists in Re A > w’. It can be shown just as in the scalar case that if g 
is another function in % with exp(— w’t)||g|| © L'(0, 00), then 
exp(— w’t)|| f * g|| € L'(0, 00) as well and 


C(f*g)(A)=LF(A)Ee(A) (Red>w). (5.1.21) 


On the other hand, it follows from Lemma 3.4 and an approximation 
argument that 


£(PSu) = PRS(A)u=PR(A)u (ReA>w’,uE EL). (5.1.22) 
Let Red > w’. Multiply the series (5.1.19) by exp(— Az). In view of (5.1.18), 
the resulting series will converge uniformly in ¢t > 0, the partial sums being 
bounded in norm by a constant times exp(—(ReA — w’)t). We can then 
integrate term by term and make use of (5.1.21) and (5.1.22) to obtain 


(ee) 


Q(A)=LS(A)=R(A) LE (PR(A))"” (Red> wo’), 


n=0 
the series convergent in (E£). Clearly Q(A)E C R(A)E = D(A) = D(A+ P) 
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and 


co co 


ONT Agerts) ONE yo (PRIA) — do CRR(A)) oxi, 


n=0 n=] 
in applying AJ — A and P term by term to the series, we make use of the 
fact that both operators are closed. On the other hand, if u € D(A), 


OO APSA] RITE RO) SY (PROV OT OAS Pya 


= (KO) Pan ERC RNP) trey 
n=0 n=1 
so that O(A) = R(A; A+ P). The proof of Theorem 5.1.1 follows now from 
the fact that Q(A) =£S,(A) and from Lemma 2.2.3. 


A particularly interesting case of Theorem 5.1.1 is that where P is 
everywhere defined and bounded (all the hypotheses are then automatically 
satisfied). Since some additional precision can be gained, we prove this case 
separately. 


5.1.2 Theorem. Let A€&C,(C,w) and let P be a bounded operator. 
Then A+ P €&)(C, w+ Cll P|). 


Proof. By virtue of Theorem 2.1.1, R(A) = R(A; A) exists for A > w 


and 
IRC;A)||<C(A+@)2" (A>, 221). (Sal423) 
In particular, if 
A>wtC||P\l, 
then 
|PR(A)I| < CI|PI(A — @) <1, (5.1.24) 


hence the series 
O(A) = R(X) E (PR(A))" 


is convergent in (£). It can be proved exactly as in Theorem 5.1.1 that 
Q(A)=R(A; A+P). 
We estimate the powers of R(A; 4+ P). We have 


m 


R(A; A+ P)"= [RO) 3 (PR(A))"| 


n=0 


=> » R(A)(PR(A))”" 


BAW Ih aedpar Bi tee) ad) 


x R(A)(PR(A))?- > R(A)(PR(A))”™. 
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Now, in view of (5.1.23) and (5.1.24), 


4 © 
ee te ol (X= we | 1-C||PI\(A—w) 


=C(A-(w+Cl|[PIl)) ”" (A>e+ CPI), 


which, in view of Theorem 2.1.1 as modified by Remark 2.1.4, ends the 
proof. 


The following result relates Theorem 5.1.1 and Theorem 5.1.2 with 
the results in Section 3.7. 


5.1.3 Corollary. Let E be a Banach lattice, AG C,, and assume 
that S(t) = S(t; A) is positive for all t > 0. Let P be an operator satisfying the 
conditions in Theorem 5.1.1 and let P itself be positive (or, more generally, 
assume there exists a constant 8B such that 

Pu>—Bu (ue D(A),u>0)). (521.25) 
Finally, assume that E.,™ D(A) is dense in E., (Eis the set of nonnegative 
elements of E). Then S(t; A+ P) is positive for all t. 

Proof. Assume P is positive (8 = 0 in (5.1.25)). Then PS(t)u > 0 if 
u€ EE, D(A). The hypothesis on FE, D(A) and the fact that E, is 
closed implies that PS (t) is positive for all r. Using again the closedness of 
E., we see that S * PS, S *(PS)*’,... are positive for all f and thus the same 
is true of S(t; A+ P), sum of the series (5.1.19). If P is not positive but only 


satisfies (5.1.25), we only have to apply the previous comments to P + BI 
and use the formula S(t; A+ P)=e~ *‘S(t; A+(P + B1)). 


We note that when P is bounded and everywhere defined the 
hypothesis that E, \ D(A) be dense in E, can be discarded. 

To close this section we note the following result, that can be easily 
obtained applying Theorem 5.1.2 to A and — A: 


5.1.4 Corollary. Let AGC(C,w) and let P be bounded. Then 
A+ PEC(C,w + CIPI). 


5.2. THE NEUTRON TRANSPORT EQUATION 


As an application of the results in the previous section, we consider the 
neutron transport equation 


du 
Gy + (v.grad,u)+o(x,0)u =f K(x,0,0')u(x, 0,1) do’. (S221) 
V 


Here x =(X,,%X2,%3), D=(0), 0,03), and u=u(x,v,¢t). This equation 
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describes the migration and multiplication of neutrons in a body occupying 
a domain D of x-space: the nonnegative function u is the density at time ¢ 
of neutrons of velocity v at x. The nonnegative function o represents the 
absorption coefficient at x for neutrons of velocity v, whereas the integral 
operator on the right-hand side of (5.2.1) describes the production of 
neutrons at x by scattering and nuclear fission. We shall assume that D is 
open and connected in x-space R* (although connectedness is not essential) 
and that the velocities v belong to some measurable set V in v-space R?. 

Let x € [ = boundary of D, and v € V. We say that v is incoming at x 
(in symbols, v € 3 (x)) if and only if there exists e > 0 with 


x+tveD (0 <1t<e). 


v incoming at x 


FIGURE 5.2.1 


The solution of (5.2.1) is assumed to satisfy the following boundary condi- 
tion: 


n(x, 0,0) =0 (xe ve S(x),7 20). (5:22) 


Physically, this simply means that no neutrons enter the domain D from 
outside. This is natural if D is a convex region in empty space of if D is 
surrounded with absorbing material so that neutrons abandoning D are 
captured and unable to reenter. The initial neutron density is given: 


u(x,v,0)=u,(x,0) (xeD,veEV). (72383) 


Let Q = D x V. In view of the interpretation of u as a density, it is 
clear that the space E = L'(Q), is the natural setting to study (5.2.1) as an 
abstract differential equation. However, since no additional difficulties 
appear, we shall take E = L?(Q),_ with 1< p<oo. With some additional 
restrictions on D we shall also consider the case where E is a suitable 
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subspace of C(Q),. Since only nonnegative solutions of (5.2.1) have physi- 
cal meaning, it will be essential in each case to show that the solution 
remains nonnegative if the initial datum (5.2.3) is nonnegative. 

We examine first (5.2.1) when K=O in the space E = L?(Q), 
1 < p<oo. We assume that o is measurable and 


0<o(x,v)<C ae.inQ. (5.2.4) 
Define 
A ou(x,v) =—(v, grad, u(x,v))—o(x,v)u(x,v). (5.2.5) 
The domain of 2%, is described as follows. For each x © R32, v € R3, let 
D(x,v)=DN&(x,v), 


where &(x,v) is the line {(y; y=x + sv, —00 <s< oo}. Since D is open, 
D(x, v) is open in (x, v), thus we can express D(x, v) as the union of a 
finite or countable family of disjoint open intervals, 


D( x50) = Jf O70, Ores 


which we call component intervals of D(x, v). A function u € L?(Q) belongs 
to D(X) if and only if for almost all (x, v) nQ=DxV 


(a) The function 
f(s;x,v)=u(x+sv,v) 


can be extended in each component interval J, of D(x,v) to a function 


FIGURE 5.2.2 


5.2. The Neutron Transport Equation 275 


absolutely continuous in the closure J, (locally absolutely continuous in i fale 
is infinite). (Note that if two intervals have a common endpoint, the two 
extensions may not coincide there.) 


(b) 
f=0 
at the left endpoint of each component interval of D(x, v) (except if the left 
endpoint is x — cov). 
(c) The directional derivative 


f'(s) = (v, grad, u) (5.2.6) 
belongs to E = L?(Q) (as a function of x and v). 


Note that the expression on the right-hand side of (5.2.6) for the 
directional derivative is purely formal, since we do not assume the existence 
of the partial derivatives. Also, in view of (a), for almost all (x,v) the 
derivative (5.2.6) exists almost everywhere in D(x, wv), so that (5.2.6) is 
defined almost everywhere in (QQ. 

If @ is, say, an infinitely differentiable function of x with support 
contained in D and yw is a function in L?(V), it is immediate that 
y(x)Y(v) € D(A). But the set D of linear combinations of such functions 
is dense! in L?(Q) so that D(%,) is dense as well. We compute next the 
resolvent of %& . To this end, we define a function n= 7(x,v) in Q as 
follows: 


n(x, v) =sup{t>0;x-sveD,0<s<ty. (5.2.7) 


Since D is open, n(x, v)>0 for all (x, v) €Q and, if n(x, v)<0, x —tv 
belongs to D for ¢ < n(x, v) but not for t = n(x, v). In more intuitive terms, 
n(x, v) is the time taken by the point x — tv to abandon D (for the first 
time) starting at ¢ = 0. 


5.2.1 Lemma. 17 is lower semicontinuous in QQ. 


Proof. Let (x9, 9) EQ with (Xo, V9) < 00. Since x» — tu) € D for 
0 <t<7(Xpo, Up), a continuity argument can used to show that, given e> 0 
there exists 6 > 0 such that the circular cylinder consisting of all the points 
xX —{tUg) with x roaming over the disk of radius 6 centered at x) and 
perpendicular to the line €(xy,v,), and —d<t<7(Xo, vo)—« is entirely 


'Tt is obviously sufficient to show that )(D) is dense in L?(D) and that linear 
combinations of functions f(x)g(x) (f © L?(D), g<= L?(V)) are dense in L?(D XV). The 
final result can be proved with the help of mollifiers and the second by the Stone-Weierstrass 
theorem (Adams [1975: 1, p. 10)). 


2We do not define 7 for x € Q, in particular for x ET. We shall do so later, however 
(see p. 280) . 
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x — (x, v)v Xo — (Xo, Vp) Vp 


FIGURE 5.2.3 


contained in D. It follows then that if (x, v) is sufficiently close to (Xo, U9), 
we must have 


n(x, 0) > (Xo, 0) —2€. 


A similar argument takes care of the case n(x, Up) = 00; here we show that 
n(x, v) can be made arbitrarily large if (x, v) is sufficiently close to (x9, Uo). 


For x € D, v EV define 
Tt 
expl— | o(X— so, © ds} OSG Sailleeo 
Je ae p(- fo yds) (0<t<n(x,0)) 
S(x, 079 (%,0)) (t= n(x, v)). 


Denote by D,, the intersection of D with the sphere of radius n centered at 
the origin and define V,, accordingly. If v € V,, we have 


(52.8) 


J o(x-s0,0) dx< f o(x,0) dx 


n (at+l1)n 
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ie 
vo # Oand finite retrograde path (n(x,v) <2 ) U 
S(X%, 0; 0) 
1 
—<—$—$—$ 


v = 0 or infinite retrograde path (y(x,v) = 00) 


FIGURE 5.2.4 


forv EV,,0<s <a; accordingly the integral of o(x — sv, v) with respect to 
(x,v,¢)in D, XV, X[0, n] is finite for every n =1,2,... and we deduce: 

(d) s > 0(X — 86,6) is locally integrable in s >0 for all (%,6)€Q, 
where & is a subset of 2 whose complement has measure zero.° 

As an immediate consequence of (d) we obtain that the function 
defined by (5.2.8) exists for (X, 6,7) if (%, 6) € Q for all ¢>0; moreover, 
S(-,:,¢) is measurable in Q for ¢ > 0 fixed, since the set Q. of all (x, v0) EQ 
with S(x, v,t) >c> 0 coincides with the set defined by the inequality 


fol — sv,v) ds < —logc, 
0 


where we set o =0 outside of Q. Note also that for each (%,6)€Q, the 
function t > S(X, 6, ¢) is absolutely continuous in ¢ > 0. Finally, we have 


|S(x,o, 1)| <1. a.e.in Q:< (0,00). 


3The set Q is obviously “translation invariant” in the following sense: if (x, v0) € Q 
and x + € D, then (x + 0,6) €Q (since D(x + t0, ©) = D(x, v)). Properties (d) and (e) 
below are also translation invariant in this sense. 
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Define an operator G(r) (¢ > 0) in L?(Q) by the formula 
(S,(1)u)(x,o)=S,0, ux —-we)~ (ek), #1629) 


where we assume that u = 0 outside of 2. We have 


ISo(e)ull? < f $(x,0,1)"u(x = 10, 0)? de de 


<f(f, Juco ax| dv 
< [| f(x.) ar] dv = ||ull?, 


where the set D*(v, ¢) consists of all x € D with x + tv © D. Hence 

IS o(al<1 (420). (5.2.10) 

We show next that S (-) is strongly continuous. Let u be a function 

in the set D used to prove the denseness of D(2%,). It is easy to see that if 
ty > 0, then 

SG. v, t)u(x — 10,0) > S(X, vty) ul(x—toe,0) = (5.2.11) 

as t > fy for all (X, 6) € Q; in fact, (5.2.11) is immediate if ty < n(x, v) or 

ty > n(x, v) (see the comments following (d)) and results for tg = n(x, v) 

observing that u(x — n(x, v)v, v) = 0 since x — n(x, v)v must be a boundary 

point of D. We can then apply the dominated convergence theorem to 
deduce that 


I(So(t)-—Solto)) ull 70 (¢> 149). 
But in view of (5.2.10) and of the denseness of D, strong continuity follows 
(see Theorem 1.1). 
We consider now the operator 


G(A)v= fe NSo(t) vd (ReA <0, 0EE) (Si2e12) 
0) 


(integration understood in the vector sense). An argument very similar to 
the one leading to (d) (but where the use of D,,, V,, is unnecessary due to the 
fact that |p(x, v)|? is integrable in D X V ) yields: 

(e) For any » € E, the function s > |\v(x — sv, v)|? is integrable in s 
for all (%, 6) € Q, where Q is a set of full measure in Q and we have set » =0 
outside of 2. Plainly we may (and will) assume that the sets 2 in (d) and (e) 
are the same. 

Let » = p(x, v) be an arbitrary smooth function of compact support, 
thought of as an element of L?(Q) (p~!+ p’~'=1). Then 


(p, @(A)d) = fe, So(t)) at 


(x,0) _ 
=fi f° e NS(x, 0,1) 0(x— 10,0) dt) p(x, 0) dx do. 
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It follows from this equality that there exists a set 2 of full measure in Q 
(which may be taken to coincide with the sets in (d) and (e)) such that, after 
eventual modification of u in a null set, 


u(x, 6) = (G(A)D)(x,5) = [Pe -MS(x, 6, 8) v(x — 80,6) ds 
(5.2.13) 


for (X, 6) €Q and x € D(X, 6).4 Let now x be a point in the closure of some 
component interval J, of D(X, 6) (we can take x to be the left endpoint if J, 
does not contain ¥ — oo, in which case n(x, 6) =0). Since n(x + tv, v) = 
n(x, v)+t, we obtain, after two elementary changes of variable, that if 
Oe r< y( xe); then 


u(x + 16,6) 
=[' _{exp[- A(t 8) f'a(x + 76,8) dr)} v(x + 96,8) ds 
~ (x, 6 s 
so that (a) and (b) in the definition of D(1,) are satisfied. Moreover, 
Du(x + t6,6)=v(x + 26,6) 
—(At+o(x+16,6))u(x+16,6) (x+0EJ,), 
hence u € D(Y%,) and 
(AI-%))u=bd. (5.2.14) 


If » = 0, it is not difficult to see from the boundary condition (b) and from 
the fact that u(x — tv, v) must be absolutely continuous in ¢ for almost all 
(x, vo) that any solution of (5.2.14) in L?(2) must be zero almost every- 
where. Since (A) is bounded, we have shown that 


G®(A)=R(A; A) (Rer>9), 
which equality, in view of (5.2.12) and of Lemma 2.2.3 implies that 
Be€C,(1,0) and that S(-), defined by (5.2.9), is the propagator of 
u(t) = A u(t). (5.2.15) 


We study now the full equation (5.2.1). To apply the results in 
Section 5.1 here, it is obviously sufficient to require that the integral 


operator 
u(x, 0) = [ K(x,0,0/)u(x,0’) dv’ (5.2.16) 
V 
4A continuity argument extends (5.2.13) to x in D(x, 6), the closure of D(x, 6). To see 


this we observe that n(-, 0) and S(-, 0, ft) can be extended to continuous functions in D(x, 6); 
on the other hand, t > v(x — tv, ©) belongs to L?. 
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be bounded in L?(Q). A sufficient condition based on Holder’s inequality is 


p= 
sup Jf [[)KCx.0,09974-Pa' dv <0 (552517) 


xeD*V 


for the case p > 1 and 


I sup sup |K(x, 0, v’)|} do <0 (5.2.18) 
VxEDv'eEV 

when p=1, both of which are satisfied if D and V are bounded and K is 
measurable and bounded in Q. It must be pointed out, however, that 
conditions like these may not be verified in some applications (see Larsen 
[1975: 1)). 


5.2.2. Theorem. Let D be an open set in R?, V a measurable set in 
R?, o a measurable, essentially bounded, nonnegative function in D XV, K a 
nonnegative measurable function in DXV XV such that the operator & in 
(5.2.16) is bounded in L?(Q) for some p, 1< p<. Then the operator 
MW =A +R, (Ay defined by (5.2.5) and following comments) belongs to 
C,(1,||@|)) in L?(Q) and the propagator of 


u(t) = u(t) (5.2.19) 
satisfies 
6 (t)=0 “(ts 0): (5.2.20) 


Theorem 5.2.2 immediately follows from Theorem 5.1.2; the result 
on positivity of G(-) is a consequence of Corollary 5.1.3, of the fact that 
S 9(t) is positive for all ¢ > 0 (which results directly from its definition) and 
from positivity of &, which is obvious since K is nonnegative. 


The preceding treatment can be generalized in various ways; for 
instance, the space L?(Q2) can be replaced by L?(Q, w), where p(dx dv) = 
dx v(dv), the assumptions on o can be relaxed to boundedness from below 
and integrability in 2, K need only be bounded below, and so on. 

In studying (5.2.1) in the space C(Q) we stumble upon the following 
difficulty: if » is not continuous, the function GS o(t)u(x,v) defined by 
(5.2.9) may not be continuous in (x,v) for some values of ¢ even if u 
satisfies the boundary condition (5.2.2). It is not difficult to surmise that 
lack of continuity of 7 is related to lack of convexity of D. (See Figure 5.2.5). 

We assume in what follows that D is open, convex, and bounded and 
that V is closed and bounded. To begin with, we extend the function 7 to all 
x € D, adopting the convention that 7 = 0 if the set on the right-hand side 
of (5.2.7) is empty. It is easy to extend Lemma 5.2.1 to show that n(x, v) 
(with (x,v) roaming in Q=DxXV) is lower semicontinuous at any 
(Xo, )) = D XV, where 7( Xo, vo) > 0. (Of course, lower semicontinuity at 
(Xo, Yo) 18 Obvious if n(Xo, Yo) = 0.) However, we can prove much more for 
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a convex set: 


5.2.3 Lemma. Let D be convex and let x. € D, v9 € V be such that 
0 < n(Xo, V9) < «©. Then 7 is continuous at (Xo, Vo). 


Note that (Xo, 0)) > 0 if x) € D and v, is any element of V; hence 
as a particular case of Lemma 5.2.3, we obtain that n(x, v) is continuous in 
Q if D is convex. 

The proof of Lemma 5.2.3 runs as follows. Since 7 is lower semicon- 
tinuous at the point in question, we only have to prove upper semicontinu- 
ity. If 7 is not upper semicontinuous at (x9, v)) there exist e>0 and two 
sequences {x,,) = D, {v,} © V such that x, > x9, 0, > Up and 

1(X,,,0,) > (Xo; Up) +2e. 
Let 0<68<7(Xpo, vp). Since the point x; =x, — dv, belongs to D, there 
exists a circular disk A contained in D with center at x, and perpendicular 
to the line joining x, and x;. On the other hand, x, —(n(x,, v,)—)v, 
belongs to D and approaches the half-line 
Ve = ca tne EX as 0) + 6.100} 

as noo. Using then the convexity of D as indicated in the next Figure 
5.2.6, we deduce that xy — tv) © D for n(Xo, 19) <t < N(Xo, Vo) + €, Which is 
absurd. 
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xX, Aiea Ome; 
Xq —(N(Xo; V9) + €) Up 


FIGURE 5.2.6 


It is easy to see that the continuity property just proved extends to 
points (x9, U)) with xy €T and v, incoming at xy, although we must have 
1(Xo, U9) =0 there. However, » may be discontinuous at points (Xo, Up) 
where neither v, nor — vp belongs to 3(x,); as the following example shows 
this cannot be remedied by modifying the definition of 7 at (Xo, vg). Let D 
be the unit cube |x,| <1, 7=1,2,3 and assume that V contains a sufficiently 
large sphere. Let 0<a<l, e>0 small, x, = (1— ¢,0,0), v, = (— €/a,0, — 1). 
Then x, x= (1,0,0), 0; 05 = (0,0, —1)as'e— 0. but (4. 6.) —@ for 
all e; since a is arbitrary, there is no way to extend 7 continuously to 
(Xg; 0g). See Figure 3.2.7). 

We assume in the sequel that the function o in equation (5.2.1) is 
continuous and nonnegative in Q = D x V so that inequalities (5.2.4) hold 
there. The space E is now the subspace of C(®) consisting of all u that 
satisfy the boundary condition (5.2.2). Clearly E is closed, thus a Banach 
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space in its own right. The operator Y, is again given by (5.2.5), its domain 
described in the following way: u © E belongs to D(%,) if and only if for 
every (x, v) © D X V the function s > u(x + sv, v) is continuously differen- 
tiable in the closed interval J = D(x, v)°, vanishes at the left endpoint and 
the directional derivative (v, grad, u) belongs to E as a function of x and v. 

For each t> 0 and u € E£, extend u setting u =0 outside of Q and 
define 


(S,(t)u)(x, v0) =S(x,0,t)u(x—t,v) (ue) (5.2.21) 


(note that o, thus S, is defined in D xX V). However, it is not immediately 
obvious that S,(t)u will be continuous in DxV; in fact, if n(x, v) is 
discontinuous at (Xo, )), then S(x,v,t) may be discontinuous at 
(Xo, Up, N(Xo, Up)). However, one may suspect that at these points the 
possible discontinuity of S will be cancelled out by the boundary condition 
satisfied by u. This is in fact the case, at least if we rule out isolated velocity 
vectors be means of the following assumption: 

(f) (i) Let v EV, v + 0, e > 0. Then, on every half line sufficiently close 
to that determined by v there exist vectors v’ © V with 


| pace else: 


(ii) If 0 <V, 0 is an interior point of V. 

We note that in problems of physical interest V has spherical 
symmetry (if v <V and |v’|=|v|, then v’€V) so that Assumption (f) is 
trivially satisfied if 0 € V. 


>Here D(x, v)= DO &(x,v); since D is convex, D(x, v) consists of a single closed 
interval. 
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The following result, which will be used in the proof of Lemma Sak 
is well known. 


5.2.4 Lemma. Let D be open and convex, x © D, y€ D. Then all 
points in the segment joining x and y (except perhaps y itself) belong to D. 


For a proof see Dunford-Schwartz [1958: 1, p. 413]. 


5.2.5 Lemma. Let u=u(x,v) be a continuous function in O= 
D XV that satisfies the boundary condition (5.2.2). Assume that D is convex, 
open and bounded, that V is compact, and that Assumption (f) is satisfied. 
Then the function u(x, v, t)=(Go(t)u)(x, v) defined by (5.2.21) is continu- 
ous in 2 X[0, 00) = D X V x[0, 00). 


To begin with, we note that if the point (X9, U9, f9) © DxXV X[0, 00) 
is such that 


U(X — top> Vo) = 9 (532.22) 


(in particular, if x9 — f9¥) € D), then continuity of u(x, v, t) at (Xo, UV, fo) 
is a consequence of the continuity of u(x, v) regardless of behavior of S, 
since u(x — tv, v) will be continuous as a function defined in R*. x V X[0, 00) 
at (Xo, Up, tq) (recall that u is extended outside of Q setting u = 0 there). 

We consider three separate alternatives, assuming for the moment 
that vy * 0. 


(I) (Xo, 09, t9) € DX V X[0, 00) and (x9, v0))>0 (this happens if 
and only if x) € D or x)» © f with — v, incoming at x,). Clearly u will be 
continuous at (Xo, Up, ty) if to < N(Xo, Vo) or if ty > N(Xg, Vo); on the other 
hand, if to = n(X9, 09) the point x9 — fv) belongs to the boundary T and v, 
is incoming at Xp — fpUp So that (5.2.22) holds. 

(II) (%9, 09, 49) ET XV X[0, 00) with vo incoming at x,. In this case, 


u(x, 05) =0 


so that continuity of u(x, v, 7) at t9 =0 results from continuity of u(x, v). 
Assume then that fo > 0. Since v9 is incoming at x9, X9 + ev) € D if e> 0 is 
sufficiently small. Hence, if x9 — toU9 € D we deduce from Lemma 5.2.4 that 
X9 © D, which is absurd. Accordingly, x9 — fo) € D and (5.2.22) holds. 

(IIT) (x9, 0,4) € TP XV X[0, 00) but neither vy nor — vo are incoming 
at X. Our objective is again to show that (5.2.22) holds, and we may assume 
that 


Nite data aks (5.2.23) 

In fact, if x9 — tg) € D, (5.2.22) is automatically satisfied; on the other 

hand, if x9 — tov) © D, the vector — vp is incoming at x, against the 
hypotheses. 

Let x be a point in D not in the line determined by x, and vp. By 

Lemma 5.2.4 the whole (two-dimensional) interior of the triangle de- 
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Vo Xo 


Xo — foo 


FIGURE 5.2.8 


termined by the points x,x 9 and x )—¢pvy lies in D. Making use of 
assumption (f) we deduce the existence of vectors v’, arbitrarily close to v, 
and such that v’ is incoming at x, — ovo; since u(x — fpUo, v’)=0 it 
follows from continuity of u that (5.2.22) holds. 

The case v) =0 is simple. If x9 = D, n(x9,v))=00 and we use 
alternative (I). On the other hand, if x) <I, it follows from the second part 
of Assumption (f) that there exist arbitrarily small incoming vectors at x, so 
that u(Xo, V9) = U(Xq — toUp, Vo) = 0 for any fy > 0 and (5.2.22) holds. This 
ends the proof. 


We can complete now the treatment of (5.2.1) in the space E by 
slight modifications of the L?’ arguments. If u@ £, we have shown in 
Theorem 5.2.5 that G,(t)u is continuous in Q X[0,00), hence uniformly 
continuous in each cylinder Q x [0, a], a > 0. It is plain that S(t) u satisfies 
(5.2.2) for all ¢ if u does; hence (5.2.21) defines an operator in (£) for all 
t>0 and S,(-) is strongly continuous in ¢ > 0. Moreover, 


ISo(l<1 (¢>0) 


since S is nonnegative and bounded by 1. Every A with ReA > 0 belongs to 
p(t) and 


(R(A; Xo) d)(x, v) EO SEES, t)o(x— tv, v) dt 
0 
for all (x, v) € D XV; since » = 0 outside of D, 


R(A; Ay) v0 = [eG o(t)0 de (ReA>0,vEE£) 
0 


as an (£)-valued integral, so that %)<C,(1,0) and Go(t) = exp(¢A,), 
t>0; again ©, is positive for all ¢. Making use of Theorem 5.1.2 and 
Corollary 5.1.3, we obtain: 


5.2.6 Theorem. Let D be open and bounded in R°., V a compact set 
in R® satisfying Assumption (f£ ), 6 a nonnegative continuous function in D x V, 
K a nonnegative continuous function in DX V X V making (5.2.16) a bounded 
operator in E. Then % = X. + & belongs to ©, (1,||®||) and exp(t) is positive 
for allt >0. 
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We note that 8 maps E into E if K is continuous in DXxV XV and 
K(x,v,0)=0 (xET,vE%(x), v0’ eV). (5.2.24) 


In some treatments of the transport equation it is assumed that the 
neutrons belong to velocity groups characterized by |v| =k; > 0,i=1,...,m. 
The C(Q) treatment applies fully to this case; here V is the union of the 
spheres V, =(v:|v|=k,). For the L? treatment the appropriate space 1s 


L?(DXV,x--: XV,,) with measure p = dx do,---do,,, do, the area dif- 
ferential in V,. Note that assumption (f) is satisfied. 


5.2.7 Example. (i) Let D be a bounded domain, V a measurable set such 
that 


jolj=c>0 (weV). (5.225) 
Then there exists ty > 0 such that 
GS o(t)=0 (t2%). (5.2.26) 


(ii) If the operator ® in (5.2.16) is compact, then S(t) is compact 
and continuous in the norm of (£) in L?(Q2) (1< p<oo) for t> fy (this 
follows from (5.2.26) and the perturbation series (5.1.19)). 

(iii) The same conclusion holds in C(Q2) (here we assume D open, 
convex, and bounded and V closed, bounded, and satisfying (5.2.25)). 


Example 5.2.7 makes possible to obtain information on the spectral 
behavior of 2{ using Example 4.10.3: 


5.2.8 Example. Under the assumptions above, o(), the spectrum of Y, 
is empty or consists of a (finite or infinite) sequence A,, A5,... of eigenval- 
ues such that ReA, > —oo if the sequence is infinite. The generalized 
eigenspaces corresponding to each eigenvalue (Section 3) are finite dimen- 
sional. 


5.3. PERTURBATION RESULTS FOR OPERATORS 
IN @,,(1,0) AND IN @ 


In the perturbation theorems considered in Section 5.1, no hypotheses were 
made on P except that P should be “dominated by A” in the sense specified 
there. In Theorem 5.1.2 the hypothesis on P is quite stringent; this is 
perhaps not the case with those in Theorem 5.1.1, but (5.1.2) is not easy to 
verify as it involves rather complete knowledge of S(t). Note also that when 
AéC, the assumptions in Theorems 5.1.1 and 5.1.2 coincide; if G2) 
holds, then, fort >0 andue E, 


|| Pul] = ||PS(t)S(— 2) ul] < a(t)I|S(— 2) ull < Ca(t) e**|\ul| 
so that P must be bounded. 
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It seems natural to expect that if we assume that P itself or some 
extension thereof belongs to C,, then A+ P will belong to C,. However, 
this is false in general and to place additional assumptions on A, P that will 
make this true is far from trivial (see the comments in Section 5.9). We 
present a result in this direction. 


5.3.1 Theorem. Let A€C,(1,0) (i.e., let A be m-dissipative) and 
let P be a dissipative operator with D( P.) > D(A) and 
|| Pul| < alj Aul|+ bl|u||_ (w= D(A) (5.3.1) 
with 0 <a<1,b>0. Then A+ P (with domain D(A)) is m-dissipative. 
Proof. It is plain that A+ P is dissipative, so that we only have to 
prove that 
(AI-(A+P))D(A)=E 632) 
for some A > 0. We consider two cases. 
(i) a<4. Since (AI —(A+ P))D(A)= (AI — A)— P)R(A)E = 
(I — PR(A))E, (5.3.2) will hold if 


|| PR(A )I| <1. Gere 

But 

||PR(A) ul] < al| AR(A ) ul] + BI R(A) ul] = al(AR(A)— 7) ul] + BR (A) ul] 

< (20 + 5 le (A > 0) 
so that (5.3.3) (hence (5.3.2)) holds if A > b/(1 — 2a). 
(ii) a<1. Let0<y<1. We have 
I|(A + yP) ul] > || Aul|— yl| Pull > || Aull —|| Pull 
> (1— a)||Aul|— d|lul. 

Let n be an integer so large that a/n < (1— a)/3. Then 


1 a b 
||— Pu|| < —||Au||+ —||u|| 
n n n 


l—a 
3 


b 
< || Awl] + — lal 


] a 
< GIA + P+ (5 += |e 


Applying the result in (i) for y = 0, we see that A + (1/n)P is m-dissipative; 
taking then y=1/n, y=2/n,...,y=(n—1)/n, and applying (i) in each 
case, we prove at the last step that A + P is m-dissipative.° 


®Of course, the argument proves (taking y =1) that A+(1+n~ ') P is m-dissipative. 
This is not unexpected since (1+ n~ ') P satisfies (5.3.1) with different constants a’, b’, a’ <1. 
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It is plain that Theorem 5.3.1 must fail if a=1. To see this, take 
A€C,(1,0) with D(A) + E and P = — A; here A + P is the restriction of 0 
to D(A), which is not even closed. However, one may ask whether it is 
always true that some extension of A + P is m-dissipative, as is the case in 
the preceding example. The answer is in the affirmative but an additional 
assumption is needed. 


5.3.2. Corollary. Let A be m-dissipative and let P be a dissipative 
operator with D(P) > D(A) and 


|| Pu|| < || Aul|+ d]|ul| (5.3.4) 


for some b > 0. Assume in addition that P*, the adjoint of P is densely defined 
in E*. Then A+ P, the closure of A+ P, is m-dissipative. 


Proof. Since A + P is densely defined and dissipative, it is closable 
and A + P is dissipative with respect to some duality map 6: D(A + P) > E* 
(Lemma 3.1.11). It only remains to prove that 


(1-A+ P)D(A+P)=E. (5:3:5) 


Since the range of a closed dissipative operator must necessarily be closed, 
we only have to show that X = (J —A+ P)D(A+4 P) is dense in E. Assume 
this is not the case. Then there exists a nonzero functional u* € E* with 


(u*,uy=0 (ue X). 


Let v € E with 
l|u*|| < (u*,v). (5.3.6) 


By virtue of Theorem 5.3.1 we know that 4+ yP is m-dissipative for 
0<y<l. Accordingly, the equation 


u—(A+yP)u=v (5.32) 
has a solution u = u, for every y,O<y <1 with 
lu yII < loll. (5.3.8) 


It follows from (5.3.4) that 
|| Pull < || Au,||+ d]lu,|| 
<|(A+ yP)u|l+ yl|Pu,|i+ diz, 
= lle — uy||+ y||Pu,||+ dllu,|1, 
thus 
(1— y)I|Pu,|| <|lo— u,|]+ bilw, | 
< (b+ 2)lo). (5.3.9) 
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Let now v* € D( P*). We have 
|(v*,(1— y) Pu,)| = (1- y)|(P*e*, u, | 
< (1- y)||P*u"|||o|] > 0 as y > 0. 
Since D( P*) is dense in E* and {((1— y)Pu,; 0 <y <1} is bounded in £, it 
follows that 
(iy) rue Ow as lS 
E*-weakly. Then we have 
TU AQue sO = (us Au yh, >) 
=(s,U— y) Pu ohu*, as— Au, — Pu.) 
= (ut (1— y).Pu,) 0 asy > 1-, 


which is absurd since we have assumed u* +0. This ends the proof of 
Corollary 5.3.2. 


5.3.3 Remark. Since P is assumed densely defined and dissipative it must 
be closable by Lemma 3.1.11; thus by virtue of Theorem 4.4, if EF is reflexive 
(in particular if E is a Hilbert space), P* will always be densely defined. 
Note also that we only need to assume P dissipative with respect to some 
duality map 6: D(P)— E*; the same observation holds, of course, for 
Theorem 5.3.1. 


The assumptions on A in Corollary 5.3.2 can be relaxed in the 
following way. Assume that A is only densely defined and dissipative, but 
that A is m-dissipative, and that (5.3.4) holds for P dissipative with 
D(P) > D(A). Let u € D(A), {u,,) a sequence in D(A) with u, > u, Au, > 
Au. Writing (5.3.4) for u, — u,,, we see that { Pu,,} is as well convergent, thus 
u€ D(P) and 


|| Pul| < || Aul]+ djl]. (5.3.10) 
We can then apply Corollary 5.3.2 to A and P and deduce that 4+ P is 


m-dissipative. But if follows easily from the definition of closure and from 
(5.3.10) that 


A+P=A+P (S2eh1) 


so that the conclusion of Corollary 5.3.2 remains unchanged. We note an 
important byproduct of the preceding arguments. Let u © D(A), {u,) a 
sequence in D(A) with u,,>u, Au, > Au. We have shown that Pu, is 
convergent, so that u€ D(A + P); in other words, 


D(A) ¢ D(A+P). 


As the example P = — A shows, the opposite inclusion may not be true. 
However, if P satisfies (5.3.1) with a <1, we have ||(A + P)u|| > || Au||—|| Pull 
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> (1—)||Aul|— b|lul| for wu D(A) so that 
\|Pul|<a(1—a) '|\(A+P)ull+ bul] (ue D(A)). (5.3.12) 

Hence D(A + P) € D(A) results as well and 
D(A)=D(A+P). (533-13) 


We collect those observations. 


5.3.4 Corollary. Let A be densely defined and dissipative with A 
m-dissipative, and let P be a dissipative operator with D(P) > D(A), D(P*) 
dense in E* and 


|| Pu|| < al|Aul|+ d||ul| (ue D(A)) (53314) 


with O<a<l1,b>0. Then A+P is m-dissipative. If a<\, then (i) the 
domain of A+P coincides with the domain of A; (ii) if A=A is itself 
m-dissipative, then A+ P is m-dissipative and D(A+ P)= D(A). The as- 
sumption on D(P*) is unnecessary when a <1. 


Part (11) of the case a <1 is of course a restatement of Theorem 5.3.1. 


Corollary 5.3.4 has important applications to self-adjoint operators 
in a Hilbert space H. Call an operator A in H essentially self-adjoint if (a) A 
is densely defined and symmetric. (b) A is self-adjoint.’ Using the facts, 
proved in Section 3.6, that A is self-adjoint if and only if both iA and —iA 
are m-dissipative (that is, if iA © C(1,0)) and that P is symmetric if and only 
if iP and — iP are dissipative, we obtain the following result: 


5.3.5 Corollary. Let A be essentially self-adjoint, P a symmetric 
operator with D(P)> D(A) satisfying (5.3.14) with 0<a<1, b>0. Then 
A + P is self-adjoint, that is, A+ P is essentially self-adjoint. If a <1, then (i) 
D(A)= D(A+ P), (ii) if A is self-adjoint, then A+ P is self-adjoint and 
D(A + P)= D(A). 


The following result applies to operators in @ and is roughly of the 
same type as Theorem 5.3.1; although P is not assumed here to belong to C 
or any subclass thereof, we must use a reinforced version of (5.3.1). 


5.3.6 Theorem. Let A€@, and let P be an operator with D(P)C 
D(A) and such that, for every a>0Q, no matter how small, there exists 
b = b(a) with 


||Pul| <a||Aul|+ bljul| (we D(A). (5.3.15) 
Then A + P (with domain D(A)) belongs to @. 


7It was observed in Section 6 that if A is symmetric, iA is dissipative, hence A exists by 
Lemma 3.1.11. 
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Proof. If A€&@, then (Theorem 4.2.1) there exists a such that R(A) 
exists for ReA > a and 


IRCA )I < a a (5.3.16) 


—a| 
there. Clearly we have 
AI—-A-— P=(JI- PR(A))(AI- A) 
in D(A); accordingly, if || PR(A)|| <1, 4 € (A+ P), and 
R(A; A+ P)=R(A)(I— PR(A)) |. (5.3.17) 
We estimate || PR(A)|| using (5.3.15): 
|PR(A)I| < al] AR(A)I|+ BIR (A)I 
C|A| rs bC 
|A—a| Ao 


Take now a’>a. Then |A /(A — a@)| is bounded in Red > a’; therefore we 
may choose a so small that 


<a[1+ (5.3.18) 


a(1+ ate) J<r<3 (ReA >a’). 


|A —a| 2 
Taking a’ larger if necessary, we may also assume that 
bC 


near <y (Re A>a i 
Combining these two estimates with (5.3.18), we see that || PR(A)|| < 2y <1 
in ReA>a’; therefore, (I— PR(A))~! exists and |\(J— PR(A))~'\|< 
(1—2y)~! there. In view of (5.3.16) and (5.3.17), we obtain 
(Gu (EY ; 
|R(A; A+ P)Il< Wesee OTe (Red >a’), 

which, using Lemma 4.2.3, shows that A + P € @ as claimed. 

Note that we only need to assume the existence of an estimate of the 
type of (5.3.15) for some a <1/(2+2C). 


5.3.7 Corollary. Let A€@ and let P be bounded. Then A+P€Q®. 
Proof. (5.3.15) holds for any a and b=||P|. 


5.3.8 Remark. The comments on Remark 5.3.3 apply here with some 
modifications. Assume that A is closable and that A€@, all the other 
hypotheses in Theorem 5.3.5 remaining unchanged except that we assume 
now that P is closable. Hence (5.3.15) holds for A and P. Theorem 5.3.5 
then implies that A+ P € @. If A+ P were closable, we would have 


+P=A+P=A+P (5.3.19) 
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(the first equality follows from the fact that A+ P, which belongs to @, 
must be closed). It is remarkable that (5.3.19) will always be true, as (5.3.15) 
and the fact that A and P are closable imply that A + P is closable. To see 
this, we take a <1 in (5.3.15) and use its consequence (5.3.12). Let {u,,} be a 
sequence in D(A) with u, > 0,(A+ P)u, — v. Then it follows from (5.3.12) 
applied to u,—u,, that Pu, ~w€E. Since P is closable, w=0; then 
Au, — v, and we deduce that v = 0. 


5.3.9 Corollary. Let A be a closable, densely defined operator with 
A€@,P a closable operator with D(P)> D(A) satisfying (5.3.15) for a 
arbitrarily small. Then A + P (with domain D(A)) is closable and A+ PE @. 


5.4. PERTURBATION RESULTS FOR THE SCHRODINGER 
AND DIRAC EQUATIONS 


We retake here the study of the Schrodinger equation (1.4.1), this time for a 


potential U * 0. Setting g = — h~'U, we may write (1.4.1) as an equation in 
the Hilbert space E = L7(R?)¢ in the form 
u’(t)=(@ + 2)u(t), (5.4.1) 


where @ = ikA is the operator described in Section 1.4 with k =h/2m and 2 
is the multiplication operator 


(2u)(x) = ig(x)u(x) (5.4.2) 


(the domain of 2 will be precised later). It was proved in Section 1.4 that the 
operator @ belongs to @(1,0), thus by the results in Section 3.6, i@ is 
self-adjoint in E. (This was also shown directly in Example 1.4.6.) In view of 
the interpretation of the solution w of (1.4.1) sketched in Section 1.4, it is of 
great importance to find conditions on 2 (that is, on q) that make i(@ + 2) 
a self-adjoint, or at least an essentially self-adjoint operator. For one result 
in this direction, we use (part of) Corollary 5.3.5 with P =. 


5.4.1 Theorem. Let 
q(x) =4(x)+4,(x), (5.4.3) 


where qo © L®(R*)p and q, © L*(R*), and let the domain of the operator 2 
in (5.4.2) consist of all u € L?(R*) such that qu © L?(R*). Then D(2)> D(@) 
and the operator i(@ +2) is self-adjoint. 


Proof. To show that D(2)> D(@), it is obviously sufficient to 
prove that every u € D(@) is bounded in R®. This follows from the Fourier 
analysis manipulations at the end of Section 1.6, but a slightly improved 
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version is essential here. Using the notations in Section 8 for Fourier 
transforms, let u€ D(@) and p > 0. Then 


Fu(o) (\o|? + p?) Fu(o) 


fell aye 
1 


eA aie tae ey (5.4.4) 


Making use of the Schwarz inequality, we see that Fu € L|(R*) and 
Full ey < mp '/7\\(— A + p*)ull 2. (5.4.5) 


Accordingly, after eventual modification in a null set, u € L*(R?)1C,(R?) 
© D(2)-and® 


Alley (0 7 ||Aull+ p°7|Iull), 
where C does not depend on p. Moreover, ||Au|| = «~'||@u||, hence 
Pull < Noll lull + Mill c2llellc, 
<C'(p 7 ||@ull+(p°? + 1)Ilull) (5.4.6) 


so that (5.3.14) holds for any a> 0 if p is sufficiently large and Corollary 
5.3.5 applies (note that i2 is symmetric since q is real-valued). This com- 
pletes the proof. 


Observe that Theorem 5.4.1 applies to the Coulomb potential U(x) = 
c|x|~' for any value of c. Potentials of the form U(x)=V(|x — xol) 
correspond to motion of particles in central attractive (or repulsive) fields 
(see Schiff [1955:1]). Generalizing the previous observation, Theorem 5.4.1 
applies if V is bounded at infinity and r*V(r)? is integrable near zero (for 
instance, if U(r) =cr~® with B <3). Also, it should be pointed out that 
even if g is complex-valued, inequality (5.4.6) holds although 2 fails of 
course to be symmetric. Nevertheless, if we assume that 


|\Imq(x)|<w a.e.inR?, 


it is easy to see that Corollary 5.3.4 applies both to @,2—wl/ and to 
— @, —2— wl showing that @ + 2 € C(I, w). 


5.4.2 Example. The Schrédinger equation of a system of n particles. The 
quantum mechanical description of the motion of a particle sketched in 
Section 1.4 extends to the case of n particles. The Schrédinger equation 


5Here ||-||, without subindex, indicates the L* norm. The same observation holds in 
forthcoming inequalities. 
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takes the form 


h ow aie 
--—=- ——AW+U; 5.4.7 
i dt 2 on, 2m, iv vs ( ) 
where the function y depends on the 3n-dimensional vector x = “ed. xs) 


(x/ = (xf, x4, x4), 1< j <n), A, denotes the Laplacian in the variables x/ 
and the potential U depends on x; m, is the mass of the jth particle. Again 
||? is interpreted as a probability density in R*”, hence the L*(R°*”) norm 
of W must remain constant. The Fourier analysis of the unperturbed case 
U=0 is essentially covered by the results in Section 1.4; we define, for 
kK, =h/2m),,...,k, =h/2M, 


Qu=i(k,A,+--- +«,A,) 


with domain u consisting of all u € L?(R°”") such that Dk j4; (understood in 
the sense of distributions) belongs to L?. An element u € eS belongs to 
D(@) if and Coby if its Fourier transform ¥u satisfies |o|?%u € L*(R2”) 
(here Ou: o”), of = (aj, of,0/), 1<j<n) and S@u= 
(—ikk,|o/ |?) Fu. The operator i@ is self-adjoint (this follows from Example 
1.4.6). Tt can be shown arguing as in Remark 1.4.3 that D(@) = H’(R°”) 
and that the norm of H’(R°”) is equivalent to the graph norm ||u||+||@ u|| or 
to its Hilbert version ({|u||? +||@ul|?)'”7 (which are instantly seen to be 
equivalent themselves). 

We examine the perturbation of @ by an operator 2 given by (5.4.2), 
with g = —h~'U. An important instance is that where the particles move 
under the influence of Coulomb forces, both due to a central field and to 
the other particles; here 


q(x) = a niu) SPS erase (5.4.8) 


1a 9K vee | 


where c,,c;, are real constants. Theorem 5.4.1 does not apply now: for 
instance, if n> 2, the function 1/|x'| does not admit a decomposition of 
the form (5.4.3); moreover the elements of D(@) are no longer continuous 
or even bounded in R2” since 2 < 3n /2 (see Section 1.6). 

We define a set J,,...,/,, of (nonlinear) operators from L?(R*”) into 
L?(R?) as follows: 


1/2 
(Tju)(x/) = Ces ee ales --+dxJ—!dyitl. ax" | 


Clearly ||J;u|| = ||u|| for all ue L?. We shall show that if u€ D(@) anda>0 
is arbitrary, there exists b > 0 such that 


|(Z,u)(x/)|? <alj@ull? + blu? (x/ER3,ueD(@)). (5.4.9) 


To prove (5.4.9) we may obviously assume that j = 1. Denote (as before) by 
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& the Fourier transform in R*” and by J, (resp. ¥,_) the Fourier transform 
in x! (resp. in x”,...,x”). If ue D(R*”), we have 


[Z;u(x")|? = flu(x)P ax? -++ dx" 
= [\F,_u(x!,07,...,0")P do? do" 


] 
(2m)° 


, 
f{ fiFulo',....0") da'} do*--- do". 


(5.4.10) 


< 


We apply now (5.4.5) to $,_u(x!',o’,...,0") for p > 0, obtaining 
FuCo ln, <7 '/7\I(]o'|? + p?)Fu(o)ll 2. 

Replacing in (5.4.10), we obtain 

[Ziu(x')|? <C(p- "Cull? + p*|lull), (5.4.11) 
therefore (5.4.9) results for arbitrarily small a. Using the fact that 9) is dense 
in D(@)=H? in the norm of H’, hence in the graph norm of @ (see 
Remark 1.4.3), the inequality is seen to hold for any u€ D(@) (note that 
[T;u(x/)— I,v(x/)| <|J,(u— v)(x/)|, hence passage to the limit is licit). 
Inequality (5.4.9) is used for the potential (5.4.8) as follows. The domain of 


2 is defined again as the set of all u € L” such that gu € L?; 2 is symmetric 
since the c, and the c,, are real. For terms of the form el) |~', we note that 


fia)? de = fle! > ju)? ade, (5.4.12) 


We divide the domain of integration in |x'|>1 and |x'| <1; each of the 
integrals is estimated as follows: 


fe ee )P ae < fo jul!) P dx! 
|x/|>1 |x/|>1 
Do 2 
< f ju)? de = jel? 
if |x| ~ > |Lju( x4)? dx! < (al|@ull? + biiull?) f oleae 
|x/| <1 |x/| <1 
y / 2 
< (a\|@ull+ b'ull)", 


where a’ can be taken as small as desired (we have used here the inequality 
a” + B* <(at B)’). 

Consider next any of the other terms, say c,,|x' — x 
of variables y' = x! — x”, y? =x?,..., y” =x" yields 


kee =x" | “(ulx) |" dx = [\x'|-*|0(x)P? dx, (5.4.13) 


|~!. The change 
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where v(x!,...,x”)=u(x!+ x?, x?,...,x”) is easily seen to belong to D(@) 
if u does, with ||@ v|| < C||@ul|. Collecting our observations, we see that 2, @ 
satisfy (5.3.1) with a arbitrarily small, so that i(@ + 2) with domain D(@) is 
self-adjoint. 


5.4.3 Example. Perturbation theory for the Dirac equation. As a conse- 
quence of the results in Example 1.6.6, we know that the operator 


@u=c)ia,D/ut idBu (5.4.14) 


in L?(R*)4 (A = mc?/h) whose domain consists of all u = (u,, uy, U3, U4) in 
H'(R*)*, belongs to (1,0); equivalently, i@ is self-adjoint. We consider 
now the case U + 0 in (1.6.34); as for the Schrodinger equation, we write 
q=-—h~'U, but we limit ourselves to examine here the Coulomb potential 


1 ea (5.4.15) 


where x° is a point in three-dimensional Euclidean space. A key role in the 
following argument is played by the inequality 
4 
fix —x°|~*|u(x)|?dx< a ee u(x)|?dx (5.4.16) 
(m—2) 


valid for any function u€ H'(R™), m>3 and any x°E€R™. We prove it 
first for a smooth function assuming (as we may) that x° = 0. Let » = 9(p) 
be a function in °)(R!). Then 


(p"~*|p|?)’ = (m—2)p” 3 |p|? +20" *Re(q’G). 


Integrating in0<p<o, 


= p 
fon ieheap=- 


(m —2) 


2 : : by2 
eae P| dp | [fo"-"1o'l? dp] 


by the Schwarz inequality, so that 


su Ay: 
for tel?do<(—=5) fore’ ao. 


m—2 


[o”-*Re( 9) dp 


1/2 


We take now u € °)(R”) and apply this inequality to p(p) = u(px), |x|=1; 
observing that |p’(p)| = |Lx,D*u(px)| <|x| |gradu(px)| and integrating 
the resulting inequality in |x| =1, (5.4.16) results. To establish the inequal- 
ity for an arbitrary u€ H'(R™), we approximate u in the H! norm by a 
sequence {@,) in °!) and apply (5.4.16) to each g,. Obviously we can take 
limits on the right-hand side; on the left-hand side, we select if necessary a 
subsequence so that (@,} is pointwise convergent to u and apply Fatou’s 
theorem. 
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We apply inequality (5.4.16) for m=3 to the function g(x) in 
(5.4.15) and to each coordinate of u€ D(@) = H'(R*)*. Adding up we 
obtain 


fax) u(x)? de = a? fx — | AY)? de 


< 4d? [\grad u(x)|* dx 


<4c~7d*\\@ull’ (5.4.17) 


The last inequality requires some explanation. For the So geue (5.4.14), we 
have lieull’ = = ||cLa, Diu +t irBull* = II(cLo,a,, — AB)F ull? = = ||(cL9,a, )F ull? 
+ |A|?||u\|?. We make use of (1.6.38) plus ‘the explicit computation. of the 
constant @ in (1.6.39): in this way, (5.4.17) follows. 

We apply Corollary 5.3.5 to the self-adjoint operator i@ and the 
symmetric operator i2: if 


|d| <c/2, (5.4.18) 


the operator i(@ +2) is self-adjoint, while if the inequality (5.4.18) is 
strict, the operator i(@ +2) (with domain D(@)) is self-adjoint. Since 
(5.4.18) imposes a definite limitation on the size of |d|, it is interesting to 
translate it directly for the potential U in the equation (1.6.27). Writing U = 
e|x — x°|~', the inequality turns out to be |e| < ch /2. 

Obviously, this perturbation analysis can be applied to the general 
symmetric hyperbolic operator @ in (1.6.22) if condition (1.6.36) is satisfied. 


5.4.4 Remark. When the potential function U in the Schrédinger equa- 
tion (1.4.1) is “too singular” it may be the case that i(@ + 2) fails to be 
essentially self-adjoint. It is then important to construct self adjoint exten- 
sions i(@ +2), of i(@ +2) (so that the Schrédinger equation can be 
“embedded” in the equation 


u(t) =(@+2),u(t), (5.4.19) 


which possesses a unitary propagator). As pointed out in Section 6, these 
extensions will exist if and only if both defficiency indices of @+2 
coincide. However, mere existence of (@ + 2), is of little physical interest; 
at the very least, the domain of (@ + 2), should be clearly identified. We 
present here results generalizing Theorem 5.4.1 that combine perturbation 
theory with the methods used in Section 4.6 to deal with parabolic equations 
with rough coefficients. In the nomenclature of Section 4.6 we consider the 
differential operator 


A, =A+4q(x) (5.4.20) 
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in 2=R”,A the m-dimensional Laplacian and q real, locally integrable, 
and bounded above in R™. The operator A, is not obviously defined for any 
nonzero function (qu may fail to be square integrable even for u ©). 
However, an “extension” can be defined as follows. Let A > ess.supg +1 
and JCC L?(R”) the completion of (R™”) with respect to the scalar 
product 


(p.¥)a=f (grad p,grad¥)+(A—4(x)) py) de. (5.4.21) 


Then an element u© ‘3 belongs to D(A) if and only if w—>(u,w)), is 
continuous in KK in the norm of L?, and Au is the unique element of L? that 
satisfies 


A(u,w)—-(u,w), =(Au,w) (we KX) (5.4.22) 


(note that in the present situation we have B,(u,w) = (u,w), ). The fact that 
A is self-adjoint follows from (4.6.30) and Remark 4.6.8 (note that the 
formal adjoint Aj coincides with A,). We can then set (@ +2), =iA and 
obtain a solution of our problem. The characterization of D(A) = D(@ + 2), 
however, is too vague for comfort and we try to obtain a better one. Note 
first that the uniform ellipticity assumption (4.6.2) is satisfied so that 
D(A) CK C H'(R™). On the other hand, if wu € D(A), we obtain integrat- 
ing by parts that 


[ud dx = [(Au — qu) dx 


for p € %, so that Au+ qu= Au € L?(R”). (Note that |g|u =vial uvial is 
locally integrable by the Schwartz inequality so that Au € L},,(IR”).) Con- 
versely, if u€ I is such that Au + qu € L*(R™) and g € %), we have, after 
another integration by parts, 


(u,~),= — fubde dx + [(X-q)ug dx 


= — [(Au+ qu-du) de. 


Hence (u,w), is continuous in the norm of L? for w © (a fortiori, for 
w © JC) and u € D(A) with Au = Au + qu. We have then shown that 


D((@+2),)=D(A)={ueE KH; Aut que L’). (5.4.23) 


This result is not entirely satisfactory, however, since functions in JC are not 
easy to characterize. A better identification can be achieved at the cost of 
some restrictions on q. Surprisingly enough, these bear on the presence of 
singularities of q at finite points rather than on its behavior at infinity. 
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5.4.5 Theorem. Let q be real, locally integrable, and bounded above 
inR”™. Let 


my, (gi x)= J , braicmewaley (5.4.24) 
y-x\< 


and assume there exist p,R>0O such that m, pz is locally bounded.? Then 
D(A) consists of all ue H'\(R™) such that viq| u and Au+ qu belong to 
TiZ(R2"). 

For the proof we need a simple inequality. 


5.4.6 Lemma. Let p be locally integrable and a.e. nonnegative, W 
continuously differentiable in R™ with compact support. Then, if R> 0, 
Ul p< 2, 


[PCO OP dx 


Mea —_ 
S ®, p [o RPlgrad y(x)I? + R? 21W(x)I?)m,. a( p; x) dx, 


(5.4.25) 


where mp is defined as in (5.4.24) and w,, denotes the hyperarea of the unit 
sphere in R”. 


Proof. Let y(r) be continuously differentiable in r > 0. Obviously 
there exists s, 0<s < R, such that the value of |n| at s does not surpass its 
average over 0<r<R. Expressing n(s)—7(0) as the integral of /(r) in 
O0<r<s, we obtain 


in(0)| < fin) + R>'|n(r)|) dr. 


Apply this inequality to n(r)= ~(x —r(y—x)), afterwards integrating in 
ly — x|=1. An interchange of the order of integration combined with the 
inequality |X(y, — x,)D*)| < |y — x||grad | easily yields 


! —m = 
Wixi f yp xl (Igrad oy) + RoW ()I) &. 
m“|y—x|<R 

We estimate now by means of the Schwarz inequality writing |y — x|'~" = 
ly — x] ™/2)y — x|@—-™—)/2 and noting that (a + b)* < 2(a? +b’). We 
obtain 

2 ZR? DNS |s 2 =) 2 
V(x)? < ly-x| (|grad ¥(y)|? + R~71¥(y)I”) ay. 


On P yp xR 


*An application of the Fubini theorem shows that m, x exists a.e. and is locally 
integrable if p < 2. We only use the fact that q is locally integrable. 
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Finally, we multiply by p(x) and integrate in R”; after an obvious 
interchange of the order of integration, (5.4.25) results. 


Proof of Theorem 5.4.5. In view of (5.4.23), to show that any u 
satisfying the assumptions belongs to D(A) it is enough to prove that if A is 
as in (5.4.21), then any wu satisfying 


ue H'(R™), (A—q)'ue L?(R”), (5.4.26) 
belongs to IC, that is, there exists a sequence {q,,} in “) such that 
Ie. — ull 29, WA-@)'(@,-w)ll2 20, (5.4.27) 


as n>. To this end, let {x,,} be a sequence in “)) such that x,,(x) =1 for 
|x| <n, x,(x)=0 for |x|2n+1 and having uniformly bounded first 
partials. It is a simple matter to show that 


L/2 
IXp@— ull 20, WA— 4)’ (x,4- wile > 0, 


hence we may assume that the function u itself has compact support, say, 
contained in the ball |x| <a. Let (8,) be a mollifying sequence in ° (see 
Section 8), J, the operator of convolution by £,. It is immediate that 


DECI u) =J,(D*u), 


hence it follows from Theorem 8.2 that », = J,u =, * u converges to u in 
H', while each o, belongs to with support contained in |x|<a+1. We 
apply inequality (5.4.25) with p =A —q and Y =9g, — g,,: since vanishes 
foreslizya sek; 


fO-a@)len)= en (O)P 4 < Cll, = Gnllins — (5.4.28) 


where we have used the fact that m, p(q; x) is bounded in |x|<a+l. 
Letting m-—oo, we obtain the second relation (5.4.27), thus ue ‘SK as 
claimed. The opposite implication follows from (5.4.23) and the fact that 
ue I CH'; that Vial u © L’ is a consequence of the definition of the norm 
of I. 

Note that the assumption on m, z is independent of R. Observe also 
that an operator A with domain described as in Remark 4.6.8 could be 
defined without any special assumption on gq by simply replacing by the 
space of all u € H' with Va u © L* endowed with the scalar product (5.4.21). 
Thus, the importance of the result les in the approximation property 
(5.4.27) and the subsequent identification of D(A). 


The result just proved, although partly more general than Theorem 5.4.1, 
does not include, say, potentials having quadratic singularities c|x|~? in R°. 
Attempts to apply Corollary 5.3.5 fail since the domain of A (even after Theorem 
5.4.5) is not easy to work with; for instance, the Fourier transforms of the elements 
of D(A) allow no easy characterization. On the other hand, inequalities of the type 
(Pu, u) < a|(Au, u)| + b(u, u) are easier to establish (as we shall see in the next 
Theorem 5.4.9) and it is then of interest to have a perturbation theory based on 
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these. We limit ourselves to a simple result involving perturbations of symmetric 
operators. 


5.4.7 Theorem. Let X be a densely defined symmetric operator in a Hilbert 
space H such that 


(Xu,u)>0 (ue D(%X)), (5.4.29) 
and let 8 be another symmetric operator such that D(¥8) D> D(X) and 
(Pu,u)<a(Au,u)+b(u,u) (ue D(%X)) (5.4.30) 


with 0<a<l, b>0. Then there exists a self-adjoint extension (A —‘B), of Y- YB 
with 
((A—-8L),u,u)>—b(u,u) (ve D(A-—),). (5.4.31) 
Proof. Define 
(u,v), =((X- B)u,v)+ (1+ b)(u, v) 
for u,v © D(A). Since 
((U-—PB)u,u)> (Wu, u)—(BRu,u) > (l—a)(Wu,u)—b(u,u), (5.4.32) 
it follows that (-,-), has all the properties pertaining to a scalar product and we can 
complete D(2) with respect to the norm ||-||,; = (-, yen Since 
lel]; > Ile ll, (5.4.33) 
the completion H, > D(X) is a subspace of H. We define an operator 8 in H as 
follows: the domain of 8 consists of all u€ H, that make the linear functional 
w — (u,w), continuous in the norm of H; since H, is dense in H, we may extend the 
functional to H and obtain a unique element v € H satisfying 
(u,w),=(v,w). (5.4.34) 
We define Bu =v. Let u,v € D(¥B); then 


(8u,v)=(u,v),= (v, u), = (Bo, u) =(4, Bo) 

so that 8 is symmetric. We prove next that B~' € (7). Since ||Bu||||u|] > (Bu, uv) = 
(u,u),>|lull?, we have ||/Bu|| > |u|] for ue D(B), thus B is one-to-one with 
bounded inverse B~'; it only remains to be shown that 8 D(%) = E. To see this we 
take v € E and consider the functional w > (v,w). Obviously, this functional is 
continuous in H, so that there exists wu satisfying (5.4.34); by definition of 8, 
u€ D(®) and Su =v showing that 8B is onto as claimed. It is obvious that 8~' is 
also symmetric, hence self-adjoint; that 8 is self-adjoint follows easily from the 
formula 


CBF (S255 (5.4.35) 


whose verification is elementary. It is also obvious that (%—),=B8- 
(1+ b)/ is an extension of Y& — B and that (5.4.31) holds. This concludes the proof. 


Note that we have obtained a reasonably precise characterization of 
D((X — 8% ,); another look at the proof of Theorem 5.4.7 shows that 


D((X-¥),) =A, A D((A- ¥)*) (5.4.36) 
while (21 — 8), is the restriction of (2 — )* to H,. It is also interesting to note that 
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if (5.4.30) holds with a <1 and if 

(BRu,u)>—a’(Xu,u)—b’(u,u) (ue D(2%X)) (5.4.37) 
for some a’, b’> 0 (without restrictions on their size), then H, is independent of $ 
in the following sense. Define 

(u,v) = (Mu, v)+(u,v). (5.4.38) 
Then it follows from (5.4.32) that 
(u,u),>(1—a)(u, u)o, 
while on the other hand, 
(u,u),<(1+a’)(Mu,u)+(14+ 54+ b’)(u,u) <C(u, u)o, 

hence we may use (-, -), (which does not depend on J) in the definition of H;. We 
note also that the argument in the proof of Theorem 5.4.7 can be adapted to show 
that any symmetric operator satisfying (5.4.29) has a self-adjoint extension with 
domain H, M D(%*). Finally, we point out that Theorem 5.4.7 is a sort of abstract 
version of the reasoning used in Section 4.6 to construct the operators A() there; 
an even more similar method would be to define H, using (-,-), and apply Lemma 
4.6.1 to the functional B(u, v) = (u,v). 

In many applications (such as in Theorem 5.4.9 below) a generalization of 
Theorem 5.4.7 must be used. In it, the role of (u,v) is taken over by h(u, v), 
where } is a symmetric sesquilinear form with domain D(h), that is, a map from 
D(6)xX D(6) into C (D(6) a subspace of E) which is linear in v for u fixed and 
satisfies h(v, vu) =h(u, wv). The result is: 


5.4.8 Theorem. Let X be a densely defined symmetric operator such that 
(5.4.29) holds, and let 6 be a symmetric sesquilinear form with domain D(b) D> D(A) 
such that 

b(u,u)<a(M%u,u)+b(u,u) (ue D(X)) (5.4.39) 


with 0 <a <1, b>0. Then there exists a self-adjoint operator © with domain D(©) > 
D(1) such that 


(Cu,v)=(Au,v)—h(u,v) (u,vEeD(X)) (5.4.40) 
and 
(Cu,u)>—b(u,u). (5.4.41) 
If a<1 in (5.4.39) and if there exists a’, b’> 0 with 
b(u,u)>—a'(Mu,u)—b(u,u), (5.4.42) 


then & can be described as follows: the domain of © consists of all u€ H, (H, the 
completion of D(X) with respect to (5.4.38)) that make the linear functional w > (u,w) 
continuous in the norm of H, where (u,w), is (the extension to H,) of 


(u,w), = (Mu,w)—b(u,w) 
and 
(u,w), =(Cu,w) (we D(C),weA,). 


The proof is essentially the same as that of Theorem 5.4.8 and we omit the 
details. 
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Theorem 5.4.8 will be applied to A, the operator defined in (5.4.22) and 
H(u,v)=5\(u,v)+h2(u,v), where § (u,v) “is” (Bu, v), B; the operator of 
multiplication by q(x), j =1,2. However, the highly singular behavior of the g ; (see 
(i) and (ii) below) precludes the direct definition of the operators 8. We make the 
following assumptions: 


(i) q, is locally integrable with m, p(q\; x) bounded in R” for some p > 0. 
p,R P 
(li) q2 is a finite sum of terms of the form c,|x — x/| sit 


The sesquilinear form } j has domain °) and is defined by 


b, (u,v) = fa,(x)a(x)0(x) dx (j=1,2). (5.4.43) 


Since |u(x)v(x)| <4(|u(x)|? + |v(x)|?), we only have to prove that 6 (u,v) 
exists for u=v. For j =1, this is an obvious consequence of inequality (5.4.25): in 
fact, under hypothesis (i), 

h,(u,u) < Cp 'R?\lgrad ul? + C’(R )Ijull?, (5.4.44) 


where C does not depend on p or R. Note that by simply interchanging g, by — q, 
an estimate of the same type can be obtained for — §,(u, u), thus (5.4.42) holds for 


Hj. 
The second sesquilinear form is estimated in the same way, but we use 
(5.4.16): 


bo(u,u)< Do flx—x!|-?|u(x)/? dx 


c;>0 


< jaa I lesa u||°. (5.4.45) 


( V1 aa 2)? cj >0 
It is again obvious that a similar inequality (with a different constant) can be 
established for — (wu, uw). 
5.4.9 Theorem. Let m>3, 
I=Gt U7 > 

where the q; are real. Let qo be locally integrable and bounded above, and let q, (resp. 
qo) Satisfy assumption (i) (resp. (11) with 

Y 6 <(m-2)'/4). (5.4.46) 

cj >0 


Then the operator A described below is self-adjoint: D(A) consists of all u€ Ky (the 
completion of ©) in any of the norms 


ell, = f (Ierad u(x)I? + (A ~ go(x))lu(x))?) dx (5.4.47) 
with \ > ess sup qo + 1) such that Au + que L*(R”) and 
Au=Au+ qu. (5.4.48) 


If, r(Go; Xx) is locally bounded for some p > 0, then D(A) consists of all u € H'\(R”) 
with y/|qo| u and Au + qu in L?(R"). 
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Proof. Let A° be the operator defined in (5.4.22) with q=qo, U the 
restriction of \J — A® to %). We have 


(Xu,u) > (u,u), >|\grad ull’. (5.4.49) 


Combining this with (5.4.44) for R sufficiently small, we obtain (5.4.39) for 5; with 
arbitrary a > 0 (note that if assumption (i) is satisfied for R > 0, it is satisfied as well 
with any R’< R). On the other hand, (5.4.39) for §, follows from (5.4.45) and 
(5.4.46). We have already noted that (5.4.42) holds for , and ),. Accordingly, we 
can apply Theorem 5.4.9 to the operator 2 and to the sesquilinear form h = 5, + 5). 
Let © be the self-adjoint operator in the conclusion. Since the norms derived from 
(5.4.38) and (5.4.47) are equivalent in D(A), H, and KH, coincide. Let u € o). Then 
we have 


(u,p)—b(u,p)=(Cu,p) (pe). (5.4.50) 
Since u belongs to %, gu, g,u, and qyu belong to L'(IR”), thus it follows that 
©u=Au—Au-— qu (5.4.51) 


since 9 is arbitrary. On the other hand, let u be an element of D(C), {u,,) a sequence 
in %) with u, > u in L*. In view of (5.4.51), if p € D, we have (Cu, p) =(u, Cp) = 
lim(u,,, ©p) = lim(Cu,, y) = lim(Au,, — Au,, — qu,,p) = (Au — Au— qu,p), the 
last limit relation valid because Au,, — Au, — qu, ~ Au— Au— qu in the sense of 
distributions. Accordingly, (5.4.51) holds for every u € D(€). Conversely, if ue Ky 
is such that Au + qu € L’, then we show using the definition that u € D(C) with Cu 
given by (5.4.51). This ends the proof of Theorem 5.4.9; the additional statement 
concerning Mm, (qo; x) locally bounded follows from Theorem 5.4.5. 

The translation of (5.4.46) in physical units for m =3 and the Schrédinger 
operator @ = i(h /2m)Au— i(1/A)U is this: if U,(x)=Le,|x — x/|~? is the por- 
tion of the potential corresponding to q,, we must have 


E lel<e 
2a See 
EG Ott 


5.4.10 Remark. The applications of Corollary 5.3.4 presented so far 
have been restricted to the self-adjoint case. For an application to the 
Schrédinger equation where the resulting semigroup is not unitary, see 
Nelson [1964: 1]. 


5.4.11 Example. Develop analogues of the perturbation results for the 
Schrédinger equation in dimension m = 1,2 (see Kato [1976: 1, Ch. VI]). 


5.5. SECOND ORDER DIFFERENTIAL OPERATORS 


We apply the theory in Section 5.3 to the operators in Chapter 4; for the 
sake of simplicity, we limit ourselves to an example involving Dirichlet 
boundary conditions. 
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Let A, be the operator defined by (4.4.1), that is, 
Ayu= 0) ay,(x)DID*ut 3) b,(x) Diu + c(x)u. (5.5.1) 
5.5.1 Theorem. Let 1< p<co, Q a bounded domain of class C 


for 1< p<2(of class C“*” with k > m/2 if 2 < p<). Assume the a,j, are 
continuous in Q and satisfy the uniform ellipticity condition 


Dey (Sere wie lo GaSe Oe eR ) (5152) 
and that the b,,c are measurable and bounded in Q. Let B be the Dirichlet 
boundary condition. Then the operator A( 3) defined by 

A(B)u= Apu (53523) 
with domain D( A(B)) = W?(Q)e (consisting of all u € W*?(Q) that satisfy 
the boundary condition B on T in the sense of Lemma 4.8.1) belongs to @. 


Proof. It is not difficult to see that given e > 0 we can find functions 
a;, infinitely differentiable in &, having modulus of continuity uniformly 
bounded with respect to e and such that 


|aj.(x)—a%,(x)l<e° (xE0,1<j,k<m). (5.5.4) 


This condition clearly implies that the a; are uniformly bounded in Q 
independently of e; moreover, if 0 < k’<k, we shall have 


Y Lat (x)e gS KEP (xeQ, ER”) (5.5.5) 
for e sufficiently small. Let 
A(B)u=) Yiat(x)D/D‘u (5.5.6) 


with domain W*?(Q), =W*?(Q)AWy?(Q). Then it follows from Theo- 
rem 4.8.4 and an approximation argument (see Lemma 4.8.1) that there 
exists C > 0 independent of ¢ (for € sufficiently small) such that 


lel w22cay < C(NA,(B) all zecay tllellnem). («= D(A(B))).. 65.7) 


On the other hand, if P.(6) = A(B)— A,(B) and C’ is a bound for |5,|,..., 
|b,,| and |c|, 


|P.(B) ull >a) < m?ellull y2. (a) zt (m ath 1)C'||ull yr. 2¢a)- (5.5.8) 


Combining this inequality with (5.5.7) and Lemma 4.8.9, we deduce that for 
any a> 0 there exists b > 0 such that 


|P.(B) ull pocay ~ aliA.(B ilzoay a b\lull roca): 
The result then follows from Corollary 4.8.10 and Lemma 5.3.6. 


5.5.2 Example. State and prove a version of Theorem 5.5.1 for boundary 
conditions of type (1). 
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5.6. SYMMETRIC HYPERBOLIC SYSTEMS 
IN SOBOLEV SPACES 


We consider again the differential operator 


li= i A,(x)D*u+ B(x)u (5.6.1) 


of Section 3.5, using the notations employed therein; in particular, @y is 
defined by 


@,u=Lu, D(@)=%” 


and @% is defined in the same fashion using the formal adjoint. The results 
of Section 3.5 establish that, under adequate assumptions on the coefficients 
of (5.6.1), the Cauchy problem for the symmetric hyperbolic equation 


u'(t)=@u(t), (5622) 


where @ = (@/,)*, is properly posed in L?(R”)”. However, the results there 
leave us in the dark about regularity of the solutions of (5.6.2): if, say, the 
initial value uv) = u(0) of a solution u(-) has a certain number of partial 
derivatives with respect to x,,...,x,,, does u(t) enjoy a similar property for 
all t? We know of course the answer to this question when L has constant 
coefficients (see Section 1.6); from this particular case, we can surmise that 
the “right” treatment for the problem is to examine (5.6.2) in the Sobolev 
spaces H’ = H*(R”)’. We do this beginning with the case s = 1, and we will 
find it convenient to introduce an abstract framework to handle this and 
other similar situations. 

Let E, F be Banach spaces; when necessary, norms in E or F will be 
subindexed to avoid confusion. We write 


FOE 


to indicate that: (a) F is a dense subspace of E, (b) there exists a constant C 
such that 


lIulle<Cllulle (ve F). (5.6.3) 


A simple example of this arrangement is that where F = D(A), (A a closed, 
densely defined operator in E) and the norm of F is ||u|| - = ||u||- +||Aull,-, 
the “graph norm” of D(A). 

Since at least two spaces will be at play simultaneously in the 
succeeding treatment, we shall write, for instance 4€C a (C, OSB). 10 
indicate that A belongs to C,(C,w) in the space E (A, or restrictions 
thereof, may be defined in different spaces). Expressions like “A € C (ES, 
“A €C(w; E)’,... and so on will be correspondingly understood. 
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Given an operator A©@,(£) and another Banach space F with 
F > E, we say that F is A-admissible if and only if 


(exp(tdA))F=S(t; A)F CF (t>0) (5.6.4) 


and t > S(t; A) is strongly continuous in F for t > 0. (Motivation for this 
definition is obviously provided by the previous remarks on the equation 
(5.6.2), where. E = L?, F=77') 

If A is an arbitrary operator in E with domain D(A), we denote by 
A, the largest restriction of A to F with range in F, that is, the restriction of 
A with domain 


D(A;) ={u€ D(A) F; Au€ F). (5.6.5) 


5.6.1 Example. (a) Let, as in Example 2.2.6, E = L?(— 00,0), and define 
Au=u' (with D(A) the set of all u€ E such that uv’ exists in the sense of 
distributions, belongs to E and satisfies u(0) = 0), and let F be the Sobolev 
space H'(— 00,0) (see Section 8). Then F is not A-admissible. (b) Let E and 
A be as in (a), but take F as the subspace Hj(— 00,0) of H'(— 00,0) defined 
by the condition u(0)=0. Then F is A-admissible. (c) Let, as in Example 
2.2.7, E = L?(0, 00), Au =u’ defined as in (a) but without boundary condi- 
tions at 0. If F= H'(0, 00), then F is A-admissible. 

In Example (a), A-u =u’, where D(A,) consists of all ue E with 
u’,u” © E. The characterization of A; in (b) and (c) is similar. We note that 
the two affirmative examples in (b) and (c) are consequences of the 
following result for m=1: (d) Let AE C,(E), m>1, F= D(A”), ||ul|-= 
(AZ — A)" ul] -, where A € p(A) is fixed. Then F is A-admissible. 


5.6.2 Lemma. Let F>E, A€C,(E). Then F is A-admissible if 
and only if R(X; A) exists for sufficiently large \ and (a) R(A; A)F C F with 


ROA A)"llay $ C(A—@) "(ne =T,2,...). (5.6.6) 


(b) R(A; A)F is dense in F. Conversely, if (a) and (b) hold, the operator A, 
belongs to C,(F) and 


S(t; A;)=S(t; A)y (t2>0). (5.6.7) 
Condition (b) is unnecessary if F is reflexive. 


Proof. We observe first that, if F is A-admissible, the definition 
(5.6.5) means that the operator on the right-hand side of (5.6.7) is none 
other than the restriction of S(t; A) to F. Also, S(t; A); is a strongly 
continuous semigroup in F; let A be its infinitesimal generator and C, w two 
constants so large that both inequalities ||S(¢; A)|| (pF) < Ce* and 
IS(t; A)ll (zy < Ce’ hold. If ue F, we have S(t; A)u = S(t; A)u so that, in 
view of formula (2.1.10) with n =1 and of the fact that F > E, R(A; A)u= 
R(A; A)u for A>. It results that R(A; A) is simply the restriction of 
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R(A; A) to F, 
R(X; A) = R(A; A) z- (5.6.8) 
If u€ D(A), we have 


Au=F-— lim h7'(S(t; A)u-u) 
h—> 0+ 


=E- lim h7'(S(t; A)u-u) 
h 0+ 


=E- lim h'(S(t; A)u-—u) = Au, 
h>0O+ 
which shows that 4c A,. On the other hand, let ue D(A;); then u= 
R(A; A)v= R(A; A)pv for some ve F, and in view of (5.6.8), u must 
belong to D(A). Thus A = A; and 


R(A; Az) = RQ; A) -- (5.6.9) 


It is obvious then that (5.6.6) follows from (5.6.9) and the fact that 
R(A; A;) satisfies inequalities (2.1.29); moreover, since R(A; A)F= 
R(A; A;)F by (5.6.9), the denseness condition (b) follows. 

Conversely, assume that (a) and (b) hold. If w& F and A is large 
enough, v = R(A; A)u € F; moreover, Av =AR(A; A)u—ueé F so that v € 
D(A,) and 

(AI—A;)R(A; A)u=u. 
This obviously shows that (AJ — A,;)D(A,) = F; since, on the other hand, 
AI — Apis one-to-one because AJ — A is, it results that R(A; A;) exists and 
(5.6.9) holds. Condition (b) plainly insures denseness of D(A;), and in- 
equalities (5.6.6) imply, via Theorem 2.1.1 and Remark 2.1.4, that 4, € 
C,(F). It only remains to show that 
S(t; Ap) =S(t; A) 


and this can be done making use of (5.6.9) and expressing each semigroup 
by means of the resolvent of its infinitesimal generator; in fact, using 
formula (2.1.27), 


S(t; A,)u=F= lim & nas ti 


areata (4) x(4;4) u 
n>oo\l t 
= S(t; A)u 


for u & F as claimed. 

It remains to be shown that the denseness condition (b) can be 
dispensed with when F is reflexive. Observe first that (5.6.9) has been 
established without use of (b). If R(A; A)F = R(A; A;)F = D(A,) is not 
dense in F, there exists some u € F, u 0 that does not belong to the closure 
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D(A,) . Consider 
un =X_R(A,; Ap )u= A, R(A,; A)u, 

where A, > 00. In view of the first inequality (5.6.6), {u,,} is bounded in F 

and, since F is reflexive, we may assume that {u,,) is F*-weakly convergent 

in F to some v€ F."° But D(A,) is F*-weakly closed in F, so that v 

€ D(A,) . Now, 

A,R(,; A,)R(A,; Ay)u e R(A\; Ar)A,R(A,; A,)u re R(A,; A,r)v 

(5.6.10) 


F*-weakly in F whereas, by the second resolvent equation and the first 
inequality (5.6.6), 


(A,R(A,3 Ap) -L)R(A; Apu 
SN d,) ARO; Ap)—X,R(Aj; Ap))u>0 
as n > co showing, in combination with (5.6.10), that 
R(A,;4p)u=R(A,; 4p) 0, (5.6.11) 


which implies u = v, a contradiction since v belongs to D(A,,) and u does 
not. This completes the proof of Lemma 5.6.2. 


Another useful criterion for A-admissibility of a subspace is 


5.6.3 Lemma. Let F>E, A€C,(E), K: F>E an operator in 
(F; E) such that the inverse K~' exists and belongs to (E; F). In order that F 
be A-admissible, it is necessary and sufficient that A,= KAK~' belong to 
C,(E). In this case, we have 


S(t; 4,) = KS(t; A)K7!. (5.6.12) 


Proof. By definition, D(A,)= D(AI — A,) is the set of all uwG E 
such that K-'w © D(A) and (AJ — A)K~ 'u & F; accordingly, 


D((AI— 4,)) = KRQ; A)F. (5.6413) 
Moreover, (AJ — A,)~'= K(AI — A)~'K7'; thus if A € p(A), we have 
(RTA) PEER ON A) Ro (5.6.14) 


Note, however, that we have not written R(A; A,) on the left-hand side of 
(5.6.14) as we cannot state without further analysis that (AJ — 4,)~'€(E) 
(since K may not be continuous as an operator from E into E). Assume now 
that F is A-admissible. We have already seen in Lemma 5.6.2(b) that 
R(A; A)F is a dense subset of F and that R(A; A); €(F); this plainly 
implies that D(A,) is dense in E (because of (5.6.13)) while it results from 


Tt should be remembered that the first inequality (5.6.6) does not guarantee that 
AR(A; Ap)u—> u as A> 00 except if uw is known to be in D(A;) (see Example 2.1.6). 
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(5.6.14) that (AJ — A,)'€(E), thus A © p(A,). Taking powers in both 
sides of (5.6.14), we see that 


R(A3 Ay), = KRG A) ee, (5.6.15) 


thus R(A; A,) satisfies as well inequalities (2.1.29) and consequently 4, © 
C,(E). Equality (5.6.12) follows from (5.6.15) and the exponential formula 
(2.1.27) (see the end of the proof of Lemma 5.6.2(a)). 

We prove now the converse. Assume that A, = KAK~'€C,(E). 
Reading (5.6.15) backwards, we see that R(A; A)" = K_'R(A; 4,)"K, hence 
R(A; A)F C F and (5.6.6) is satisfied for A sufficiently large. On the other 
hand, R(A; A)F = R(A; A)K_'E = K_'R(A; A,)E, thus K-'D(A,) must be 
dense in F since D(A,) is dense in E. Hence the hypotheses of Lemma 5.6.2 
are Satisfied. 


In view of Theorem 5.1.2, the assumption that KAK~'€ C,(£) will 
hold if 


KAK"'=A+@Q (5.6.16) 
with Q everywhere defined and bounded. This is the form in which Lemma 
5.6.3 will be applied to the equation (5.6.2). 

5.6.4 Theorem. Let the matrices A,,...,A,,,.B be continuously dif- 
ferentiable in R™, and assume all the functions 
|A,(x)|, |D/A,(x)|, |B(x)|, |D/B(x)| U<j,k<m) (5.6.17) 
are bounded in R™ by a constant M,. Then (a) The operator @ = (@()* defined 
in Section 3.5 belongs to C(1,w; E) with E = L?(R"™)” for some w. (b) If S(-) 
is the propagator of 
u'(t)=@u(t) (-w2<t<oo), (5.6.18) 
we have 
S(t) GH ico. <6): (5.6.19) 
where H' = H'(R™)”. Finally, if @,, is the largest restriction of @ to H' with 
range in H', the operator @,, belongs to C,(H'); in particular, any solution 
u(-) of (5.6.18) with initial value u(0) in H' remains in H' for all t, is 
continuous in the norm of H', and satisfies 
u(t) <Cye?!"Ju(O)I| pp (— 00 <t<oo), (5.6.20) 


for constants C,, w, independent of u(-). 


Proof. The statements regarding the behavior of the operator @ in 
L? are immediate consequences of Corollary 3.5.5.'' The rest of Theorem 
5.6.4 will of course result if we show that F= H' is both @-admissible and 


''Boundedness of | DXA(x)| and |B(x)| insure inequality (3.5.37). 
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(— @)-admissible. Since — @ satisfies assumptions of exactly the same type 
as @, we need only consider the latter operator. We use Lemma 5.6.3 as 
follows. Consider the operator 8 = (J — A)!/?, where A is the Laplacian; 
that is, if F indicates, as in Section 8, the Fourier-Plancherel transform, 


Ru = FN(1 + |o|?)'°Fu(o)). 


In view of the Fourier transform characterization of Sobolev spaces over R” 
(see again Section 8), it is obvious that & is well defined and bounded as an 
operator from H' into L’, and the same can be said of its inverse 


R-lu=F "(14 lo?) '°Fu(o)) 


as an operator from L? into H'. We note also that both R and 8! map the 
space 5 into itself. We introduce next the operator 


Ru =F '(\o|Fu(oc)) (5.6.21) 
from H' into L’. It is obvious that if u € H?, 
[Ru — Rul .2 <Cllull p- (5.6.22) 


We note that ® (resp. #) is known as the Bessel (resp. Riesz) potential 
operator of order —1; see Stein [1970: 1, p. 117]. We shall also make use of 
the Riesz transforms ft , defined by 


R,u=F '((io,/|o|)Fu(o)) (l<k<m)” (5.6.23) 


It is plain that each #, is a bounded operator from L? into L? and that 


=o Dim Seetiy DD”. (5.6.24) 
k=1 k=1 
where, as usual, D* is the operator of differentiation with respect to x,. The 
Riesz transforms can be expressed by means of singular integral operators 
as follows: 
R u(x) = lim C BLS 6 WF (5.6.25) 
k = b Sie ee! 6. 
er OO “lx— yl eel erty 
(C,, = 2"? '/?T((m + 1)/2))) for each u € L?(R”)’, the limit understood 
in the norm of L’; if u is smooth, the limit also exists pointwise (See Stein 
f19705 1p457],) 


5.6.5 Lemma. Let A(-) be a continuously differentiable v Xv 
matrix-valued function defined in R”™, and let 


{R, A}u(x) =R(A(x)u(x))— A(x)(Ru(x)). 2% (5.6.26) 


'2These definitions coincide with the ones in Stein modulo constants unimportant for 
our purposes. 


'5Expressions like (®, A), (@, A,,), and so on, are defined in a corresponding way. 
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Then, ifued’, 
A(x)—A(y) 


pee 


{R, A}u(x )= lim uf u(y) dy, (5.6.27) 


kyl sexs 
where C,, is the constant in (5.6.25). 


Proof. In view of (5.6.24), we have 


(RK, Aju= Vo (KR, D*(Au)- AR,D*u) 


k= 
= ¥ (R,A-AR,)D*ut = R,D*Au. (5.6.28) 


Now, 
(R,A—AR,)D*u(x) 


ck, 
= lim G,, =k Zk (A(y) = A(x)) Duly) dy 
e-0 x= yvhoe (Xn V1 
(the limit understood pointwise). Observe that using the divergence theorem 
in the region |x — y| >, we obtain 


J 


cy |e 


b> I (A(y)— A(x) Dh y)} 


| 
PR Eas 4 hed 


+ | y A hay uty) ay 
ey | Se pare = | 
+f sae Oe 


[x—y|Se |x 


=f AR AED») do, (5.6.29) 
eo alle y| 


where do is the hyperarea differential on |x —y|=e. Since A(y)= 
A(x)+ZUD*A(x)(y, — x,)+ 0(\y—x|) as yx and the integral of 
(x, — ¥,)/|x — y|™ over |x — y| =e is zero, it is not difficult to show that 
the last integral in (5.6.29) tends to zero with e. Taking advantage of 
(5.6.28), (5.6.27) follows. 


We make now use of the following powerful result on singular 
integrals. 


5.6.6 Theorem. Let A(- 7 be as in Lemma 5.6.5; assume in addition 
that the derivatives D*A(x), 1<k <m are bounded in R™ by a constant M. 
Let b be an even, homogeneous ae of degree —(m +1) locally integrable 
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in |x| > 0. Finally, let 1 < p < 00, and define 
Cu(x) = f Ble yAG)- AQ) uly) dv. (5.6.30) 
Ky > € 
Then & , maps continuously L?(R")” into itself and satisfies 


II ull, < CM] |u|, (5.6.31) 


where C depends on p and 6, but not on u or €. Furthermore, © ,u converges in 
L? as €— 0; thus the operator 


@u= lim Cu 
e>0 
satisfies 
[Gul], < CM |lul|,. (5.6.32) 


For the proof (of a more general result) see Calderon [1965: 1], where 
additional information is given. 


We can combine Lemma 5.6.5 and Theorem 5.6.6 to deduce that if 
M, is a bound for D‘A in R”™, then 
IK, A}ullp2<CM|lullp2 (wed”). 


Now, (8, A}=({R, A}+(R — KR, A}, where in view of (5.6.22), R—R is 
bounded in L’, and the operator of multiplication by A is also bounded; it 
then follows that 


IK, A}ullp2<CM]||ul];2, (5.6.33) 
where the constants C in both inequalities do not depend on A(-) (this is 
not particularly important now but will be vital in later applications in 


Section 7.8). 
Let u, as before, be a function in 5”. A simple calculation shows that 


RAR 'u=@ut VY {(R,A,)D*‘R 'ut{R, B}K-'u. (5.6.34) 
k=1 
Making use of Theorem 5.6.6 and of the easily verified fact that 
|| D*@~ "ull 2 <|lullp2, (5;6335) 
we see that there exists a bounded operator Q, in L* such that 
Se (RAD Ru = Olu" (WeS"). (5.6.36) 
1 
On the other hand, noting that R = ®~'—YD*R~'D*, we obtain 


Re BO atl Ss, a BS DER DE | BOS Bu *(56.37) 
k=1 
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On account of the fact that each DX R~ | is bounded (see (5.6.35)) and of the 
differentiability properties postulated for B, there exists a second bounded 
operator Q, in L” such that" 


{@, BR ‘'v=O,u (wEs’). (5.6.38) 


To prove (5.6.16) for d= @ and K = 8 we still have to examine the 
domains of the unbounded operators involved. Let u€ D(@). Making use 
of Lemma 3.5.2, we can choose a sequence {u,,) in 5” such that 


u,>u, €u,— Cu 
in L?. Set 
O=9; +O ,, 


write (5.6.34) for u,, and take limits using (5.6.36) and (5.6.38); we obtain 
that RE@R-!'u, > @u+ Qu, thus @R-'u, > R-'(Au+t Qu), and it follows 
from the closedness of @ that ®~'u € D(@) and @R-'u=R-'(@ut+ Quye 
H'; thus R@R~!u=@u + Qu, showing that 


RAR 'DE+Q. (5.6.39) 
It follows that R(@ —AI)R-'D@+O-AI, a fortiori, if inverses exist, 
O(@-2NI) On (GO kp) e. (5.6.40) 


But if A is sufficiently large, it must belong to both p(@) and p(@+Q) 
(Theorem 5.1.2), thus the operator on the right-hand side is everywhere 
defined and (5.6.40) is actually an equality. The same must be true of 
(5.6.39), that is, 


RAR'=@+0. (5.6.41) 


We obtain then from Lemma 5.6.3 that H! is @-admissible. This ends the 
proof of Theorem 5.6.4. 


As it can be expected, results of the type of Theorem 5.6.4 can be 
obtained in Sobolev spaces H’, r > 1, if additional smoothness assumptions 
are imposed on the coefficients of L. In fact, we have: 


5.6.7 Theorem. Let the matrices A,,...,A,,, B be r times continu- 
ously differentiable in R™ and assume all the functions 
|D°A,(x)|, |D"B(x)| (O<lal<r,l<k<m) — (5.6.42) 


are bounded in R” by a constant M,. Then conclusion (a) of Theorem 5.6.4 is 
valid and (b) holds replacing H' by H’. In particular (5.6.19) becomes 


S(t)H’ CH" (-—w<t<oo) (5.6.43) 


'*Boundedness of (®, B)®~! (in fact, of {®, B) itself) can be of course proved using 
Theorem 5.6.6. However, the present argument will be significant in Section 7.6. 
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and every solution u(-) of (5.6.18) with initial value in H’ remains in H’ for all 
t, is continuous in the norm of H’ and satisfies 

leo) < Geel lu(O)Ily (—20<t<o) 
for constants C,, w, independent of u(-). 

We limit ourselves to prove Theorem 5.6.7 in the case r = 2, since no 
new ideas are involved in the passage to the range r > 2. The role played 
when r = 1 by & will now be taken over by 8, which is a bounded operator 
from H? into L? with (R?)~!= R~?: L? > H* bounded as well. In view of 
(5.6.41), we have 

R2A@H-27=AR(KARK')HK-'=HER'!4+ ROK '|'=@4+O04+ROK'!, 


thus our only task is to show that RQ! is everywhere defined and 
bounded; this will obviously hold if we prove that Q is a bounded operator 
in H'. We do this next. Let A be a v X v matrix-valued function satisfying 
the hypotheses on A, in Theorem 5.6.7 for r = 2, § a function as in Theorem 
5.6.6. Writing, as we may, 


Cou(x)= f° (yA) Ale y)) u(x y) ay, 
yl>e 
we see that if u< 5”, ©u is differentiable and 


D'Eu(x)=f (x y)(D‘A(x)— D'A(y)) u(y) dy 


|x= yl ee 


+ h(x — y)(A(x)—- A(y)) D‘u(y) ay 


|x-—y|ze 
(0<k<m). (5.6.44) 


We can then use Theorem 5.6.6 to deduce that each D‘ € .u converges in L* 
as e>0 to a function v€ Ll’. Since ©,u—> Cu in L’, it follows that 
D* €u= v, (in the sense of distributions) belongs to L”, thus ©u € H!. In 
view of the estimate (5.6.32), we have 


[Cull <CMy|lul|;p (ued”). (5.6.45) 
We apply now these remarks to the operators {R, A,}; in view of (5.6.27), it 
follows from (5.6.45) that 
IKR, Ap }ull ys <CMG|lul| pp (WE S”). (5.6.46) 
Observing that 
| Ru — Kull ps <Cllull a (ue H') 
and arguing as in the comments following Theorem 5.6.6, we see that 
(5.6.46) implies 
IK®, Ap} ull <CM)|lul| zp (we 5”), (5.6.47) 
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hence, in view of (5.6.36) and of the fact that 5’(R”) is dense in FUR)’; 
Q, is a bounded operator in H'. As for Q,, defined by (5.6.38), it follows 
directly from (5.6.37), the hypotheses on B for r = 2 and again the denseness 
of S”, that it is a bounded operator in H'. Hence Q € (H') and the proof of 
Theorem 5.6.7 for r = 2 is complete. 


5.7. APPROXIMATION OF ABSTRACT 
DIFFERENTIAL EQUATIONS 


It is often the case that solutions of an initial value problem 


u'(t)=Au(t) (t20), u(0)=up, (5:71) 
where A € ©,, can be approximated by the solutions of 
ui (t)=A,u,(t) (¢20), u(0)=u,, (57.2) 


with u,, > u and A, — A in some way or other. Usually, A,, is an operator in 
a different Banach space E,; one such instance is that where A is a 
differential operator in a space of functions defined in a domain 2. CR” 
and A, is a finite difference approximation to A, in which case E,, may be a 
space of “discrete” functions defined only at certain grid points; moreover, 
instead of solving (5.7.2) (which would correspond to the “method of lines” 
in numerical analysis), we may also discretize the time variable, so that the 
differential equation in (5.7.2) may be discarded in favor of some finite 
difference approximation like 


u,(t+7)=7A,u,(t)+u,(t). (5.7.3) 


We examine in this section and the next an abstract scheme including these 
instances. 

In what follows, E and E, (n>1) are (real or complex) Banach 
spaces. The first result is a sort of generalization of (a particular case of) 
Theorem 1.2. We shall henceforth denote by ||-|| the norms of E and of 
(E; E) and by ||-||,, the norms of E,, of (£; £,) and of (E,; E,,), except 
when more precision is necessary. 


5.7.1 Theorem. Let the operators Q,, € (E; E,,) (n >1) be such that 
{||Q,,u||,,3 1 = 1} is bounded for any u€ E. Then there exists M > 0 such that 


Qulla<M (n>1). (5.7.4) 


Proof. Denote by © the space consisting of all sequences u = 
(U,, U>,...), u, © E, such that ||w,||,, is bounded for n > 1. It is plain that the 
norm 


Ill] = lull = sup ||u,||, 
n>1 
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makes € a Banach space. The operator Q: E > © defined by 
Qu = (Q,u, Q,u,...) (S275) 


in linear and everywhere defined, and it is also easily seen to be closed. It 
follows then from Theorem 3.1 that Q is bounded, that is, ||Qu||¢ < M||u||,- 
for all ue E. This is equivalent to (5.7.4). 


We say that the sequence {E,, P,}, where P, € (E; E,,), approximates 
E if and only if 
lim ||P,ul|, =|lul| (we E). (S31.6) 
noo 


It follows from Theorem 5.7.1 that 
Palla <M (n>). (5.7.7) 
A sequence {u,,}, u,, © E,, is said to converge to u€ E (in symbols, u, = u) if 
and only if 
\|te;, — Pull 7 > 0 as n= co. (5.7.8) 
We note that the convergence relation (5.7.8) defines the element u uniquely: 
in fact, if u, > u, u, => v, we have, in view of (5.7.6), 
||u— v|| = lim ||P,(u—v)IL, 
n—.oo 
< lim ||u, — P,ul|, + lim lu, — P,vll, = 0. 
n—>oo i> {00 
A similar argument shows that 
I|ul| = lim |lz,I1,,- (5.229) 
{= AYe 0} 


5.7.2 Example. The sequence {E,, P,}, where E, = E and P,=IJ obvi- 
ously approximates EF. Convergence according to (5.7.8) is nothing but 
convergence in E. 


5.7.3. Example. Let 2 be a bounded domain in R”™. For each n =1,2,... 
divide Q into a finite number of disjoint sets 
(5.7.10) 


in such a way that 


lim | max diam ©, =0 (Sevell) 
nico = <7) 

and select x,,; © Q,,; in an entirely arbitrary way. Let = C(Q),; E, =R™ 

= r(n)-dimensional Euclidean space endowed with the supremum norm 


IKE}, = suplé,| and let P,: C(Q) > R’” be defined by 
Pea =a (u Gens ts (odeayar 51a (hte) 
Then {E,, P,} approximates E. A similar result holds for C(Q)¢. 


5.7.4 Example. Let 2,2, j be as in Example 5.7.3; assume, moreover, that 
each Q,, is measurable. Let E = L?(%) (l< p<oo) and let E, be the 
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subspace of L?(Q) consisting of all functions that are constant in each (,,; 
with the norm inherited from L?(Q). Define an operator P,: L?(Q) > E,, 
by 
(P,u)(x) =m,,(u) (oe), 
where m,,; is the average of u in &, ,, 
] 


= u(x) dx, (5.7.12) 
Bnj 2, 


m,,;(u) 


t,,; the hypervolume of Q,,;. By Hélder’s inequality, 


1 \/p 
im llea [tale ar) 
nj nj 


so that each P, is a bounded operator; in fact, ||P,u||,, = ||u||, hence we have 
| Pall <1. (5.7.13) 
and the fact that (Z,; P,} approximates E is obvious. 


The main problem considered in this section is the following. Let 
({E,, P,} approximate E, and let AE C,(E), A, €C,(E,). Under which 
conditions can we assure that 
S,(t)u= S(t)u? (5.7.14) 
where S(t) = exp(tA,,), S(t) = exp(tA), and convergence is understood in 
the sense of (5.7.8), uniformly with respect to ¢ in one way or other. A 
solution is given in the following result; from now on we assume that 
{E,,, P,) approximates E. 


5.7.5. Theorem. Let AEC,(C,w;E), A,€C,(C,w; E,) (where 
C,w do not depend on n). (a) Assume that for each u € E 


\|S,(t) P,u— P,S(t)ull, > 0 (5.7.15) 


uniformly on compact subsets of t > 0, where S,,(t) = exp(tA,,), S(t) = exp(tA). 
Then, for eachue€ E, 


||R(A; A,) P,u— P,R(A; A)ull, > 0 (5.7.16) 


uniformly in ReX > w’ for each w' > w. (b) Conversely, assume that (5.7.16) 
holds for some X with ReX > w. Then (5.7.15) holds uniformly on compact 
subsets of t > 0. 


Proof. Assume that (5.7.15) holds uniformly on compact subsets of 
t>0. Let ReA > w’> w. Using formula (2.1.10), we obtain 


IRA; A,) Pu P,R(AS A)ull, < fe °"||S, (1) Pu — P,S(t) ull, at. 
0 


(5.7.17) 
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Divide the interval of integration at some sufficiently large c > 0; in t > c we 
use the fact that ||S,(¢)P,u— P,S(t)ul|, <Ce®’ independently of n, while 
we take profit of the uniform convergence assumption in t<c. This 
completes the proof of (a). 
To prove (b), let A be such that (5.7.16) holds and consider the 
(E; E,,)-valued function 
H(s)=S,(¢-—s)R(A; A,) P,S(s) RQ; A) 
in O<s<t. It is easily seen that H is continuously differentiable with 
derivative 
H’(s)=—S.(t—s)A.R(N; A,) P,S(s)R(Az A) 
+ S,(t-—s)R(A; A,) P,S(s)AR(A; A) 
=S,(¢—s)(P,R(A; 4)— R(A; A, ) P, )S(s). 
We apply H’ to an element u € EF and integrate in0 <s <¢; after norms are 
taken, the inequality 
[ROA A, (PSC) SOP )ROA Aull, 
< Ce" ['e-°|((P,R(A; A)— R(A5 A,) P,)S(s) ul, ds 
0 


(5.7.18) 


results. Noting that ||S(s)||<Ce®’, using (5.7.16), and applying the 
dominated convergence theorem to the integral, we see that if v € D(A) (so 
that v = R(A; A)u), 

IR(A; 4, )(P,S(t)-S,(t)P,) oll, > 0 (5.7.19) 
as n > oo, uniformly on compacts of ¢ > 0. But the operators acting on v in 
(5.7.19) are uniformly bounded on compact subsets of ¢ > 0 (by a constant 
times (A — w)~'), hence the limit relation must actually hold for all u € E, 
uniformly on compact subsets of ¢ > 0. 

On the other hand, we have 


R(X; A) S(t) PS, 11) PRIA, A) SS, (ORM; 4.) 2, PRCA; A)) 


(5.7.20) 
and 
R(A; A,) P,S(t)— P, S(t) R(A; A) = (RQ; A, ) P, — PRA; A) SG). 
(5.7.21) 


We obtain then from (5.7.20) that, for u€ E, 

ROS 4,)S,(t)P, — S(t) PpR(As A)) ull, 20 (5.7.22) 
uniformly on compacts of ¢>0. Likewise, it follows from (5.7.21) that, 
again for arbitrary u, 

(ROS A,) P, S(t) — P, S(t) R(A; A)) ull, > 0 (5.7.23) 
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in t > 0. To see that convergence is uniform on compact subsets of t > 0, we 
observe that S(-)u, being continuous in ¢ > 0, must be uniformly continuous 
on compact intervals 0 <t<c< oo; accordingly, given e > 0, we can find a 
partition 0 =f) <t,<--: <t,=c of [0,c] such that ||S(t)u— S(t’)ul|<e 
for any two points in the same interval; writing then S(t)=S(t;)u+ 
(S(t,)u—S(t)u) in (5.7.21) and using the uniform boundeducs of 
NRO: A,)P,, — P,,R(A; A))S(t)|, the required uniformity property follows. 
We combine now (5.7.19), (5.7.22), and (5.7.23) and obtain that 


(PSC) — S,(t)P,)R(A; A) ull, > 0 (5.7.24) 


uniformly on compacts of t>0 so that (5.7.15) follows for any ve 
R(A; A)E = D(A) and thus, by denseness of D(A) and uniform 
boundedness of ||P,S(t)—S,,(t)P,||, it holds for any u€ E uniformly on 
compact subsets of ¢ > 0. 


The following result shows that the operator A need not even be 
introduced in the statement of Theorem 5.7.5 if we impose additional 
assumptions on the 4,,. 


5.7.6 Theorem. Let A, €&C,(C,w; E,), where C,w do not depend 
on n. Assume that there exists some X with ReX > w such that for each u€ E 
there exists v © E with 


|R(A; A, )P,u— Pell, 2 0. (527125) 
Assume, moveover that 


im |AR(A; 4,)P,u— P,ul|, =0 (5.7.26) 


for eachu€ E, eee with respect to n. Then there exists A€ C,(C,w; E) 
such that (5.7.16) holds; a fortiori, (5.7.15) is satisfied uniformly on compacts 
of t>0. 


Proof. Taking into account the observations after (5.7.8) and the 
equality (5.7.9), we deduce that the element v in (5.7.25) is unique and that 


||vl| < liminf||R(A; A, Il, lull <C(A—@) ‘lJul| (8.7.27) 


so that v = Q(A)u, Q(A) a linear bounded operator in E; so far we are only 
certain of the existence of Q(A) for the value of A postulated in Theorem 
5.7.6. That it actually exists for other values of A follows from 


5.7.7 Lemma. Let the assumptions of Theorem 5.7.6 be satisfied. 
Then (5.7.25) holds for every X in ReX > w (with v depending on i). 


Proof. Let » be such that (5.7.25) is verified. Then 
ROA; A, ) Pu — R(X; A,) Poll, <C(A —w) '|R(A; 4,)P,u— Poll, > 0. 
Since ||R(A; A,)P,v — P,w||, 20 with w=Q(A)vo=Q(A)2u, we have 


5.7. Approximation of Abstract Differential Equations 321 


|R(A; 4,)°P,u— P,Q(A)*ul|, 20 as n> oo. Arguing further in the same 
way, we obtain 
ROA; A,)P,u— P,Q(A) "ull, > 0 (5.7.28) 


as n— oo for each fixed u€ E, k =1,2,.... We use now formula (3.4): if 
[iA = REA — ow, 


R(us A,)= YS (A-n)*R(AS A). 
k=0 


Making use of all the relations (5.7.28) and of the uniform bound on the 
|R(A; 4,,)*||, we see that (5.7.25) actually holds in JA —p|<ReA-—w. 
Carrying out this “extension to circles” repeatedly in an obvious way, 
Lemma 5.7.7 follows. A consequence of the argument is that (5.7.25) holds 
uniformly on compact subsets of ReA > w. 


Proof of Theorem 5.7.6. It follows from the second resolvent equa- 
tion (3.6) for each R(A; A,,) that 


O(A)—O(H) = (H-ANO(ANQ(H) (5.7.29) 


for ReA,Rep> w; incidentally, this equality shows that Q(A) and Q(p) 
commute. Let &(A)=Q(A)E and let 9U(A) be the nullspace of Q(A). It 
follows easily from (5.7.29) that both & and 9 are constant, that is, 


R(AV=HR, W(A)=M (Red>w). (5.7.30) 
We combine now (5.7.25) and (5.7.26), obtaining 


lim ||AQ(A)u~ ul] = him (lim |]2,(AQ(A)u = wll) 
A’ — 00 > oc \‘n—>oo 


< lim ( lim (AR(A; 4,,) Py = Pym) 


A\>o \n->oco 


+ lim ( lim JAR(A; 4,,) Pu AP,O(A) ul} 
A—>oo ‘noo 


=0 (5.7.31) 
for all ue E. Accordingly, if u € 9, u= lim AQ(A)u = 0; in other words, 
MN = {0} (5:57.32) 


so that each Q(A) is one-to-one. The limit relation (5.7.31) also implies that 
GR is dense in E since u can be approximated by AQ(A)u € &. The operators 
A, =Q(A)_' are then well defined and have as a common domain the dense 
subspace “2. We show finally that 


AI—A,=pI—A,=A (ReA, Rep>w); (577.33) 


to see this we apply A, A, = A,A) to both sides of (5.6.29). It follows 
immediately from the definition of A that every A with ReA > w belongs to 
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p(A) and 
R(X; A) =Q(A). 
Using (5.6.28) for any such A, 
R(A; A) <ul] = lim ||P,Q(A) "ull, 
= lim ||R(A; 4,)° Pull, 
<C(ReA—w) “|lul] (ReA>w, k=1,2.,...), 
(5.7.34) 


where C does not depend on k. Hence A € C,(C, w; E) and the assumptions 
of Theorem 5.7.5(b) are satisfied. This ends the proof. 


We note a curiosity pertaining to the case where E, = E, P,, = I. 


5.7.8 Example. Let S,(-) be a sequence of strongly continuous semi- 
groups such that for each u € E the sequence S,(t)u converges uniformly in 
0<t<6>0. Then there exists C,w independent of n such that ||S,(7)|| < 
Cert 


It is of great interest to have conditions insuring the convergence of 
the propagators S, that bear on the operators A,, themselves rather than on 
their resolvents R(A; A,,). Such conditions are given below (Theorem 5.7.11). 
Given a sequence (E,; P,} approximating £ and an operator A, in each E,, 
with domain D(A,,), we define @, the extended limit of the A, (in symbols, 
ex-lim,,_,,,4, or simply ex-lim 4,,) as follows: an element u € E belongs to 
D(@) if and only if there exists a sequence {u,}, u,<D(A,) and a 
v= @ue€ E such that u, > u and A,u, = v, that is, 


\|u, — Pull, 20, ||A,u, — P,vll, > 0 (5.7.35) 


as n> oo. In general, we cannot expect @ to be single valued, even in very 
special situations. 


5.7.9 Example. If £, = E, P,=J, A, =A, then ex-lim A, is single valued 
if and only if A is closable; in that case, ex-lim A, = oA 


The following result establishes conditions under which @ is single 
valued. 


5.7.10 Lemma. Assume that there exists w > 0 such that, for each 
i. = DA), 


WAZ A, ) unl, > (A — @)ltalln (5.7.36) 


for X>w and n=1,2,..., the constant c>0 independent of n. Assume, 
moreover, that D(@) is dense in E. Then @ is single valued and 


(AT — @) ull > c(A—)jlul| (A>). (5.7.37) 
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Proof. If @ is not single valued, there exists 6€ E, 0+0 and a 
sequence {i,,}, 7, € D(A,,) such that 
Zn, 79, (Ant, — P,0l|, 7 0 
as n— oo. On the other hand, if u is an arbitrary element of D(@), there 


exists some sequence {u,} and some v (not necessarily unique) such that 
(5.7.35) holds. Since 


(AT — A, )(u, + Ad, Il, = c(A — @) lu, +A@,||, for A>w 
and 
(AZ — A, )(u, + Ad, )—- P,(Au-—v—-Ad)||, 70 as noo, 
we have 
|Au — v — Ad|| = lim||P, (Au — v —Ad)I|, 
= lim||(AJ — A,,)(u,, + Auw,,)||, > lime(A — )||u,, + Ad, ||, 
=c(A — w)lim||u,, |], =¢(A — w) lim||P,ul|,, = c(A — &)|lul). 
(5.7.38) 
Dividing by A and letting A > o0, we obtain 
||u — O|| > c|lul|. (5.7.39) 
Since D(@) is dense in E, we can choose u with ||u — 0|| <c||u||, which 


contradicts (5.7.39) and shows that @ is single valued. To obtain inequality 
(5.7.37), it suffices to read (5.7.38) for 0 = 0. 


5.7.11 Theorem. Let A, <= C,(C,w; E,), where C,w do not depend 
on n. Assume, moreover, that & = ex-lim A, is densely defined in E and that 
(AI—@)D(@) is dense in E for some X>w. Then @EC,(C,w; E) (in 
particular, it is single valued) and for each ue E 


S,(t)u= S(t)u (5.7.40) 


uniformly on compact subsets of t > 0, where S(t) = exp(t@). Conversely, if 
for each u€ E the sequence {S,(t)u) converges uniformly on compact subsets 
of t>0, @ =ex-lim A, is single valued, belongs to C,(C,w; E) and (5.7.40) 
holds, with S(t) = exp(t@). 


Proof. Since each A, belongs to C,(C,w;E,,) inequalities (5.7.36) 
hold with c=1/C; taking into account the fact that @ is densely defined, it 
follows from Lemma 5.7.10 that @ is single valued and (5.7.37) holds. We 
show next that @ is closed. Let (u,,} be a sequence in D(@) with u,, >u€ E, 
@u,, 2 v © E. Making use of the definition of @, we can find for each m a 
sequence {u,,,,; n> 1), u,,, € D(A,,), such that 
lnnigee— rw Oe Tim Ave i Pe 

noo 


) { a oo) 


=0. 


rally 
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It is easy to see that this implies the existence of a sequence {u,,}, u, © E,, 
such that (5.7.35) holds, showing that u€ D(@) and @u = v. The closedness 
of @ and inequality (5.6.37) obviously imply that 

(AI-@)D(@) 
is a closed subspace of E for each A > w. Since (AJ — @) D(@) was assumed 
dense in E for some A>w, (AJ—@)D(@)=E for that value of A and 
R(A; @)=(AI— @)7! exists. Let v be an arbitrary element of E; write 
v =(AI—@)u, ue D(@), and select a sequence {u,,}, u,, © D(A,,) such that 
lu, — P,ul|, > 0, |A,u, — P,@ul|, = 0. Then 
lim||R(A; 4,) Po — P,R(A; @) oll, = lim||R(A; A,) P, (AT — @)u— P,ull, 

=lim||R(A; 4, (AI — A,,)u, — ull, = 9, 


(5.7.41) 


hence the assumptions of Theorem 5.7.6 are satisfied with v = Q(A)u= 
R(A; @)u,'* thus @ € C,(C, w; E) and (5.7.40) holds uniformly on compact 
subsets of t > 0. Conversely, assume that for each u € E and each t > 0 there 
exists v = v(t) such 


|S, (t) P,u — P,o(t)I|, 2 0 (5.7.42) 


uniformly on compact subsets of ¢ > 0. Arguing much in the same fashion as 
in the construction of Q(A) in Theorem 5.7.6, we can show that v(t) = 
S(t)u, S(t) a semigroup with ||S(z)|| < Ce®’ (t > 0); also, since 


||S(t’)u — S(t) ul] = lim||P, (S(t’)u— S(t) u)I), 
with 
|P,(S(t)u— S(t) u)ll, < IS, (2) Pu — P, S(t’) ull 
+|I(S, (2) S(t)) P, ull +S, (2) Pu — P, S(t) ul 


and the convergence is uniform on compact subsets of ¢ > 0, S(-) is strongly 
continuous. If A is its infinitesimal generator, it only remains to show that 


A=@=ex-lim A,, 


which we do now. Let u€ D(A); write v = (AJ —A)u for some A >w so 
that 


u=R(A; A)v= fe™S(t) dt 
0 
and define 


u, = R(A; A,) Pw =/ eS (t)P.v dt. 
0 


“Assumption (5.7.26) is only used to show that v = Q(A)u = R(A; A)u, where A is a 
densely defined operator with X € p(A); this is unnecessary here since Q(A)u = R(X; @). 
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Then we have 
[ey — Prin < fe MIS, (1) Pye — PyS(t) olla (5.7.43) 


and we show that ||u,, — P_,ul||,, 2 0 as in the proof of Theorem 5.7.5(a). On 
the other hand, Au = Au — v, A,u,, = Au, — P,v so that 


|AnMn— P,Aull, <Allu, — Paull, (5.7.44) 


and it follows that u € D(@) with @u = Au, in other words, that A C @ (note 
that @, being densely defined must be single valued by Lemma 5.7.9). We 
can then apply (a) to show that @ © ©, and an argument similar to that 
ending Lemma 2.3.9 shows that A = @ as claimed. 


5.7.12 Example. The method of lines for a parabolic equation. Let Q be a 
bounded domain of class C‘*) in R”, 


A=A+c(x), (5.7.45) 


where c € C‘~)(Q). As a very particular case of the results in Chapter 4 
(Theorem 4.8.11), we know that the operator A with domain consisting of 
all u€C,(Q) such that ue W*?(Q) for all p<oo and 4uEC,(Q) (T= 
boundary of 2) belongs to ©, (1, ) in E = C,(Q) if 
w= maxc(x). 
xEeQ 

(We consider only real spaces and the Dirichlet boundary condition.) The 
choice of approximating spaces is essentially that of Example 5.7.3, but the 
subdivision of Q is precisely specified as ee, Assuming {2 is contained in 
the hypercube H defined by |x;|<a (l< j<m), for each n=1,2,... we 
divide the hypercube into (2n)” Pies so determined by division a ue? 
side of H into 2m equal segments. These hypercubes will be denoted as 
follows: if a= (a,,...,a,,) is a multi-index of integers with -n<a;<n—1, 
H,, , denotes the hypercube defined by the inequalities 


aja/n<x,<(a;t+l)a/n. (5.7.46) 


Also, x, , denotes the point tah ...,@,,a/n) and for each n, J, is the set 
of all multi-indices a with x, ,¢Q, X, the set of all x, , in Q, r(n) the 
number of elements in J,. The approximating spaces will be E,=R”” 
whose elements are denoted by &, (&, ,; a€J,} or simply {&, ,}; each of 
these spaces is endowed with the supremum norm 
Ell, = max |é, al - (5.7.47) 
wes 


The operators P, are defined by 
Piu={u(x,,.)34€ J). (5.7.48) 


The operators A, will be finite difference approximations to the partial 
differential operator A. Obviously there is a great latitude in the choice of 
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+ points in X,, 


FIGURE 5.7.1 


the A,; we select the approximation 


kf(xth)—(k+h)f(x)+hf(x—-k) 


Dee ee hk(h + k) 


(5.7.49) 


with h,k >0 for the second derivatives (D/)*, which has the woe 
property of being nonpositive at maxima of f. Denote by e(/) (l< j<m) 


the multi-index having zero components except for the j-th, which ee i%6 
and define A,, by 


(ee) 
- 2 | | 
a Tete SS ed Wa hi ki h/ 
a ioe ee ACE a ee 2) ( ae " 2 i om; at We eee n, AS ) 
Cn) bn (5.7.50) 


where the h/ ,,k/ ,,0/ ,,$/ , are defined as follows. If the (closed) segment 


[joining x, , and X,, «+. ;) does not contain points of I, then o/ , = Setaay 
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TS 


Xn, + e(2) 


Xn, -e(1) 


FIGURE 5.7.2 


and h} ,.=a/n= dist(X, 9s Xn,a+e(j))- Otherwise, we call y/ , the point in 
IAT closest to x, , and define h) , = dist(x, «: ¥n,.) and o/ ,=0. The 
point z/ , and the numbers k} ,,$/ , are defined in a mirrorlike way with 
respect to the segment J joining x, , and x, 4 ¢;): 

We show next that each A, belongs to C,(1,w) in E, =R””. It is 


plain that the dual space of R”” is R”” itself equipped with the norm 


Inn =a nD, alle 


OUSS Ae 


where 7 = (7, .); application of the functional n to an element = {€,, ,} is 
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expressed by 
59.6) = Dae aspeee 


(Rate 
The duality set O() of any €€ E, can be described as follows. Let 
m(é)={aE J,; |§, al =llEll,}: Then @(€) consists of all 7 ={m,,} such 
that £|n,, al =lI€ll,,> Mn.@ = 9 for a€ m(E), 1, oFn,q > O for all a. 

Consider an arbitrary nonzero  € R”” and let a€& m(&). If &, , > 0, 
then &, , is a maximum of (€, ,) and (A, ), ¢<|§&, a|<|l§||; on the 
other hand, if €, , < 0, we obtain arguing in the same way that (4,,é),.> 
—w|§, |; in any case, if n € O(€) we have 


(9, 4,€) <ollgl| (ER), (5.7.51) 
thus proving that A, € C,(1, w; E,). 

To apply Theorem 5.7.11, we must identify @ =ex-lim A,. To this 
end, we take u€ C®(Q)NC,(Q) and compute A,,P,u; to avoid notational 
complications, we only do the calculation with (5.7.49). Using the Taylor 
formula for f up to second order terms, we see that 

Die flx)— f(x) Sf" (x +0) — fC) Ft FC) — F(x - TDL, 
where 0 <0 <h, 0<7<-k, thus we easily verify that 
[AP Aull 0). (5.152) 
Since C?(Q)NC,(Q) is dense in C,(Q), we see that @ =ex-lim A, is 
densely defined (thus single valued by Lemma 5.7.10) and 
@u=Au (uEC(2)NC,(Q)). (5.7.53) 
Let v be a smooth function (say, in “D)(Q)). Then if A is large enough, the 
solution u € D(A) of 
(AI- A)u=v (5.7.54) 
belongs to all H*(Q) by Theorem 4.7.12, a fortiori to C(Q) by Corollary 
4.7.15. This fact, combined with (5.7.52), shows that 
(AT — @)(C®(2)AC,(Q)) = (A= A)(C(B) AC, (2)) 


is dense in E = C,(Q). It follows that the assumptions of Theorem 5.7.11 
are fulfilled and thus that @ € C,(1,w; E). Moreover, it is a consequence of 
(5.7.53) and following comments that, if v](Q), then R(A;@)v= 
R(A; A)v so that R(A; @) = R(A; A) (by denseness of )(Q) in C,(Q)), and 
we deduce that 


Q=A. (5.7.55) 


We obtain from Theorem 5.7.11 that if u(-) is an arbitrary solution of the 
initial-value problem 


u'(t)=Au(t), u(0)=u, (5.7.56) 
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then 
lim |lexp(t4,,)P,u— P,u(t)||, =0 (537.57) 
Lito 0) 


uniformly on compact subsets of ¢>0 (since u may not belong to D(A), 
u(-) may be a generalized solution; see Section 1.2). 


5.8. APPROXIMATION OF ABSTRACT 
DIFFERENTIAL EQUATIONS BY 
FINITE DIFFERENCE EQUATIONS. 


A discrete semigroup with time scale t>0 in a Banach space E is a 
(£)-valued function © defined in the set {/7; /=0,1,...} (in other words, a 
sequence of bounded operators {G(/r); /=0,1,...}) with G(0)=J and 
6((l+ m)r) = S(/t)S (mr) (1, m=0,1,...). Obviously, we have 
S(Ur)=6' (/20), (5:31) 
where S = ©(7); hence 
|S (ir) <|!S|'=er" (120) (5.8.2) 


with w=7 'log||S||. If (S(t); t>0) is an arbitrary semigroup, then 
{S(/r); /> 0} is a discrete semigroup with time scale 7. A theory of discrete 
semigroups roughly parallel to that of uniformly continuous semigroups 
(but much simpler in nature) can be easily developed. The generator of 
{G(/r); /> 0} is by definition 


] 
A=—(G(1)-1) (5.8.3) 
and we can express ©(-) from A by means of the formula 


G(It)=(1tA+1)' (1>0). (5.8.4) 


Conversely, each bounded operator A is the generator of a discrete semi- 
group ©S(-) with time scale 7; it suffices to take formula (5.8.4) as the 
definition of G(/r). 

There is a close relation between {©@(/7)} and the uniformly continu- 
ous semigroup {S(t)} defined by S(t) = e'4. To avoid inessential difficulties, 
we shall assume from now on that the operators GS(/r) are uniformly 
bounded. 


5.8.1 Lemma. (a) Assume 
ISUr)I<C (120). (5.8.5) 
Then 
IS(OII<C (40) (5.8.6) 
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and 
|S (Ir) —S(i7)| < < Flr ||Arul. (5.8.7) 
Proof. Noting that td = (t/t)G(1)—(t/7)J, we have 
S(Ir)S(t) =e" GS (Ir) ye & (mr) 
wes MEY e((tt m)s) (5.8.8) 
so that 


IS (it) S(t)I| < Ce7'”” y fs) =. (5.8.9) 
m=0 


Taking / = 0, (5.8.6) follows. 
Since S and S obviously commute, 


S(Ir)- S(Ir) = Leis —1)r )s(in)}(S(r)-S(0). 
On the other hand, 
Se eee 
sortnat.it.0 < 7 <1 — 1 
Se, j—1)7)S(jr)(S(7)—S(r))u 
= ['(r- NS (l= FV) S( jr + 1) Aree, 

Making use of (5.8.9), we obtain 

IS((— J - 1) t)SCit)(S(7)—-S(1)) ull < So *\|A7ull, 
whence (5.8.7) follows immediately. 


It is sometimes convenient to extend G to all values of ¢ by defining 
©(t) = S(/r) in the interval [/7,(/ + 1)7); in other words, we set 


G(t)=G([t/r]t) (t>0), (5.8.10) 


where [s] is the greatest integer <s. Then 

|S (t)u— S(t)ull < 1S ([t/7] 7) u— S([t/r] 7) ull + |S([t/7] 7) u — S(t) 
G 
< $f] Pieu+ Cran sco( S14 a+ iu), 


(5.8.11) 
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where we have estimated in an obvious way the equality 
S(t’)u—S(t)u= if S(s)Auds. 
t 


We examine in this section the following situation. Let (E,, P,} 
approximate EF in the sense of Section 5.7 and let A] C,(E). A discrete 
semigroup {©,,(/7,,)) with time scale 7, — 0 is given in each E,,, and we seek 
to approximate S by the GS, in the following sense: 


IS,,(1,7, )P,u — P,S(t) ull, 2 0, (5.8.12) 
where {/,,) is a sequence of nonnegative integers such that 
a ara ie 
Each of the results in Section 5.7 has an exact counterpart for discrete 
semigroups in relation with the present definition of approximation. We 


begin with that of Theorem 5.7.5; here and afterwards {7,,} is a sequence of 
positive numbers tending to zero. 


5.82 Theorem. Let AE C,(C,0; E), A, €(E,), (S,(/7,); 1 > 0) 
the discrete semigroup with time scale 1, — 0 generated by A,,. Let, moreover, 


IS, I< C (20,n>1) (5.8.13) 
for some C not depending on n. (a) Assume that for each u€ E 
IS, (1t77, 17, ) Pu — P,S(t) ull; 0 (5.8.14) 


uniformly on compacts of t > 0, where [s]= greatest integer <s and S,(t)= 
exp(tA). Then 


|R(A; A,) P,u— P,R(A; A)ul|, > 0 (5.8.15) 


uniformly on compact subsets of Re X > 0. (b) Conversely, assume that (5.8.15) 
holds for some X with ReX > 0. Then (5.8.14) holds uniformly on compact 
subsets of t > 0. 


Proof. IfA>0, 
R(A; A,) =(AI-A,) 
=(Ab=4, (6, (m= 1))) 
= 1,((At, +1)1-S,(4,)) 


1 


=1, > (Ar, +1) ° "7S, (r,)- (5.8.16) 
/=0 


Observe that the sum on the right-hand side of (5.8.16) is nothing but the 
integral in ¢ > 0 of the function 


EGO are aS (t/a 14.) (5.8.17) 
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Now, since (1+ z/n) "> e ? asn—>co uniformly on compacts, it follows 
that for each w, 6 > 0, 


(LAr ene (5.8.18) 
uniformly on compact subsets of ReA > w, ¢> 46. Note next that if x > 0, 
then (1+ x)“>l+ax+4a(a—1)x?>1l+ax+4a°x? for a>2. Accord- 
ingly, if ReA > w, 
tan) > (14 04, 
> (1+ ra i 
>1+wt+tw*t? (5.8.19) 


for t>6 and n sufficiently large. Collecting these observations, we deduce 
from (5.8.14) that 


F(t, \)P,u— P,e S(t)\|, 20 (5.8.20) 
uniformly on compacts of ReA > w for t > 6, while in view of (5.8.19), 
F(t, A) P,u— P,e-“S(t)ull, <B(t) (> 0) (5.8.21) 
with B(-) summable in ¢ > 0. Integrating, 


R(A; A, P,w = P,R(A; A) ally < fo E,(t5 4) Pu — Pye S(t) ull, 
10) 


(5.8.22) 


and the proof of (5.8.15) ends by division of the interval of integration and 
application of the dominated convergence theorem. 

To prove (b) we begin by using Lemma 5.8.1 to deduce that the 
semigroups {S,,(t)} = {e'4") satisfy 


IS, (ln < C (5.8.23) 
and apply Theorem 5.7.5(b) to show that 
IIS, (2) Pu — P, S(t) ull, > 0 (5.8.24) 


uniformly on compacts of t > 0. We make then use of (5.8.11) for each © , 
and S,; if ReA > 0, 


Sp (L¢/t, 17) S(t) ROS An) Un 
t 
<Cry[ FABRA Ay) Tn FARA Ay)'lle]: 6.8.25) 
Since A, R(A; A,)=AR(A; A,)—TI is uniformly bounded in norm, the 
right-hand side of (5.8.25) tends to zero uniformly on compacts of 1 > 0. 
Select now u= R(A; A)*v in D(A’). Then 
Pju=P,R(A; A)o 
= R(A; A,) Pw + (P,R(A; A) v= R(A; A,) Pw). (5.8.26) 
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Reasoning as in the proof of Lemma 5.7.7, we can show that 
||P, R(A; A)?v — R(A; A,,)?P,0||, 20. Combining this with (5.8.23) and 
(5.8.24), we obtain (5.8.14) for u€ D(A’), thus for u€ E by uniform 
boundedness of S,, and S. 


The following result is an analogue of Theorem 5.7.6. 
5.8.3 Theorem. Let (© ,(/1,); 1> 0} be a discrete semigroup in E,, 
with time scale 1, > 0 and generator A,,. Assume that 
Sela: i= Conay =U. l)) (5:3°-27) 
with C independent of n. Suppose there exists some X with ReX > 0 such that 
for each u€ E there is av € E with 
R(A; A,) P,u — P,v|l, > 0. (5.8.28) 
Assume, moreover, that 
lim ||AR(A; 4,)P,u— P,ull, =0 (5.8.29) 
A> 00 
for each u € E uniformly with respect to n. Then there exists A € C,(C,0; E) 
such that (5.8.15) holds; a fortiori (5.8.14) is satisfied uniformly on com- 
pacts of ¢>0. 
Proof. Making use of Lemma 5.8.1 we deduce that 
IS.(Oln <<  (t 20), (5.8.30) 
hence Theorem 5.7.6 can be applied to show the existence of A and the 
relation 
IS, (t) Pu — P,S(t)ul],, > 0 (5.8.31) 
uniformly on compacts of t > 0. The corresponding relation for the ©, is 
then derived as in the end of the proof of Theorem 5.8.2. 
Finally, we prove a counterpart of Theorem 5.7.11. 


5.8.4 Theorem. Let (© ,,(/1,); 1/>0} be a discrete semigroup in E,, 
with time scale t, 0 and generator A,, such that (5.8.27) holds. (a) Assume 
that @ = ex-lim A,, is densely defined in E and that (AI — @) D(@) is dense in 
E for some X>0. Then @ € C,(C,0; E) and for eachu€ E, 

S,,([t/1, ]7,)u= S(t)u (5.8.32) 
uniformly on compact subsets of t > 0, where S(t) = exp(t@). (b) Conversely, 
if S,,({t/7,,]7,) converges strongly, uniformly on compact subsets of t>0 to a 
strongly continuous semigroup S(-) with 


ISCO C (¢>0), (5.8.33) 
then @ = ex-lim A,, is single valued and coincides with the infinitesimal genera- 
tor of S(-). 


The proof of (a) follows again from application of Theorem 5.7.11 to 
the A, (Lemma 5.8.1 implies that ||S,(1)|| <C) whereby (5.8.24) results; the 
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proof is then ended as that of Theorem 5.8.2. To show (b), let A be 
the infinitesimal generator of S, u€ D(A), v=(AI—A)u for ReA>0 
and u,, = R(A; A,,) Pv. We make then use of (5.8.22) instead of (5.7.43) to 
show that ||u, —P,ul|, 0; since Au=Au—v and A,u,=Au, — Pv 
|A,u, — P,Aul|, <Allu, — Pull, 20, hence ue D(@) and @u= Au. The 
proof is completed like that of Theorem 5.7.11. 


5.8.5 Example. Finite difference methods for a parabolic equation. We 
apply the results to the operator A in (5.7.45), using the notations and 
definitions in the previous section. The operators A, are defined in (5.7.50); 
we replace the semigroups (S,,(t)} = (e'4”} by the discrete semigroups with 
time scale 7, generated by A,, that is, by the S,, defined by 


© (It,)=(1,4, +1)’. (5.8.34) 


This amounts to replacing the differential equation u/(t)=A,u(t) by the 
difference equation 7, '(u,(t + 7,)—u,(t)) = A,u(t) or, equivalently, 
u, (t+ 7,)=(1,A, + I)u,(t). It is also obvious that condition (5.8.27) for 
the discrete semigroups S,, will be satisfied if and only if we can select the 
time scales 7, > 0 in such a way that 


I(z,4,+2)'l,<C (1>0,n>1). (5.8.35) 
Ifgé=(&, J} E, =R™, we have 
a 27 
pA) ee : kl od th 
( $n 2 be) Wie Chi act le 7! oi naka) 
m ] 
Sd i a a ee Oke 5.8.36 
X hi hel q ( TE ( ) 


Hence 


(4,4, ay T Ell, ~ 


m ] 
ay eae 


ss o aka a 
La 2 3 cacti tes aE nese) 
j=1 CAN As 
< |léll, (3.3.30) 
for n large enough if 
o(x) <0 (5.8.38) 
and 
1 m 1 al 
neq( ea (n>1). (5.8.39) 
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Obviously (5.8.37) implies (5.8.35). The fact that @ = ex-lim 4, =A was 
already shown in Example 5.7.12, and it follows then from Theorem 5.8.4(a) 
that if u(-) is an arbitrary (genuine or generalized) solution of (5.7.56), then 


lim ||S,,({¢/7,]7,)P,u— P,u(2)IL, 


= lim ||(7,4,+1)'/™P,u— P,u(t)||, = 0 (5.8.40) 
no 
uniformly on compact subsets of ¢ > 0 if condition (5.8.39) on the 7, holds 
for all n. 
Inequality (5.8.39) is rather restrictive since very small h/ ,,k/ , may 
appear for any n. Even if this can be avoided due to the geometry of the 


boundary [, (5.8.39) implies 


(4) (n>1), (5.8.41) 


™< Gm \n 

which forces us to choose time scales 7, much smaller than a/n, the “space 
scale,” and makes then necessary the computation of very high powers of 
t,A, +I. One way out of this difficulty is to approximate (5.7.56) by the 
implicit finite difference equation 7, '(u(t + 7,)—u(t)) = A,u(t + 7,), or, in 
explicit form, u(t+7,)=(J—7,A,) ‘u(t), which corresponds to the dis- 
crete semigroup 

Cid Mit An)s all 20) (5.8.42) 


with generator 


A, x 7, (1 - ,4,) — 1) 
=(i— cA A (5.8.43) 


The existence of the inverse of J — 7,A,, 1s assured since each A,, is dissipa- 
tive; precisely, we have 


(7 -7,4, él, 2 él, (€ER™), (5.8.44) 


hence ||(I — 7,A4,,)~ |||, <1 and ©, satisfies (5.8.27) with no conditions on the 
time scales 7,. However, we must also check that 


A=ex-lim A,. (5.8.45) 
To do this we select ue C%(Q)AC,(Q) with Au € C,(Q) and write 
A,P,u—P,Au=(I-1,4,) (A,P,u-(1- 1,4,) P, Au) 
=(I-1,A,) '(A,P,u— P,Au+1,4,P,Au) 
(5.8.46) 


It was already proved in Example 5.7.12 that ||4,,P,u — P,, Aul,, > 0 (under 
the only assumption that u€ C(Q)M C;(Q)). The same argument applied 
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to Au shows that ||A,P,Au—P,A*ul|,, 20, hence ||A,P,Aul|, remains 
bounded as n > c0 so that ||7,A,,P, Aul|,, > 0 as 7, > 0, and it follows from 
(5.8.46) that 


\|A,,P,u— P, Aull, 20 (5.8.47) 


as n— oo. It results again from Theorem 4.7.12 and Corollary 4.7.15 that 
the solution u of (AI — A)u =v € 9(Q) belongs to C%(Q)N Cp (2); more- 
over, Au=Au—v€C,(Q), thus we deduce from (5.8.46) that @u = Au. 
Arguing as in Example 5.7.12, we conclude that A = ex- -lim A, as claimed. 
We obtain from Theorem 5.8.4 that 
lim |(1—7,4,) (7 P,u— P,u(t)||, > 0 (5.8.48) 
noo 
uniformly on compacts of t > 0 under the only condition that 7, > 0; note 
that although (5.8.39) assumes more of the 7,, (5.8.48) requires inversion of 
the matrix 4A). 


5.9. MISCELLANEOUS COMMENTS 


Theorem 5.1.1 proved by Phillips [1955: 1] in a more general version. 
Theorem 5.1.2 was also proved by Phillips [1953: 1]. The neutron transport 
equation lends itself admirably to application of the theory of abstract 
differential equations. For space dimension one, this was done by Lehner 
and Wing [1956: 1]; the treatment in arbitrary dimension is due to Jorgens 
[1958: 1]. Many expositions in the same style and new results have been 
subsequently published (see for instance Vidav [1968: 1], [1970: 1], K. W. 
Reed [1965: 1], [1966: 1], Di Blasio [1973: 1] and Larsen [1975: 1]. Some 
details of the present treatment in spaces of continuous functions seem to be 
new. 

Theorem 5.3.1 has a long history. It was proved by Trotter [1959: 1] 
for an unspecified sufficiently small a (but with additional information on 
S(t; A+ P); see (a) below), extended by Nelson [1964: 1] to the range a <4 
and by Gustafson [1966: 1] to a<1. We have followed Goldstein [1970: 5] 
in the proof. Corollary 5.3.2 is due to Chernoff [1972: 2] and independently 
to Okazawa [1971: 1] in the particular case where E is reflexive (where 
denseness of D(P*) is automatically verified; see Section 4). Perturbation 
theorems for self adjoint operators are of earlier date: Corollary 5.3.5 is due 
to Rellich [1939: 1] for the case a <1 and A self-adjoint and was proved by 
Kato [1951: 1] under the assumption that 


|| Pull* < || Aull? + bllull? (we D(A)) (5.9.1) 


for some b > 0. We note that, since (a+ B)'/? < a'/? + B'/?, (5.9.1) implies 
(5.3.14) with a=1. The opposite implication is false: however, if (5.3.14) is 
satisfied, we deduce that ||Pu||? < a*||Aul|? +2ab|| Aull||ul| + b?|\u\)? 
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a*(1+ €?)|| Aull? + b?(1+ €7)\|ul|? for any e>0 so that (5.9.1) lies in be- 
tween the versions of (5.3.14) for a <1 and for a =1. The proof of Corollary 
5.3.5 in full generality is due independently to Wiist [1971: 1]. 

Theorem 5.3.6 is due to Hille [1948: 1] (see also Hille-Phillips [1957: 
1, p. 417]), although instead of (5.3.15) it is postulated there that || PR(A)|| <1 
for some sufficiently large A; in the present version, this is a consequence of 
the assumptions. 

Theorem 5.4.1 and Examples 5.4.2 and 5.4.3 are due to Kato [1951]: 
1]; the characterization of the domain of A in Theorem 5.4.5 we have taken 
from Kato [1976: 1]. Theorem 5.4.7 is (essentially) the result of Stone [1932: 
1] and Friedrichs [1934: 1] to the effect that any semi-bounded symmetric 
operator possesses a self-adjoint extension. The method used here is that 
due to Friedrichs, and can be considered as a forerunner of the Lax- 
Milgram lemma (Lemma 4.6.1) that covers a somewhat similar situation. 
We refer the reader to the treatise of Kato [1976: 1] for many additional 
results on the Schrédinger, Dirac, and related equations. The theory of 
“perturbation by sesquilinear forms,” of which Theorem 5.4.8 offers a 
glimpse, has been greatly extended, in particular to nonsymmetric forms: a 
thorough exposition can be found in Kato [1976: 1]. Other works on 
perturbation of differential operators are Schechter [1971: 1] (where other 
references are given), Jorgens-Weidmann [1973: 1], Goodall-Michael [1973: 
1], Gustafson-Rejto [1973: 1], Kato [1972: 1], [1974: 1], Agmon [1975: 1], 
Semenov [1977: 1], Bezverhnii [1975: 1], and Powers-Radin [1976: 1]. 

The material in Section 5.6 is due to Kato [1970: 1] and is basic in 
his treatment of time-dependent symmetric hyperbolic systems (to be found 
in Sections 7.7 and 7.8). 

Approximation of the abstract differential equation (5.7.1) by dif- 
ference equations like (5.7.3) was discussed for the first time by Lax (see 
Lax-Richtmyer [1956: 1] and references there). In this version, approxima- 
tion proceeds in the space E and the operator A, is required to “have the 
limit A” in a suitable subspace of FE. Its most celebrated result is the Lax 
equivalence theorem (Lax-Richtmyer [1956: 1], Richtmyer-Morton [1967: 1]) 
of which Theorem 5.8.4 is a generalized version. Another treatment of the 
approximation problem is that of Trotter [1958: 1], which we have followed 
here. In this work the approximating sequences {£,,, P,,} are introduced and 
convergence of the semigroups S, (and of their discrete counterparts ©,,) is 
related with convergence of the resolvents (Theorems 5.7.5, 5.7.6, 5.8.2, and 
5.8.3). Theorem 5.7.6 is known as the Trotter-Kato theorem (see Trotter 
[1958: 1], Kato [1959: 1]). The notion of extended limit of an operator and 
the results on them proved here are due to Kurtz [1969: 1], [1970: 1], in 
particular those linking extended limits of the A, and convergence of the 
semigroups S, and the discrete semigroups © ,, (Theorems 5.7.11 and 5.8.4). 
For additional literature on discrete semigroups, see Gibson [1972: 1] and 
Packel [1972: 1]. 
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The treatment of continuous and discrete approximations we have 
followed, although amply sufficient for our purposes, obscures the fact that 
what is at play here is the convergence of a sequence of vector-valued 
distributions given convergence of their inverses or their Laplace trans- 
forms. This point of view leads to an extension of the theory to equations 
much more general than (5.7.1) (such as integrodifferential or difference-dif- 
ferential equations); see Section 8.6 for additional information. 

We note finally that the results on numerical treatment of the 
equation u, = Au+ cu (Examples 5.7.12 and 5.8.5) are not understood as 
“real” applications, especially in that the way we deal with the boundary 
condition u =0 would make any numerical analyst shudder. Actual finite- 
difference schemes taking boundary conditions into account are usually far 
more sophisticated in that the grids at which the function is computed 
“follow the boundary” suitably. For examples, see Forsythe-Wasow [1960: 
1] or Richtmyer-Morton [1967: 1]. 

We comment below on some developments related with the material 
in this chapter. 


(a) Addition and Perturbation of Infinitesimal Generators. Let A, B 
be two square matrices of the same dimension. A classical formula (that can 
be traced back to Lie in a more general form) states that 


im [exp( <4) ex(<2)}] = exp(1(A+ B)) (5.9.2) 
(see Cohn [1961: 1, p. 112]). It is natural to inquire whether an infinite- 
dimensional extension is possible. The first question is, of course, whether 
A+ BeEC, whenever A and B belong to C,,. In this form the question is too 
restrictive to admit any reasonable answer; in fact, if A is an unbounded 
operator in C and B = — A, then A + B is not closed, hence does not belong 
to C,. The following formulation avoids trivialities of this sort. 

Addition Problem: Let A, B belong to C, (or to a subclass thereof). 
Does A+ B, with domain D(A) D(B), possess an extension (A+ B), in 
C, (or in a subclass thereof)? If the answer is in the affirmative, does 
(A + B), coincide with the closure A + B? 

Representation Problem: Assuming the answer to the addition prob- 
lem is in the affirmative, can exp(t(A+ B),) be obtained by means of 
formula (5.9.2)? 

Perturbation Problem: Let A be an operator in C, (or in a subclass 
thereof). Find conditions on the operator P in order that 4+ P (with 
domain D(A)NM D(P)) possess an extension (A+ P), in ©, (or a subclass 
thereof). Can exp(t(A + P),) be obtained directly from exp(tA) (say, as in 
(5.1.19))? 


Obviously, the perturbation problem is more general than the addi- 
tion problem in that P itself may not belong to C,. 
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The first systematic consideration of the addition problem is that of 
Trotter [1959: 1], whose work in relation to Theorem 5.3.1 was already 
noted above. Among other results in [1959: 1], the following negative 
answer to the addition problem is given. 


5.9.1 Example. Let p be a function defined in — co < x <0, absolutely 
continuous and with derivative gp’ satisfying 


Oo xg (x) SG “a.e: (5.9.3) 


It follows from the first inequality that p~' exists and is likewise absolutely 
continuous. Define 


S,(t)u(x) = u(p(p '(x)+7)) 


for u€ E = L?(— 00,00) and — 0 <t<oo. Some simple arguments involv- 
ing no more than change of variables show that S,(-) is a strongly 
continuous group with 


IS,(II<C/e (-w<t<oo) 
and infinitesimal generator 
(A,u)(x) = 9'(~'(x)) u(x), 


where D(A.) consists of all absolutely continuous u & E such that u’€ E 
(hence D(A,) does not depend on ). Let A= A,, B= — A, with p(x) =x 
in 0 <x <oo0, ¥(x)=x for x <0, f(x) =2x for x > 0. Then 


(A+ B)u(x)=—h(x)u’(x), (5.9.4) 


where h(x)=1 for x > 0, h(x) =0 for x < 0. It is easy to see that A+ B is 
again defined by (5.9.4), this time with domain consisting of all wu © E such 
that u is absolutely continuous in x > 0 and wu’ € L?(0,00). It results then 
that for any A >0 the function u(x)=0 for x <0, u(x)=e ** for x >0 
belongs to D(A + B) and satisfies 


Au—(A+ B)u=0. (5.9.5) 


If A+B possesses an extension (A+ B),CC,, we must have 4+ BC 
(A+ B),, which shows, in view of (5.9.5), that every 1 >0 belongs to 
o((A + B),), a contradiction. 


We note incidentally that, when E is a Hilbert space (as in the 
example just expounded) the addition problem always has a solution when 
both A and B belong to ©,(1,0) and D(A)M D(B) is dense in E; in fact, 
since A+ B is dissipative, by Lemma 3.6.3 there always exists an m-dissipa- 
tive extension (A+ B),. In a general Banach space this extension may not 
exist (Example 3.6.5), but a partial result can be derived from Remark 
3:1.12;:4 + BEC, 1,0) if an only if (AT —(A+B))D(A+ B) is dense in E. 
Under these hypotheses, it was also shown by Trotter [1959: 1] that the 
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representation problem has an affirmative answer, that is, (5.9.2) holds. The 
limit is here understood in the strong sense, uniformly on compact subsets 
of t > 0. We refer the reader to Chernoff [1974: 1] for a deep study of the 
addition and representation problems and additional references. Other 
works on the subject and on the perturbation problem are Angelescu- 
Nenciu-Bundaru [1975: 1], Uhlenbrock [1971: 1], Belyi-Semenov [1975: 1], 
Chernoff [1976: 1], Dorroh [1966: 1], Da Prato [1968: 2], [1968: 3], [1968: 4], 
[1968: 5], [1968: 6], [1968: 7], [1969: 1], [1970: 1], [1974: 1], [1975: 1], 
Goldstein [1972: 1], Gustafson [1966: 1], [1968: 1], [1968: 2], [1968: 3], 
[1969: 1], Gustafson-Lumer [1972: 1], Gustafson-Sato [1969: 1], Kurtz 
(1972=..1}, [197321] [ L975: , [1976201], {Sits Benard p97 ary 
Lovelady [1975: 1], Lumer [1974: 1], [1975: 1], [1975: 3], Miyadera [1966: 1], 
[1966: 2], Mlak [1961: 1], Okazawa [1973: 2], Rao [1970: 1], Showalter 
[1973: 1], Suzuki [1976: 1], Sunouchi [1970: 1], Vainikko-Slapikiene [r97i: 
1], Webb [1972: 1], Semenov [1977: 2], and Yosida [1965: 2]. 


(b) Approximation of Abstract Differential Equations. In relation 
with the material in Sections 5.7 and 5.8, we mention the scheme developed 
by Jakut [1963: 1], [1963: 2], wherein the spaces E, in Trotter’s theory are 
quotient spaces of E by suitable subspaces and time-dependent operators 
are allowed. For an exposition of this theory see the treatise of Krein [1967: 
1]. See also Gudovié [1966: 1] for another abstract scheme. References to 
the earlier bibliography can be found in the book of Richtmyer-Morton 
[1967: 1]. We list below some of the more recent literature, comprising both 
continuous and discrete approximation; some of this material refers to 
specific types of partial differential equations (treated as abstract differen- 
tial equations in suitable function spaces). See Belleni-Morante-Vitocolonna 
[1974: 1], Crouzeix-Raviart [1976: 1], GaSimov [1975: 1], Cannon [1975: 1], 
Gegetkori-Demidov [1973: 1], Geymonat [1972: 1], Grabmiiller [1972: 1], 
[1975: 1], Gradinaru [1973: 1], Groger [1976: 1], Gudovit-Gudovié [1970: 
1], Ibragimov [1969: 1], [1972: 1], Ibragimov-Ismailov [1970: 1], Ismailov- 
Mamedov [1975: 1], Ne€as [1974: 1], Nowak [1973: 1], Oja [1974: 1], Pavel 
[1974: 1], Ponomarev [1972: 1], Rastrenin [1976: 1], Sapatava [19725 1); 
Seidman [1970: 1], Showalter [1976: 1], Topoljanskii-Zaprudskii [1974: 1], 
Vainikko-Oja [19751], -Veliev {197221 (1973241); [1973382], (197520); 
Veliev-Mamedov [1973: 1], [1974: 1], Zarubin [1970: 1], [1970: 2], Zarubin- 
Tiun&k [1973: 1], Takahashi-Oharu [1972: 1], Ujishima [1975 /76: 1], Raviart 
[1967: 1], [1967: 2], Goldstein [1974: 2], Oharu-Sunouchi [1970: 1], Piskarev 
[1979: 1], [1979: 3], the author [1983: 1]. 


(c) Singular Perturbations. Roughly speaking, a singular perturba- 
tion of an abstract (not necessarily differential) equation is one that changes 
the character of the equation in a radical way. For instance, the algebraic 
time-dependent equation Au(t)+ f(t) = 0 becomes the differential equation 
eu(t)= Au,(t)+ f(t) by addition of the “small term” eu/(t) to the right- 
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hand side; similarly, the first order differential equation u’(t) = Au(t)+ f(t) 
may be singularly perturbed into the second order equation eu//(t)+ u/(t) = 
Au,(t)+ f(t). In these and other similar cases, the subject of study is the 
behavior of the solution u,(-) as e—> 0 (hopefully, the limit will exist and 
equal the solution of the unperturbed equation). Another instance of 
singular perturbation is that considered in Example 5.9.4, where a Cauchy 
problem that is not properly posed is approximated by properly posed 
problems in a suitable sense. We limit ourselves to a few examples (which 
exhibit some of the typical features of the theory) and some references. 


5.9.2 Example. Let A be an operator in C,(C, — w) for some w > 0 (so 
that, in particular, 0 € p( A)), and let f(-) be a E-valued function continuous 
in t > 0. The solution u, of the initial-value problem 


eu(t)=Au,(t)+ f(t) (¢20), u(0)=ueEE (5.9.6) 


with ¢> 0 is given by 


u(t) =S(t/e)ut ~ ['5(s/e)f(t—5) ds 
2G 
=S(t/e)u+ = ['S(s/e)(f(t—s)=f(t)) ds 
0) 


+ S(t/e)A~'f(t)—A7 f(t) (5.9.7) 
(strictly speaking, u, will be a genuine solution of (5.9.6) only if u€ D(A) 
and f satisfies, say, one of the two sets of assumptions in Lemma 2.4.2: 
under the present hypotheses u, is just a generalized solution in the sense of 
Section 2.4). To estimate the integral on the right-hand side of (5.9.7) in an 
interval 0 <t <T, we take r > 0, € sufficiently small and split the interval of 
integration (0, t) in the two subintervals (0, re) and (er, ¢); after the change 
of variable s/e= 0, we see that the norm of the integral does not surpass 


Ce wriis(t—e0)—f(s)ldo+C" max IIf(s)le" (5.9.8) 


uniformly in 0 <t<T. Clearly, a judicious choice of r and e (in that order) 
will make (5.9.8) arbitrarily small. It follows from (5.9.7) that for each 
6>0,u,(-) converges uniformly in 6<t<T to uo(t)=— Asstt) ache 
lack of uniform convergence in 0 <¢<T is of course unavoidable since 
u,(0)=u while uo(0)= A 'f(0).) More generally, it can be shown that 
convergence is uniform on compacts of t > t(e) if t(e)/e— oo (see definition 
below). For additional information on this problem see Krein [1967: 1, Ch. 
4). 

5.9.3 Example. Let A be the infinitesimal generator of a cosine function 


C(-) in a Banach space E (see 2.5(c)). The solution of the initial-value 
problem 


eu’ (t)+ul(t)=Au,(t)+ f(t), u(O)=u,, ui(0)=v, (5.9.9) 
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can be written in the following form: 
u,(t) =e '/°C(t/e)u, + &(t; e)(4u,)+ S(t; e)(4u, + €7v,) 
+ ['S(t-s;e) f(s) ds, (5.9.10) 
0 


where the operator-valued functions ®(t;«) and G(t;e) are defined as 
follows: 


—1/2e? I e) —s? ie 2€ 

R(t; e)u= is é (ne (559,135) 
Ree /2)e ee 

S(t; 0)u=— ['(((1/e)*— 52)? /28) C(s) ud (5.9.12) 
£ 0 


(see the author [1983: 4]); these formulas, which are examples of transmuta- 
tion formulas (see Section 5(f)), are due to Kisynski [1970: 1]). On the other 
hand, the solution of the initial value problem 

u(t) = Auy(t)+ f(t), u (0) =u, (5.9.13) 


is given by 
u(t) =S(t)u+ ['S(r—s) f(s) ds (5.9.14) 
0 
with 


S(t)u= —°/41C(s) uds (5.9.15) 


] ice) 
He 
ia 
(see 2.5(f)). As in the previous example, “solution” is understood here in the 
generalized sense. Under suitable assumptions on u,, v,, it can be proved 
that u,(-) converges to u,(-) in various ways. We state a few results below. 

Given a function e—> f(e) > 0 defined for e> 0, we say that a family 
of functions g,(-) converges uniformly on compacts of t > t(e) (as e> 0) to 
g(-) 1f and only if 

lim sup ||g.(¢)—g(t)|| =0 


&>0 He) <t<a 


for every a> 0. 


(i) (The author [1983: 4].) Consider the homogeneous equation 
(f, = 9), and assume that 


u,>w, &v,.>2u-w (e-0), (5.9.16) 
where w is arbitrary and uw is the initial condition in (5.9.13). Then 


u(t) u(t) (e>0) (5.9517) 
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uniformly on compacts of ¢ > t(e€), uniformly with respect to u bounded, if 
t(e)/e? > 00 ~(e> 0). (5.9.18) 


Condition (5.9.18) is necessary in order that the convergence result above be 
valid. 

Obviously, uniform convergence on compact subsets of ¢ > 0 will not 
hold in general since u, ~ u. If this condition is assumed and if u © D(A), 
Kisynski [1970: 1] has obtained a very precise estimate, reproduced in (ii) 
below in a slightly weaker form. It implies uniform convergence on com- 
pacts of t > 0 if u, > u and e*v, > 0. To expedite the formulation denote by 
C,w two constants such that 


IC(t)|| < Ce?!" (—a<t<oo). 


(ii) Let, as before, u,(-) (resp. uo(-)) be the solution of (5.9.9) (resp. 
(5.9.13)). Then, if u€ D(A), we have 


I|u,(¢) — uy (t)I| < Ce? (1 + wt) e*"|| Au 


+ Ce*"Ilu, — ul|+ Cere*|Iv,|| (t>0). (5.9.19) 


Uniform convergence on compacts of t>0 can also be obtained under 
“crossover” of initial conditions (see (5.9.16)) if correction terms are added; 
these terms neutralize the contribution of v, to u, the initial datum in 
(5.9.13). A typical result is: 


(iii) (The author, [1983: 4].) Let u,(-) be the solution of (5.9.9) with 
u,=utO(e), v, =e *v + O(e '), and let v,(-) be the solution of the initial 
value problem 

e*0!’(t)+ 0f(t) =0, v{(0) =e7 70 (5.9.20) 

that dies down as t > 00 (so that v,(t) = — e~'/*y). Then, if u,v € D(A), 
we have 

u,(t) =u (t)+ v,(t)+ Ole) (5.9.21) 


uniformly on compacts of ¢ > 0. 

This is the prototype of a family of results where asymptotic develop- 
ment in powers of e are obtained for u,(-); in general, we assume that 
ea g t ely + 2 tee an, + O(eN*!) and v, =e 7, +e |v, +--+ + 
e%~*y,,_, + O(e’ |) and obtain an asymptotic development of the form 

u,(t) =uo(t)+ eu,(t)+ --- +e%uy(t) 
+ vy (t/e?)+ ev,(t/e*)+ --- + eMoy(t/e7)+ O(e%*'), 
(5.9.22) 


where vy = v, is the correction term in (5.9.21) and 0,,...,0, are higher 
order correctors. 
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Among the convergence results for the nonhomogeneous equation we 
have (iv) below, which involves the derivative u/(-); here u,(-) is the 
solution of (5.9.9) with u,(0) = u/(0) = 0. 


(iv) Let E be a Hilbert space, 1< p<oo,f,, fe] L?((0,T); E), T>0. 
Assume that f.(-) > f(-) in L? as e> 0. Then u,(t) > uo(t) uniformly in 
O0<t<T, ul(-)—>up(-) in L? as e>0, where u,(-) is the solution of 
(5.9.13) with uo(0)=0. Here the derivative of uy is understood as in 
Example 2.5.8. (See the author [1983: 4). 


For a rather complete survey of the results available in this perturba- 
tion problem as well as for additional references, see the author [1983: 4], 
where some applications to partial differential equations are also covered. 
Other works on the subject are Dettman [1973: 1], Friedman [1969: 2], 
Griego-Hersh [1971: 1], Kisynski [1963: 1], Latil [1968: 1], Nur [1971: 1], 
Schoene [1970: 1], Smoller [1965: 1], [1965: 2], and Sova [1970: 2], [1972: 1]. 


5.9.4 Example. Consider the heat equation 

u,=KAu (t>0) (5.9.23) 
in R™, with k > 0: we look at (5.9.23) in the space E = L?(R”), the domain 
D(A) consisting of all u€ E such that Au € E. Working as in Section 1.4, 


we can show that A belongs to C, (in fact, to @), the propagator of (5.9.23) 
given by 


S(t)u=F "(e-*lel"Fy), (5.9.24) 


where & indicates Fourier transform. Let T> 0, n > 0, and v € E be given. 
Consider the (control) problem of finding u € E such that 


\|S(T )u— voll <n. (5.9.25) 


The “obvious” solution (taking u = S(— T)v) is meaningless since 


S(-T)v=F '(e*lel"Fy) (5.9.26) 


may not belong to E (or even be defined in any reasonable sense) for an 
arbitrary v € E. However, S(-T)v€E if v€¥ 'D(R™) thus we may 
select we ¥ '9)(R”) with ||w— vl] <7 and define u=S(—T)w. Unfor- 
tunately, this solution is far from satisfactory from the computational point 
of view, since very small changes in w (in the L* norm) may produce 
enormous variations in S(— T)w. 

A more advantageous approach is the following. Consider the equa- 
tion 


u,=kAu+ edu, (5.9.27) 


where e>0. Although the operator kA +eA’ does not belong to ©,, 
—(kA + eA’) does. If we denote by S.(-)v the (in general weak) solution of 


5.9. Miscellaneous Comments 345 


(5.9.27) in t <0 satisfying S,(0)v = v, we have 


S.(=t)v =F "(ele #11 Fy ) (5.9.28) 
It follows from (5.9.24) and (5.9.28) that 
S(T)S,(—T)v—> vase 0 


for any v © E, hence an element u € F satisfying (5.9.25) will be obtained 
by setting u = S,(— T )v for e sufficiently small; since S.(— 7) is a bounded 
operator in E, small variations of v (with ¢ fixed) will only produce small 
variations of u and its numerical computation will pose no problem. 

The argument above is a typical instance of a quasi-reversibility 
method. These methods were introduced and systematically examined by 
Lattes and Lions [1967: 1], although particular examples were used previ- 
ously by Tikhonov and other workers in the field of ill-posed problems (see 
the forthcoming Section 6.6)). Other references on quasi-reversibility meth- 
ods are V. K. Ivanov [1974: 1], Kononova [1974: 1], Lagnese [1976: 1], 
Melnikova [1975: 1], and Showalter [1974: 1]. See also Payne [1975: 1] for 
additional information and references. 


The works below are on diverse singular perturbation problems for 
abstract differential equations. See Belov [1976: 1], [1976: 2], Bobisud [1975: 
1], Bobisud-Boron-Calvert [1972: 1], Bobisud-Calvert [1970: 1], [1974: 1], 
Groza [1970: 1], [1973: 1], Janusz [1973: 1], Kato [1975: 2], Mika [1977: 1], 
Mustafaev [1975: 1], Osipov [1970: 1], Veliev [1975: 1], and Yoshikawa 
[1972: 1]. For an exposition of singular perturbation theory and associated 
asymptotic methods, see the treatise of Krein [1967: 1], where additional 
references can also be found. 


Chapter 6 


Some Improperly Posed Cauchy Problems 


Certain physical phenomena lend themselves to modeling by non- 
standard Cauchy problems for abstract differential equations, such as 
the reversed Cauchy problem for abstract parabolic equations (Section 
6.2) or the second order Cauchy problem in Section 6.5, where one of 
the initial conditions is replaced by a growth restriction at infinity. If 
these problems are correctly formulated, it is shown that they behave 
not unlike properly posed Cauchy problems: solutions exist and 
depend continuously on their data. 


6.1. IMPROPERLY POSED PROBLEMS 


Many physical phenomena are described by models that are not properly 
posed in any reasonable sense; certain initial conditions may fail to produce 
a solution in the model (although the phenomenon itself certainly has an 
outcome) and/or solutions may not depend continuously on their initial 
data. One such phenomenon is, say, the tossing of a coin on a table. 
Assuming we could measure with great precision the initial position and 
velocity of the coin, we could integrate the differential equations describing 
the motion and predict the outcome (head or tails); however, it is obvious 
that for certain trajectories, arbitrarily small errors in the measurement of 
initial position and velocity will produce radical changes in the predicted 
outcome. In studying phenomena like these we are then forced to abandon 
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the deterministic point of view and to obtain information by other means 
(e.g., by probabilistic arguments). This was known to the creators of 
probability theory and was explicitly stated by Poincaré almost a century 
ago. In the words of Hadamard [1923: 1, p. 38]. “But in any concrete 
application, “known,” of course, signifies “known with a certain approxi- 
mation,” all kinds of errors being possible, provided that their magnitude 
remains smaller than a certain quantity; and, on the other hand, we have 
seen that the mere replacing of the value zero for u, by the (however small) 
value (15) [here Hadamard refers to the “initial velocity” u, in the Cauchy 
problem for the Laplace equation] changes the solution not by very small 
but by very great quantities. Everything takes place, physically speaking, as 
if the knowledge of Cauchy’s data would not determine the unknown 
function.” 

“This shows how very differently things behave in this case and in 
those that correspond to physical questions. If a physical phenomenon were 
to be dependent on such an analytical problem as Cauchy’s for V*u = 0, it 
would appear to us as being governed by pure chance (which, since 
Poincaré, has been known to consist precisely in such a discontinuity in 
determinism) and not obeying any law whatever.”! Earlier in [1923: 1] (p. 
32) Hadamard concludes: “But it is remarkable, on the other hand, that a 
sure guide is found in physical interpretation: an analytical problem always 
being correctly set, in our use of the phrase, when it is the translation of 
some mechanical or physical question; and we have seen this to be the case 
for Cauchy’s problem in the instances quoted in the first place.” 

“On the contrary, none of the physical problems connected with 
Vv 7u=0 is formulated analytically in Cauchy’s way.”’* 

A look at the vast amount of literature produced during the last two 
decades on deterministic treatment of improperly posed problems (including 
numerical schemes for the computation of solutions) would appear to prove 
Hadamard’s dictum wrong. However, it may be said to remain true in the 
sense that, many times, a physical phenomenon appears to be improperly 
posed not due to its intrinsic character but to unjustified use of the model 
that describes it; for instance, the model may have “unphysical” solutions 
in addition to the ones representing actual trajectories of the system, bounds 
and constraints implicit in the phenomenon may be ignored in the model, 
the initial or boundary value problems imposed on the equation may be 
incorrect translations of physical requirements, and so on. We present in 
this section a number of examples where seemingly improperly posed 
problems result from neglecting physical considerations, but where the 
“discontinuity in determinism” can be removed by careful examination of 


'From J. Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential 
Equations (New Haven: Yale University Press, 1923). 


> Thid. 
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the relations between model and phenomenon. These examples motivate the 
theory in the rest of the chapter. 


6.1.1. Example. Solutions of the heat equation that cease to exist in finite 
time. Consider the heat-diffusion equation 
u,=KU,, (6.1.1) 


in the whole line —co<x<oo. We can arrange an abstract Cauchy 
problem for it as follows. Let a> 0, E =C,,, where C, , is the space of all 
functions u defined in — co < x <0 and such that 


llul= sup |u(x)|(1 + |x] )exp(= a]x|*) <oo. 


=O X% 100 


Obviously, each C, , is a Banach space. The operator A is defined by 


Au=u" with domain D(A) consisting of all twice differentiable u in E with 
We he LeU) <b = GC. 


i i 
Uu Bet = e OG / (46x) 
( ) v1—4bkt 


Then the £-valued function t > u(-, ft) is a solution of 
u'(t) = Au(t) (6.1.2) 


in —co0<t<T=(a—b)/4abk« with initial condition u(x,0)= e>*” but it 
ceases to exist? for t= 7. This type of solutions of an abstract differential 
equation (6.1.2) have been called explosive solutions by Hille [1953: 3]. If 
(6.1.1) is to be taken as a model for, say, a heat propagation or diffusion 
process, the existence of explosive solutions is embarrassing since it would 
imply that certain heat or diffusion processes “blow themselves up” without 
any obvious cause (such as internal chemical reactions). However, an actual 
temperature distribution must be bounded, while the integral of a density 
(the total amount of matter) is finite. Both conditions are violated by the 
elements of the space E. We must then conclude that the misbehavior of the 
model is due to inadequate choice of the “state space” E; indeed, it is well 
known that explosive solutions of (6.1.1) do not exist if we take E = 
BC(— 0, 0) (the space of bounded continuous functions endowed with the 
supremum norm) or E = L'(— 00,00). In fact, in both these cases the 
solution corresponding to the initial condition u(x) is given by the 
Weierstrass formula 


u(x,t) = 


] ee 2 
=(x—§)-/4t 
Sie fie u(é) dé 


for all ¢ > 0 (for uniqueness in both cases see John [1978: 1, Ch. 7], where 
the m-dimensional case is also covered). 


3That is, lim||u(z)|| = 00 as t>T—. 
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6.1.2 Example. Nonuniqueness for the heat equation. Let g(t) be infinitely 
differentiable in — co < t < oo. The function 


eet) 
Mey im ayy 5 iss (6.1.3) 


is a formal solution of (6.1.1) (with « = 1). If 


Tae ore EO) 
=| PSE ON 


the series given by (6.1.3) is uniformly convergent (together with all its 
derivatives) on compact subsets of the (x, ¢)-plane; moreover, there exists a 
constant 0, 0 < @ <1 such that 


Ke 1 
ju(x,t)|< exp| 5; ai “54 (—00 <x <00,t>0). (6.1.4) 
(For this result and related information see John [1978: 1, p. 172].) We note 
next that 


Tete = ie (—0<x<00,t>0). 
Let E=C,, with a>1/26, the operator A defined as in the previous 
example. It is not difficult to see that the function ¢ > u(-; ¢) 1s infinitely 
differentiable in the sense of the norm of E and solves (6.1.2) for all t. Since 
u(O)=0, solutions of this equation are not uniquely determined by their 
initial data. This undesirable behavior of (6.1.1) as a model can again be 
traced to the unphysical nature of the space E in this Example. 

It is remarkable that lack of uniqueness for solutions of (6.1.1) is also 
related to the neglect of the condition u > 0, which must hold for a density 
or an absolute temperature. In fact, it was shown by Widder [1944: 1] (see 
also [1975: 1, p. 157]) that an arbitrary solution of (6.1.1) in —-wo<x<o, 
t > 0 that vanishes for t = 0 and is nonnegative everywhere must be identi- 
cally zero. 

We note finally that all the anomalies related to nonuniqueness are 
consequence of the unavoidable fact that the line ¢ = 0, carrier of the initial 
data, is a characteristic of the equation (6.1.1). For general results on 
nonuniqueness in characteristic Cauchy problems see Hérmander [1969: 1, 
Chis} 

For an abstract differential equation u’(t) = Au(t), nonuniqueness, 
as well as existence of explosive solutions, are closely related to certain 
spectral properties of A. See Hille-Phillips [1957: 1, p. 620] and references 
therein for additional information. 
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6.1.3 Example. The reversed Cauchy problem for the heat equation. Con- 
sider the heat equation 


u,=k(u,,+U,,) (6.1.5) 
in the square Q = {((x, y); 0< x, y <a) with Dirichlet boundary condition 
u=0 (6.1.6) 


on the boundary [. The initial-value problem for (6.1.5), (6.1.6) as an 
abstract Cauchy problem in the spaces C,(2) and L?(Q), 1< p <0 was 
already examined in Sections 1.1 and 1.3. For the sake of definiteness, we 
choose E = C;(Q), which is natural if we wish to model a heat propagation 
process by means of (6.1.5) (6.1.6). Let t’<7T and assume we know the 
temperature distribution u at time T, 


ur(x, y)=u(x, y,T). (6.1.7) 


On the basis of this information, we wish to compute the state of the system 
at time t’, or more generally, the past states 


ux yt) Carr). 


This reversed Cauchy problem is equivalent (changing ¢ by —f) to the 
ordinary Cauchy problem for the equation 


t,=— Ku. +.) (6.1.8) 


with boundary condition (6.1.6). Although the reversed Cauchy problem 
makes perfect physical sense, it is far from being well posed in the sense of 
Section 1.2. It is still true that solutions will exist for a dense set of “final 
data” u,; we only have to take u, to be a trigonometric polynomial 


M N 
ur(x,y)=") \ ag, sin mxsin ny 
m=l1n=1 


in which case the solution (which is defined for all r) is 


M N 
= 2 277 — : i 
u(x, yt = doy enn > Dae asin mx sinny 
m=l|n=1 
(see Section 1.1). However, if we take, say, wu; ,(x, y)=sinnxsin ny, we 
have ||u7.,,|| =1, but, if u,, is the corresponding solution, 


4. (:.7.¢ =e" (ns). (6.1.9) 


This invalidates in practice our model, since small errors in the measure- 
ment of wu, will foil any attempt at computation of u(-, -, t’). Unlike in the 
case of Maxwell’s equations (Section 1.6) or the Schrédinger equation 
(Section 1.4) in L?, a “reasonable” renorming of the space of final data will 
not help: if we measure wu, in, say, the maximum of |u| and of the modulus 
of its derivatives of order <k, ||n ““** uy. ,.|| =n~! while 


fre ena || are 
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This simply means that the Cauchy problem is not even properly posed in 
the sense of Hadamard (see Section 1.7). A way out is found, however, 
examining more carefully the physical process involved. We add the follow- 
ing hypotheses: 

(a) The system was in existence at some time t’’ < t’ (we may obvi- 
ously assume, by time independence of equation and boundary condition, 
that ¢’” = 0). 

(b) Ever since the time t’’=0 an a priori bound on the temperature 
distribution has been in effect: there exists C > 0 such that 


TLCS (OR (6.1.10) 


where ||-|| again indicates the norm of C;(Q). We must then eliminate from 
consideration every “final state” giving rise to a solution that violates 
(6.1.10). It is plain that the class $ = %(7,C) of “admissible final states” 
consists of all u; € C;(Q) whose sine Fourier coefficients (a,,,,,) satisfy 


mn 


(oe) ioe) 
YY ett’ ig sinmxsinny|<C ((x, y)€2,0<1<T). 


m=l1n=1 


(61208) 
Although the class & is not simply characterized, it follows from the 
Parseval equality for Fourier series that for any u; € &, 
ee mer (6.1.12) 


Let now e> 0 and let wu; be an element of & satisfying |u| < 5, where 4 is to 
be determined later. Then the Fourier coefficients {a,,,,,) of u; satisfy 


< 28. (6.1.13) 


|a 


mn 


l@rnnl 


We have 


co co 

ju(x,y,t=l] OY ett y7-9q | sin mx sin ny 
ie 
co 


co 


DON ae 
< 3 ye ex(m Sey NOE aaa 


m=l|n=1 


Dividing the sum in two parts, one corresponding to m,n < N, it is easy to 
see using (6.1.12) and (6.1.13) that if 6 is sufficiently small we shall have 


u(y ti<eol(xhy) eR <F<T) 


so that a problem which is in some sense properly posed is obtained. It 
should be noted that the misbehavior of the model has not been eliminated, 
since the condition that u;€% remains highly unstable with respect to 
perturbations. However, numerical methods for treatment of the problem 
are available (see the references in Section 6.6). 
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We note, finally, that the two assumptions (a) and (b) are reasonable, 
even indispensable in our model: (a) is (almost) necessary for the reversed 
Cauchy problem to make sense, while (b) must hold in any heat propagation 
process with C (at the very least) the melting point of the material in 
question. Hence, the difficulties pointed out at the beginning of this 
example can be blamed not on improper modeling but on the neglect of 
available information. 


6.1.4 Example. An incomplete Cauchy problem for the Laplace equation. 
In the theory of probability, equations of the form u,,= — Au appear, with 
A an elliptic differential operator in a domain 2 CR” satisfying adequate 
boundary conditions (see Balakrishnan [1958: 1]); the spaces indicated for 
the treatment are L'(Q) and C(Q) or subspaces thereof. To fix ideas, we 
examine the equation 


Pela Ws oT (6.1.14) 
in the square Q = {((x, y); 0< x, y < 7}, with Dirichlet boundary condition 
u=0 (xeEP). (6.1.15) 
Consider two arbitrary trigonometric polynomials 
uy(x,y)= >, d,a®,, sin mxsinny, u,(x, y)= >, alsin mxsin ny. 


The function 


: 1 
sinh(m? + n?) fe ee | 
—__—_—_____“q! sin mxsin ny 


(6.1.16) 
is a solution of (6.1.14), (6.1.15) satisfying the initial conditions 


u(x, y,0)=uo(x,y), u,(x, y,0)=u,(x, y). 


However, the solution does not depend continuously on its initial data. To 
see this we take uy , =n ‘“*"sin nx sin ny (which tends to zero uniformly in 
(2 together with its partial derivatives of order <k), u, ,, =0, and note that 
the corresponding solution is u(x, y, t) = (n“** Ycoshy2 nt)sin nx sin ny. In 
fact, this is essentially the celebrated counterexample given by Hadamard 
[1923: 1] in relation to his formulation of properly posed problems (see the 
comments in Section 1.7). However, the subsidiary conditions imposed on 
the solutions of (6.1.14), (6.1.15) by their probabilistic interpretation are not 
both initial conditions ug, u,, but rather only one of them, 


u(x, y,0) =u,(x, y), (6.1.17) 
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and the boundedness condition 

sup||u(-,-,£)|| <0 (6.1.18) 

t1>0 
(a third requirement is also present, see Balakrishnan [1958: 1], but we leave 
it aside for simplicity). This “incomplete Cauchy problem” is easily analyzed 
along the lines of Section 1.3; to simplify, we take E = L'(Q). If A denotes 
the operator defined in Section 1.3 (with x =1) and t > u(-,-, 7) solves the 
equation 

u’(t)+ Au(t)=0 (t>0), (6.1.19) 

a calculation entirely similar to (1.3.4) shows that the Fourier series of 
u(x, y,t) (for ¢ fixed) must have the form (6.1.16). If we assume in addition 
that 


sup ||u(t)|| <0, (6.1.20) 
t>0 
\veee 2 2/20) 
the same sort of argument reveals that a),,, = —(m*+n’)'/7a°, so that 


oe) ee) 
u(x,y,t)~ 4 YX ecg? sin mxsinny. (6.1.21) 
n=|1m=1 


Among other things, this shows that bounded solutions of (6.1.19) are 
uniquely determined by their initial value 


u(0) = up. (6.1.22) 


On the other hand, it is easily checked that the series on the right-hand side 
of (6.1.21) converges and defines a E-valued solution of (6.1.19) satisfying 
(6.1.20) and (6.1.22) for any uy in the subspace D C L'(Q) consisting of all 
functions whose Fourier coefficients {a°,,) satisfy 


Nie O(n ns) |ao al =roe, (6.1.23) 
m=l1n=!1 


If uw is an arbitrary solution, we can write 
u(x yt) = [KO y,&,n, t)ug(é,n) dé dn, (6.1.24) 


where 


2 
T m=i40 


oy te 2 
K(x, y,6nt)=—s> YY eh 4 'sin mx sin mésin ny sin ny 


(6.1.25) 


for t>0. The function u(x, y,t) is a classical solution of the Laplace 
equation u,, + u,, + u,, = 0 in 2 X(0, 00) and tends to zero uniformly when 
t—>+oo. Arguing as in Section 1.3, but this time on the basis of the 
maximum principle for harmonic functions, we can easily show that 


K(x, y,,0,t)20 (¢>0, (x, y), (én) €Q) (6.1.26) 
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and 
[K(x y, 69,0) dédy <1 (t>0, (x, y) €Q), (6.1.27) 
Q 


hence (see (1.3.11)) if u(-) is an arbitrary solution of (6.1.19), (6.1.20), 

Ilu(2)I| <||u(O)|| (4 > 0). (6.1.28) 
Similar inequalities can be easily obtained in the norms of L?(Q) and 
Cr(Q). 

Taking these facts as motivation, we formulate the following incom- 
plete Cauchy problem. Let A be a densely defined operator in a (real or 
complex) Banach space E. The incomplete Cauchy problem for (6.1.19) is 
properly posed in t > 0 if and only if: 


(a) There exists a dense subspace D of E such that, for any uy © D 
there exists a solution u(-) of (6.1.19) satisfying (6.1.20) and 
(6.1.22). (A solution is of course any twice continuously differen- 
tiable E-valued function u(-) satisfying the equation in ¢ > 0.) 

(b) There exists a nondecreasing, nonnegative function C(t) defined in 
t > 0 such that 


llu(2)I| < C(t )u(O)| (2 > 0) 
for any solution of (6.1.19), (6.1.20), (6.1.22). 


Sufficient conditions on the operator A insuring validity of (a) and 
(b) will be given in Section 6.5. Many variants of this basic definition are 
possible: (6.1.20) may be replaced by other types of bound at infinity, u’(0) 
may be preassigned instead of u(0), and so on. Some of these will be 
mentioned in Section 6.6. 


6.1.5 Example. Let A be a self-adjoint operator in a Hilbert space H. 
Assume — A is positive definite ((Au,u)<0 for u© D(A)). Then the 
incomplete Cauchy problem for (6.1.19) is properly posed in t>0 with 
D= D(A). Using the functional calculus (see Section 6), we can easily 
deduce an explicit formula for the solutions: if u © D(A), the (unique) 
solution of (6.1.19), (6.1.20), (6.1.22) is 


u(t) = fe NP(ad)u, 


where P(dX) is the resolution of the identity associated with A. 


6.2. THE REVERSED CAUCHY PROBLEM FOR 
ABSTRACT PARABOLIC EQUATIONS 


It was pointed out in the previous section (Example 6.1.3) that if A is the 
Laplacian in the space C}({), & the square defined by 0< x, y < z, then the 
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Cauchy problem for the equation 


u'(t)=Au(t) (0<1t<T) (6.2.1) 
with the value of u prescribed at t = T, 
u(T) =u, f622) 


is in general not properly posed (the solution of (6.2.1), (6.2.2), if it exists at 
all, does not depend continuously on u,); however, a well-posed problem 
results if we restrict our attention to solutions satisfying the a priori bound 


llu(al<C (O<t<T). (6.2.3) 


We prove here a generalization of this result to operators in the class @ in an 
arbitrary Banach space FE. To simplify ensuing statements we make the 
following definition. 

The reversed Cauchy problem for (6.2.1) is properly posed for bounded 
solutions in 0 <t <T if and only if: for every ¢,C,t’ such that ¢,C > 0 and 
0 <t’<T there exists 6 =8(e,C, t')>0 such that if u(-) is any solution of 
(6.2.1) satisfying (6.2.3) and 


|u(T I <6, (6.2.4) 
we have 


lu(t)l<e (¢’'<t<T). (6.2.5) 


6.2.1 Theorem. Let A€@. Then the reversed Cauchy problem for 
(6.2.1) is properly posed for bounded solutions. 


For the proof we shall use some elementary results on E-valued 
analytic functions. Let Q be a bounded domain in C whose boundary [ 
consists of the union of a finite number of disjoint smooth arcs,* and let I, 
be a subset of [ such that both I, and [\T, are themselves finite unions of 
disjoint smooth arcs. The function w(z, [,; 2), which is harmonic in Q and 
assumes the values 1 on I, 0 on P\ TL), 1s called the harmonic measure of T 
with respect to Q. If T is the union of disjoint arcs, 


Pe OL oe Ole (6.2.6) 


where each I’, satisfies the conditions imposed earlier on I’), it is obvious 
that 


Y o(z,0,,2)=1 (ze) (6.2.7) 
j=l 
since the left-hand side is a harmonic function that is identically 1 on T. A 
generalization of (6.2.7) is 


4Here “disjoint” means “having no points other than endpoints in common” or, in 
other words, “having disjoint interiors.” A smooth arc is by definition the continuously 
differentiable image of a closed interval. 
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6.2.2 The N Constants Theorem. Let [,,T,,...,T,, be as in the 
comments preceding (6.2.6). Let f be a E-valued function, analytic in Q and 
continuous in Q.° Assume that 


IIS M, (2€T,,j=1,2,-.57). (6.2.8) 
Then 


Wi< TE Meet® (ze). (6.2.9) 
j=l 


The proof can be achieved by applying the n constants theorem for 
complex-valued functions (see Nevanlinna [1936: 1, p. 41] or Hille [1962: 1, 
p. 409]) to the function ¢ f(z), u*) for all u* € E*, ||u*|| <1. Details are left 
to the reader. 


Proof of Theorem 6.2.1. Since A€@, there exist y,a,C’>0 such 
that any solution u(t) = S(t)u(O) of (6.2.1) can be extended to a function 
u({) analytic in the sector 2,(p)={f; |argé|<, § +0}, continuous at 
¢=0 and satisfying 


Wu(S I< C’e*!lu(O)] (SE=, (@)). (6.2.10) 


FIGURE 6.2.1 


°Of course, discontinuities may be allowed at the junction of different arcs, although 
this is irrelevant for the present application. 
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Let now T’>T and consider the domain Q defined by the inequalities 
largsi<p, §*0, |§| <7’ 
minus the segment [7, 7’]. In view of (6.2.10), 
I|u(S Il < C’e*” ||u(0)}| 
when ¢ moves over the outer boundary of 2. On the other hand, if ¢ € 
[T,T"], 
lM(S=WS(S-T )u(7)I 
aCes Wally 
aCe Do aCe Ih 
Applying the n constants theorem, 
Bese ee eT Oe ole 
Gey ae (ONCE IR (Sk), 


where w is the harmonic measure of the segment T<{<T” with respect to 
Q. Taking into account that w({) > 0 and assuming (as we may) that C >1 
in (6.2.3), 

llu(<CC’e™ u(T I" (O<t'<t<T) 
if ||ju(T)|| <1, where m(t’) = inf{w(t); t’<t<T)}>0 in view of the maxi- 


mum principle for harmonic functions. Consequently, (6.2.5) will be satis- 
fied if we take 6 = (ee °7 /CC’)'/™), This ends the proof. 


6.2.3. Remark. Theorem 6.2.1 can be proved under weaker hypotheses. In 
fact, letA be an operator in C, such that S(t) = exp(tA) admits an analytic 
extension S(£) to a sector = ,(q@) satisfying estimates of the type of (4.9.24). 
It suffices to excise from Q all those § with |{| <7?” for some t” <t’. This 
implies that the results in this section can be applied to the operators A,(f), 
A,,(f) in Chapter 4 as well as to their one-dimensional versions in Section 
4.3. 


6.3. FRACTIONAL POWERS OF CERTAIN 
UNBOUNDED OPERATORS 


Throughout this and following sections, A will be a densely defined linear 
operator such that A € p(A) if A >0 and 

IR(A)I< C/A (A> 0). (6.3.1) 
If AE C,(C,0), then (6.3.1) is satisfied. The converse is false (see Example 


Dae Wey) 
Our objective is to define fractional powers A“ of the operator A (or, 
rather, of — A) with a view towards the study of bounded solutions of the 
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second order equation (6.1.19). To this end we shall employ (variants. of) the 
formula 


(— A) "y= B87 fae 1R(A)(= Auda. (6.3.2) 


The motivation of (6.3.2) is evident: if A “is a number” a not in A > 0 (that 
is, if A is the operator of multiplication by a in one-dimensional Banach 
space) and 0 < Rea<1, then (6.3.2) becomes an identity, at least if the 
branches of A*~' and (— a)* are adequately specified, to wit: A*~'> 0 for 
A > 0, with a similar choice of (— a)*. Two difficulties are obvious: on the 
one hand, the formula (6.3.2) will define (— A)*u only for u € D(A) while 
we may expect D((— A)*) to contain strictly D(A) if, say, 0 < a<1. On the 
other hand, (6.3.2) only makes sense for 0 < Rea <1. This last objection is 
not serious, since this range of a (precisely, the interval 0 < a <1) is by far 
the most significant in applications; however, for the sake of completeness 
we Shall construct (— A)* for any a by appropriate modifications of (6.3.2). 
The formal definition follows. 

Let 0 <Rea<1. The operator K, (with domain D(K,) = D(A)) is 
defined by (6.3.2), that is, 

Kua fe IR(A)(= Aud (625) 
7 +0 

with the choice of branch of \*~! precised above. Convergence of (6.3.3) at 
infinity is obvious from (6.3.1); near zero we use the identity 


R(A)(— A)u=u-AR(A)u (6.3.4) 
and (6.3.1). The operators K, are extended to other values of a as follows. If 
u © D(A’), we can write, making again use of (6.3.4) (this time backwards): 


K,u= aa NM-IR(A)(— A)uda 
= sie IR(A)(— A)uda 
_ sinam sin aq 
M*-2R() A2udd — 
Sell (A) Atudd — EE Au. (6.3.5) 


But the integrals on the right-hand side actually converge in 0 < Rea < 2, 
thus (6.3.5) is an analytic extension of K,u to 0 < Rea<2. Moreover, if 
1 < Rea<2 and u€ D(A’), another application of (6.3.4) yields 


i oe | 
i ae 7 N-2R(A) A2ud A 
7 0 


mL ORAM Aut Nu) ad 


7 


sina M-2R(A) A2udA = Ku. (6.3.6) 


T 
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Im a 


K,, defined in: 


FIGURE 6.3.1 


in view of (6.3.5). The operators K, are then defined thus: ifn —1< Rea<n, 
D(K,,) = D(A"), and 


n—1 


K,u=K,2,44(—4) u (6.3.7) 


for u€ D(A”), n=1,2,.... On the other hand, if Rea=n, we use also 
(6.3.7) for u€ D(A"*'), K,_,,, given by (6.3.5). It follows from the 
preceding considerations that these step-by-step definitions of K, are con- 
sistent with each other: in other words, if n—1l1<Rea<n and ue 
D(A"*'), K,u, defined by (6.3.7), can be analytically extended to n-1< 
Rea<n-+1 and the extension coincides with (6.3.7) inn < Rea<n+l. 


6.3.1 Lemma. For each a (Rea> 0), K, is closable. 


Proof. Let 0<Rea<1l, {u,} a sequence in D(A) with u,—0, 
Ku, > ue E. Write 
v, = R(p)K,u, (6.3.8) 


for some fixed p > 0. It is an immediate consequence of its definition that 
K, commutes with R(w), that is, R(u)E£ = D(A) = D(K,) and 


R(w)K,u=K,R(p)u (ue D(A)). (6.3.9) 
Moreover, it is not difficult to see that K,R() is everywhere defined and 
bounded; in fact, we have 


K,R(u) =" R(q) [X11 AR(A)) dd 


— SRST AR(u) f -'R(A) dd. (6.3.10) 
1 


T 
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Accordingly, we obtain taking limits in (6.3.8) that v > 0, hence R(w)u = 0. 
It follows that u = 0, which ends the proof in the range 0 < Rea<1. The 
result for n —1< Rea<n follows recursively from (6.3.7) and from the 
facts that K, and A commute and that p(A)*%. Details are left to the 
reader. 


Making use of Lemma 6.3.1 we define 
(—A)*°=K, (Rea> 0). (6.3.11) 


(Note that condition (6.3.1) does not imply that A~' exists, or even that A is 
one-to-one; thus we cannot reasonably expect to be able to define (— A)* 
for Rea <0.) We prove next some results that show that (— A)* satisfies (at 
least to some extent) properties that should be expected of a fractional 
power. 


6.3.2 Lemma. 
(— A)'=-A. 
Proof. Clearly we only have to prove that K,u=— Au for ue 
D(A’). We prove instead the stronger statement 
limK,u=u (ue€D(A)). (6.3.12) 


as a— | in any sector |arg(a—1)| > y > 7/2. To see this we note that 


K,u—(- A)u= SS [MRO gpl (Auda 


=[,+1, (6.3.13) 


dividing the interval of integration at A = a. Plainly, 


|sin a7 | 


IZ2I1 < sup ||((A +1) R(A)— 1) Aull. 


sin(Rea)7 \sq 

Since AR(A)v > v as A > c& (see Example 2.1.6), ||J,|| can be made small 
independently of a if only we take a large enough. As for J,, it is easy to see 
using (6.3.4) that the integrand is bounded by CAR**~!, thus in view of the 
factor sina, ||I,|| > 0 as a1. This ends the proof. 


The corresponding equality for a=0 ((— A)°=/) cannot hold in 
general, since K,u=0 whenever Au =0. However, the equality becomes 
true when A! exists. Precisely, we have the following more general state- 
ment. 


6.3.3 Lemma. Let u€ D(A) such that XR(A)u>0 as X> O04. 
Then 


lim K,u=u 


as a0 in any sector |arga|< 9 < 7/2. 
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Proof. We have 


sin aq 


] 
| Oa TR are) an 


[x '(RO) Au + 


eran LH AFVROA)uu) da 


aba Se 
where J, and J, arise once again from division of the interval of integration 
at \ =a. To estimate the second integral we observe that (A +1)R(A)u—u 
= R(A)(Au + u) and use (6.3.1): it follows that || J,|| > 0 as a> 0 due to the 
factor |sinaz|. In the matter of J,, we observe that 

(A +1) R(A)u— ul] <C+|[R(A) ul]. 


The portion of the estimate for J, corresponding to the constant C obviously 
tends to zero when a — 0 in the sector. On the other hand, 


sinam| 4 ARe« sinam| r¢ARea-! 
oak ETIR(A) ul aa = TET f Veyp lAROA)ullaa 


| sin a7| 
sin(Rea)7z ee. 9 
thus we can make ||J,|| arbitrarily small by taking a small enough. This 
completes the proof. 


An essential property in any definition of fractional power is the 
additivity relation (— A)*** = (— A)*(— A)®. In the present level of gener- 
ality this identity may not necessarily hold; however, we have the following 
result, which is nearly as strong. 


6.3.4 Lemma. Let Rea,ReB > 0. Then 


(4 eee (6.3.14) 
Proof. We start by proving that 
K,Kgu=K,,gu (u€ D(A’),Re(at B) <1). (6.3.15) 


Noting that Kzu © D(A) = D(K,), we can write 


Re eee 
Gia et JO WER) R(w) APudd du, 


(63.16) 


the integral being absolutely convergent in the sector A, p> 0 (to estimate 
the integrand near the origin we use the the resolvent equation as we did in 
(6.3.3). We make now a few modifications in (6.3.16). The first one is 
described as follows. Divide the domain of integration into the two infinite 
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triangles p< A and A <p and perform the change of variables p = Xo in the 

first integral, A = op in the second. Interchanging A and p in the second 

integral, we obtain 

K,Kju=—— ces aa + 08-!)\@+B-IR(Xo) R(A) A2udo dd. 
us 0 


7 0 


(6.3.17) 


We use next the second resolvent equation(3.6) and (6.3.4), obtaining 


qa (R(A) = oR(A0))( = Aye? (63A3) 
and replace in the integrand. Due to the factor (l— 0) ~ | the two resulting 
integrals cannot be separated; however, we can write (6.3.17) as the limit 


when p > 1— of 


6 : a 
sin ag an Pa j* ears 'R(A)(— A)udodXr 
0 “0 


T 7 1- 


R(Ao) R(A) A2u= 


_ sina sm Pa f® pos +08 A“*8-IR(Ao)(— A)udoda. 
0 “0 


7 T 1— 
(6.3.19) 


Finally, we integrate first in A in the second integral (6.3.19) making the 
change of variable Ao = » and again changing p by A. We obtain 


K,.Kpu=C(a,B) f d*?'R(A)(— A)uda, (6.3.20) 
0 
where 
sinaw sin ba to™ ight 6 tim ia” 
Clap) Ss it pee do. 


It remains to evaluate C(a,8). This can be done directly (using the 
geometric series for (1— )~') or better yet by means of the following trick: 
if we take E=C, A=—1, then K,=1 for all a; thus K,K,=1 and it 
follows from (6.3.20) that 

sin(a+ B)a 


CC 


T 
whence (6.3.15) follows. Since Ku is an analytic function of ain0 < Rea<n 
for u€ D(A"), it is clear that (6.3.15) can be extended to 0 < Rea<1l, 


0 < Ref <1 (with no conditions on a+ £) for u€ D(A’). More generally, 
if 0 < Rea, ReB <n (n>1), then 


K,Kgu=K,,,u (ue D(A?")). (6321) 


Given a (n—1<Rea<n) and m>n fixed, denote by K/ the 
restriction of K, from its rightful domain D(A”) to D(A’). Clearly K Pas 
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closable and K/ Cc K,. We actually have 
Kia Ke = (=A). (6.3.22) 


To see this, let u€ D(K,), {u,} a sequence in D(A”) with uy, Uu, Ku, = 
K,u, and {w,) a sequence of real numbers with LL, 2 0. Making use of the 
fact that {u,R(p,)} is uniformly bounded and converges strongly to the 
identity as k > 00, it is not difficult to see that 


ue = (ey R(m,))” “Uy, > Uy, 
Kyu, = Ki(u,R(my)) “Uy 
= (wR(my))” “Katty > Kyu 
as k > oo; since u, € D(A”) = D(K/), u€ D(Ki), and K’u= K,u, show- 
ing that (6.3.22) holds. 

We have already noted in (6.3.10) that the operator K,R() (u > 0) 
is everywhere defined and bounded when Rea <1. A look at the definition 
of K, for general a in (6.3.7) shows that K, R()” is everywhere defined and 
bounded when Rea<n. It follows easily from (6.3.9), (6.3.7) and the 
definition of (— A)* that if u]© D((— A)*) = D(K,), then 

KORG) = (24) RU) = RG) (A) (6.3.23) 
again for Rea<n. 

We can now complete the proof of (6.3.14). Let Rea,ReB <n (so 
that (6.3.21) holds) and let ue D((— A)*(— A)*), {u,} a sequence of 
positive numbers with 1, > oo. Since (u, R(u,))?" > I strongly as k > co, it 
follows that (u,R(u,))*"u > u, whereas, in view of (6.3.21) and (6.3.23), 


n 2n 
Kee uy) USS K,Kg(u,R(Hx)) u 


= K,(u,R(ux)) Ke (ma R(ma)) uv 
wi (u,R(mz,))"Ka(u,R (Hy) (- A)Pu 


= (4,R(n,)) (— A)*(— A)Pu> (= 4)*(— 4)? 

ask —> oo. 
It follows that u€ D((— A)***) and (— A)**8u = (— A)*(— A)*u so that 
(— A)*(— A)* c (— A)**®; taking closures, it results that (— A)“(— 4)’c 


(— A)**8. The reverse inclusion follows if we note that (— A)“(— 4)’> 
K,,Kp = Ki.,, and take the closure of the right-hand side. 


We note an obvious consequence of Lemma 6.3.4; if we set a= B = 1 
and make use of Lemma 6.3.2 and of the fact that (since p(A) *@) A? is 
closed, we obtain K, = A? = (— A)’. Similarly, 

K,=(— 4)" (6.3.24) 


as we have the right to require from any definition of fractional power. 
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Some improvements on several of the preceding results are possible 
when 0 € p(A) (which is not implied by (6.3.1)). Also (as we shall see in 
next section), fractional powers can be defined in this case in a less ad hoc 
way by means of the functional calculus for unbounded operators (see 
Example 3.12). . 

The first obvious consequence of the existence of A~' is that we may 
construct fractional powers of — A for exponents in the left half plane: in 
fact, ifn —-1<Rea<n,n=0,]l,..., we define 


(—A)i*="(— A), CE): (6.3.25) 


It follows easily from (6.3.10) that (— A)84~' is bounded if 0 < Ref <1, 
thus (— A)~* is bounded if Rea <0. As a consequence of (6.3.24), (— A) 
assumes the correct values for a=1,2,.... 

In view of (6.3.25) the domain of the operator (— A)*(— A) “ 
contains D(A) (note that D((— A)*’) > D((— A)*) for ReB <k). Applying 
Lemma 6.3.4, .we cobtam (— A)" — A) = (Ay (a) ee 
(—A)"(—'A) “=. Since (— A) * is bounded and-(— 4)~ 1s) closed, 
(— A) “E ¢ D((— A)*) and 


(— A)*(—A) “=I. (6.3.26) 
We use now the fact (already pointed out in the proof of Lemma 6.3.1) that 
K, and A~' (thus any power of A~') commute; then, if u€ D(A") 
D((=A)"), (— A) “Kiva ANS Ayu =; since (— A)" = Ke, this 
equality must actually hold for u € D((— A)*), that is 
(— A) “(-A)°u=u- (we D((- A)*)). 
Taking (6.3.26) into account, 
(—A)-*=((— A)*) > (Rea 0). (6.3.27) 


We can improve (6.3.14) significantly in the present case as follows. 
Let B,, B, be two operators possessing everywhere defined inverses B; ' and 
By ', and let B,C B,. Then we show easily that B,=B,. If Rea>0O, 
ReB>0, we can apply this argument to B,=(—A)*(—A)® (B-'= 
(— A) 8(— A)~*) and B, = (— A)*** (By! =(— A)~ +) observing that 
(6.3.14) implies that B, C B,. We obtain 


(A) = (Aad) (6.3.28) 
for Rea, Ref > 0. We note that (6.3.28) cannot be extended to all values of 
a and B: while (— A) ***=(— A)° =I, (— A)~“(— A)* is only defined in 
D((— A)*). The equality holds, of course, if Rea,ReB < 0. 

For the proof of the following results we only assume (6.3.1) (plus 
additional hypotheses as stated). 


6.3.5 Example. Let A be self-adjoint in the Hilbert space H, P(d A) the 
resolution of the identity associated with A (note that (6.3.1) simply means 
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in this case that o( A) C (— 00,0]). Then 


(= A)"u= ['"(-A)*P(dA)u (WEE, Rea>0), (6.3.29) 


where (— A)* is defined as in the beginning of this section and (6.3.29) is 
interpreted by means of the functional calculus for unbounded functions of 
A (Dunford-Schwartz [1963: 1, Ch. X]). Formula (6.3.29) defines (— A)* as 
well when Rea< 0, although (— A)* may be unbounded too. ((— A)* is 
bounded for Rea<0 if and only if A is invertible with A~' bounded.) 
Equality (6.3.28) holds if a, 8B belong to the right (left) half plane. 


6.3.6 Example. Moment inequalities. Let 0 <a<<y. Then there exists 
a constant C = C(a, B, y) such that 


(= A) Pull < CI = A) "ul 2-20-94 — A) ul“) (6.3.30) 


for u€ D((— A)”). In particular, if we place ourselves under the hypotheses 
of Example 6.3.5, inequality (6.3.30) holds with C = 1. 


6.3.7 Example. Let A be bounded (resp. compact). Then (— A)* is 
bounded (resp. compact) for Rea> 0. 


6.4. FRACTIONAL POWERS OF CERTAIN UNBOUNDED 
OPERATORS (CONTINUATION) 


We place ourselves again under the sole hypothesis (6.3.1), that is, we do not 
assume existence of A7!. 


6.4.1 Lemma. Assume that A satisfies (6.3.1) for some C > 0. Then 
R(A) exists in the sector 


Z4(p—) = {A; |arga| <p, A +0}, 
where » = arcsin(1/C), and for every 9’, 0 < yp’ < @ there exists a constant C’ 
such that 

WROII< CIAL (AEZ.(@). (6.4.1) 


The proof is rather similar to that of Lemma 4.2.3. The power series 
of R(A) about A, > 0, 


R(A)= YE (Xg— AY R(M0)!" 


converges in |A — Ag| <Ag/C and the union of all these circles is the sector 
=,(p). Now, let 9’<y, A}E2Z,(’), Ap =|A|/cosargA. Then we have 
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|A —Ao| < A,sing’, so that 
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as claimed. 


We return briefly to the case 0 € p(A) in quest of motivation for some of 
the forthcoming results. Let y be the angle in Lemma 6.4.1, p’< gy, and let T be a 
contour contained in p(A), coming from infinity along the ray argh =— gq’, 
Im A <0, leaving the origin to its right as it passes from this ray to argh = 9’, 
ImA > 0 and then going off to infinity along this last ray. Fractional powers of A 
can now be constructed using the functional calculus for unbounded operators (see 
Section 3); for Re a> 0 we define 
(=A) “= el™&4—% — Gitar 


or PRR) dx. (6.4.2) 


According to the rules pertaining to the functional calculus, the function f(A) =A ° 
must be holomorphic in o(A); we take then in (6.4.2) the branch of A~ °%, which is 
real for A and @ real and is discontinuous along the positive real axis. Taking into 
account the properties of the functional calculus discussed in Section 3, we obtain 


(= A) = = Aa Ay 0 ee (0 eA Ge Gato) 
We examine the behavior of (— A) “ when a— 0. To this end, taking advantage of 
the independence with respect to I’ of the integral (6.4.2), we let both legs of the 
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FIGURE 6.4.2 


contour T collapse into the real axis; after a calculation of A” * above and below 
A > 0, we obtain 


(Aya nan [Or *R(A) ad. (6.4.4) 


Since 0 € p(A), there exists a constant C such that 
|R(A)I<C/(A41) (O0<A<oo). 


Consequently, if |arga| < p < 7/2, 0 < Rea<1, we have 


Jaa pr ee jsinaz| 


; 4. 
Nee ig sin(Re a) 7 (oa) 


|A “I< 


Take now u € D(A). A manipulation very similar to the one in Lemma 6.3.3 shows 
that A” “%u — u as a— 0; combining this with (6.4.5), we obtain 


(—A) “>1 (6.4.6) 


strongly as a— 0, if |arga|<p<7/2. 

Observe next that (— A) “ is a (£)-valued holomorphic function of a in 
Rea>0O; this follows easily from (6.4.4) and an interchanging of limits and 
integrals. This implies that all the operators (— A) °, Re a> 0, are one-to-one. In 
fact, let u © E be such that (— A)~“u = 0 for some a. In view of (6.4.3), (— A) fu =0 
for ReB > Rea and, by analyticity, this must actually hold for all B, Ref > 0. 
Making then use of (6.4.6), we obtain u = 0. 

We prove now that (— A) “E is dense in E for any a, Re a> 0. To see this, 
let n—1<Rea<n. If ue D(A"), then u=(— A) "v for some vE E. Let w= 
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(= A)? oo. Then 
(—A) *w=(-A) “(-A)* “v=(—A) “v=u. 
Since D(A") is dense in E our assertion follows. 
We complete finally our definition of fractional powers by setting 


(Ay = (a (6.4.7) 
for Rea> 0; in view of the preceding observations, (— A)“ is closed and densely 
defined and all the properties proved in the previous section (e.g., (6.3.28)) follow 
immediately. 

For a near Rea=0, we define (— A)*=(— A)(— A)*~ |; it is easy to see 
that this definition is consistent with the previous one wherever their ranges of 
applicability overlap. 

We note, finally, that this construction of fractional powers coincides with 
the more general one developed in the previous section whenever both can be 
applied; this can be immediately seen comparing (6.4.4) with (6.3.3). 

It turns out that the assumption that 0 € p(A) leaves aside some important 
applications and is better omitted. However, the functional calculus just developed 
in this particular instance is an important heuristic guide even in the general case. 
For instance, assume that we want to show that —(— A)*EC, by defining 
S(t; —(— A)*) directly in terms of R(A). Clearly, the nght definition would be 


S(t; -—(- A)*) = S(t; — e7'A*) 
= Fp fexp(— te") R(A) dd (6.4.8) 


which makes sense, say, if 0 <a<+4 (and the angle g’ is small enough). It is not 
difficult to see that we can collapse the path of integration into the real axis in the 
same way used to obtain (6.4.4); the result is formula (6.4.9) below, which has a 
meaning as well when 0 € o( A). 

Let a be real. Define an operator-valued function by 


s,(¢) == f Toxo = (cos palcal cin nay RUN eee 


for § complex. In view of (6.4.1) the integrand is O(|A|*~') near the origin, 
and dies down exponentially at infinity if 


(cos 7a)Re& > (sinza)|Im £}. (6.4.10) 
If S\() is to be defined at least for £ real, we must have 
0<a<}i. (6.4.11) 


On the other hand, if (6.4.11) is verified, inequality (6.4.10) will hold in the 
sector |arg¢| < W, where 


y = arctg(cos 7a/sinta) = 7(4—a). (6.4.12) 
The most important case in applications, however, is a=+. Here (6.4.9) 
becomes 


Syalb)= 2 [sin NAR(A) dd, (6.4.13) 
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but the integral is divergent at infinity even if £ =1¢ is real. To overcome this 
difficulty we modify (6.4.13) by an integration by parts as follows: 


Silt) = [a(t A)R(AY ad (1>0), (6.4.14) 
where 


dr 
n(td) == [sinto'/? do 


Diag 
= —, (sin N74 — 1\'/cos A'/72), 
Tt 


and it is easy to see that, if 6 > 0 there exists a constant C = C; such that 
JA(t, A) < ON (ABO), [A(t,A)}<Crv/? (O<AK<1) (6.4.15) 
for t > 6. This obviously implies that 
IS; ,(l<C+Cr (t>620), (6.4.16) 


where C, C’ may in principle depend on 6. In case 0 € p( A), we may use the 
first estimate (6.4.15) only, thus C’= 0 in (6.4.6). 

Taking advantage of the estimates (6.4.15), continuity of A with 
respect to ¢ and the dominated convergence theorem in (6.4.14), we can 
prove continuity of S,,(¢) in ¢> 0 in the norm of (£). On the other hand, 
if u € D(A), we have 


Noo 


: Uy yee 
S\(t)u-u= lim = sin 2N/( R(A)u— xu} dd 
digs ae: val ans 
== [sina R(A)u ru dy 
] io“) 
ay. ~sin N?R(A) Audd > 0 ast>0. (6.4.17) 


Although S; ,.(-) is actually strongly continuous at the origin, we will not 
prove this directly, as a much stronger result follows from estimates on the 
resolvent of —(— A)'/? and the theory in Chapter 4. 

We proceed to compute the resolvent. Let up be a nonzero complex 
number in the sector (7 — y)/2 < argu <7/2 so that — pu” belongs to the 
sector = ,(y —) in the statement of Lemma 6.4.1. Write 


O(u) =-(pl—(- A)'”)R(-p?). (6.4.18) 


Since D((— A)'/*) > D(A), Q() is everywhere defined and bounded. It 
was observed in the proof of Lemma 6.3.1 that R(A) and K, commute for 


any a (0 <a<1) and this implies that R(A) and (— A)*= K, commute as 
well; hence, if u€ D((— A)'””), 


O(u)u=— R(-w?)(mi-(- A))u. (6.4.19) 
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Let now ue D(((— A)'/7)*). In view of the preceding observations, 
R(— p’)u © D((— A)'”*)’) and 


(ul +(—A)'”)O(u)u=(-wl-A)R(-w)u=u (6.4.20) 


since ((— A)'/*)? C — A (see (6.3.14)). On the other hand, D(((— A)'””)?) D> 
D(A?) is dense in E; this and the facts that Q(u) is bounded and (— A)'/? 
closed imply that O(w)E C D((— A)!”*) and 


(wr+(— A)')O(u)=1 (6.4.21) 


so that wl +(— A)!”? is onto. Assume there exists u € D((— A)!/*) such that 
(ul —(— A)'/*)u=0; we obtain from (6.4.19) that Q(u)u=0, and then 
from (6.4.21) that u = 0, thus proving that uJ —(— A)!/? is one-to-one. 

We can repeat the entire argument replacing » by — p, obtaining 
similar results for pl —(— A)'/* and wI +(— A)!”?. It follows in particular 
that uJ +(— A)'/? is invertible, and, in view of (6.4.21), 


O(n) =(ur+(-4)'?) = R(n;-(- 4)'”). 


We try now to find a different formula for R(; —(— A)'/*). Making use of 


6.4. Fractional Powers of Certain Unbounded Operators 371 


(6.4.18) and (6.3.3), we obtain 
] 
R(w; —(— A)'”) =~ pR(- 0?) - — [A 'PR(A)AR(- pe) da. 
0 
Using the second resolvent equation in the form 


R(A)AR(~ pw?) =—(A+n?) ‘(AR(A)+ wR(= 0?) 


and an elementary integration by residues, the formula 


aus—(-4)?) =! f 


7 40 


00 NZ 


Ace ean (6.4.22) 
results. Since the right-hand side of (6.4.22) can be extended analytically to 
Rep > 0 from its original domain of definition, we obtain by an application 
of Lemma 3.6 that every p in the right half plane belongs to p(—(— A)!/”) 
and that (6.4.22) holds in this larger domain. The region of existence of 
R(p; —(— A)!”7) can be further enlarged as follows. Let ~ be the angle in 
Lemma 6.4.1, 0 < gm’ <q; in view of (6.4.1) the domain of integration in 
(6.4.22) can be deformed into the ray argA = — g’, ReA > 0, thus extending 
analytically the right-hand side to the slanted half plane Re(we'?/*) > 0; 
since y’<@ is arbitrary, an extension to Re(we'?/?)>0 is obtained. A 
similar argument involving rays arg \ = g’, ReA > 0 takes care of the region 
Re(pe'?/?) <0. Finally, an estimation of the integrals yields 


[Rus (4) <C/lml (EZ ((4 + 9')/2)) (6.4.23) 


for every y’, 0 < gy’ < gy, where C may depend on q’. Details are very similar 
to those in the proof of Theorem 4.2.1 and are thus omitted. 

We apply now Theorem 4.2.1 itself: according to it, —(— A)!”7€ 
@((p/2)—). Let S(t; —(— A)'”*) be, in the usual notation, the semigroup 
generated by —(— A)'/*. We wish to prove that 


SH SG4) = 5,0) (FO). (6.4.24) 


In order to do this, we take u € D(A) and make use of (6.4.16) and (6.4.17) 
(which implies that S, /.(¢)u is continuous in ¢>0.) An easily justifiable 
interchange of order of integration shows that for any p > 0, 


ioe) ] ] (ee) ee) ] 
—pt a eee pe [Bee 1/2 Eas? 
if e MS, (t)udt ac =f. (f e “sin tA dt)| R(d)u xu) ar 


] oO NZ 
=— R(A)udx 
I A+ p? Cae 


= R(p;-(-A)'”)u. (6.4.25) 


Since the same equality must hold for S(t; —(— A)!”*)u, we obtain that 
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S(t; —(— A)'/*)u and S,/.(t)u coincide for u€ D(A) for t> 0. As both 
operators are continuous (S,,,(¢)u because of the comments following 
(6.4.17)), we obtain (6.4.24) if we define S, ,.(0)= J, using uniqueness of 
Laplace transforms and denseness of D(A). 

We collect our results. 


6.4.2 Theorem. Let A_ satisfy (6.3.1). Then -—(-—A)'? € 
@((p~/2)—), where y = arcsin(1/C). If 0 € p(A), we have 


S(t; -(—A)')| <C’ (t>0). (6.4.26) 
Equality (6.3.14) can be improved for a= to: 
((— 4)'7) = (- A)'7(- A)? == A. (6.4.27) 


In fact, if » is a complex number such that — p? € p( A), we have seen that 
both pw and — p belong to p(—(— A)!””); thus 


D(((- 4)'7)’) = R(u; —(— 4)') R(= ws —(- 4)? E 
=~ R(-y2; A)E = D(A). 
This equality, combined with (6.3.14), implies (6.4.29). 


6.4.3. Example. Let A be dissipative (so that A is m-dissipative by virtue 
of Assumption 6.3.1). Then —(— A)!/? is m-dissipative. 


6.4.4 Example. Let E be a Banach lattice (see Section 3.7) and assume 
that A is dispersive with respect to a (any) proper duality map 6. Then the 
same is true of —(— A)!7?. 


6.5. AN APPLICATION: THE INCOMPLETE 
CAUCHY PROBLEM 


It was pointed out in Section 6.1 that if A is a self-adjoint operator in a 
Hilbert space such that — A is positive definite (see Example 6.1.5), then for 
every u © D((— A)'/*) there exists a unique solution of 


u’(t)+ Au(t) =0, (6.5.1) 
u(0)=u, SupIleCE he, (6.5.2) 


which is given by u(t)=exp(—7(— A)'”*)u. We prove here a partial 
generalization of that result with the help of the theory of fractional powers 
developed in Sections 6.3 and 6.4. 

Let A be an invertible operator satisfying the assumptions in Section 
6.3; precisely, let [0,00) C p(A) and 


IRCA) < C/A (A>). (6.5.3) 
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Take u € D(((— A)'/*)*) = D(A) (see (6.4.27)) and let 
u(t)=S,(t)u, (6.5.4) 


where S, ,.(-) is the semigroup defined in Section 6.4. In view of (6.4.16), 
u(-) is a solution of (6.5.1), (6.5.2). Moreover, the solution is unique. To 
prove this, let v(-) be an arbitrary bounded solution of (6.5.1) such that 
v(0)=0, and define w(t) = R(w)v(t) for some p> 0 fixed. Then w(t) is 
bounded in ¢>0 together with w”(t)=— Aw(t)=— AR(w)v(t) and 
(— A)! w(t) = (— A)'”?R(p) v(t); clearly, ||w’(t)|| = O(t) as t > 00. De- 
fine z(t) = w(t)+(— A)'/* w(t). Then it is easy to see that z(r) is a genuine 
solution of 


z'(t)=(—A)' z(t) (t>0), (6.5.5) 
where z(0) = w, = w’(0) and ||z(¢)|| = O(7), ||z’(t)|| = O(7) as t > 00 in view 
of the preceding estimates on w(-). Define 


a(n) = [" eM2(0) dt (Red <0). (6.5.6) 


The function 2 is obviously analytic in the left half plane. Integrating by 
parts and making use of (6.5.5) and of the bounds on z, z’, it is easy to see 
that 2(A) © D((— A)'””) and 

(AT+(- A)'”)2(A)=—w, (Red <0). (6.5.7) 
Hence the function z(A) is an analytic continuation of — R(A; —(— A)!/7)w, 
(which is defined in = ,(4(7 + »)—)) to the whole complex plane minus the 


origin. In view of inequality (6.4.23), this continuation may have at most a 
pole of order 1 at \ = 0, so that we have 


R(A;-(—A)')w=f(A)tu/d (A#0), 
where f is an entire E-valued function and u © E. By virtue of (6.4.23) and 
of the inequality 

ZI <C/|Rer| (Red <0), 

which follows immediately from (6.5.6), we see that f dies down at infinity 
(hence vanishes identically), thus R(A; —(— A)!'/?)w, = u/A. Making use of 
the definition of resolvent, we deduce that 

(Ar+(-A)'?)u/A=ut(-A)'Cu/rA=w, 
obtaining that (— A)'/7u=0 and u=w,, hence (— A)'/*w, = 0. It follows 
that 

S(t), =, (t>0). (6.5.8) 


We consider now the function y(t)=w’(t)—(— A)!/7w(t). Since (as we 
easily verify) y is a genuine solution of y(t)=—(— A)'/’y(t) in t>0, 
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y(0) = w,, we obtain 
y(t) =w'"(t)-(— 4)'7 w(t) = S, 2 (1), =. (£20). (6.5.9) 
Applying S, ,.(t) to both sides, 
(S,2(t)w(t))’=, (120), 
hence 
Siy(t)w(t)=™, (6.5.10) 


keeping in mind that w(0) = 0. Since the left-hand side of (6.5.10) must be 
bounded, w, = 0, thus S$; .(¢)w(t) = 0 in ¢> 0. By virtue of Remark 4.2.2, 
each S,,,(¢) is one-to-one and we finally obtain that w(t)=0, hence 
v(t) =0 in t > 0. This proves uniqueness of solutions of (6.5.1), (6.5.2). 

We collect the results obtained. 


6.5.1 Theorem. Let A be a densely defined, invertible operator 
satisfying (6.5.3), and let u © D(A). Then there exists a unique solution u(-) of 
(6.5.1), (6.5.2). This solution is given by the formula 


u(t)=S,,(t)u, (6.5.11) 


where S\ /y is a strongly continuous, uniformly bounded semigroup analytic in 
the sector %.((p/2)—), p=arcsin(1/C) (C the constant in (6.5.3). The 
generator of S, > is the operator —(— A)'7?. 


We note that Theorem 6.5.1 obviously implies that the incomplete 
Cauchy problem (6.5.1), (6.5.2) is well posed as defined in Section 6.1: the 
solution of this problem satisfies 


IIu(z)I|<Cllul]| (¢> 0), (6.5.12) 


where C does not depend on u. 


6.6. MISCELLANEOUS COMMENTS 


Properly and improperly posed problems have been commented on in 
Sections 1.7 and 6.1. Although the importance of problems that are improp- 
erly posed in one sense or other began to be realized in the forties (see, for 
instance, Tikhonov [1944: 1]), substantial progress in their treatment had to 
wait until the late fifties. Thus we read in Courant-Hilbert [1962: 1, p. 230]: 
“Nonlinear phenomena, quantum theory, and the advent of powerful 
numerical methods have shown that “properly posed” problems are by far 
not the only ones which appropriately reflect real phenomena. So far, 
unfortunately, little mathematical progress has been made in the important 
task of solving or even identifying and formulating such problems that are 
not “properly posed” but still are important and motivated by realistic 
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situations.” Since then, a true explosion of research activity has occurred, as 
attested by the size of the bibliography in Payne’s monograph [1975: 1], 
which is almost exclusively devoted to several types of improperly posed 
Cauchy problems. 

With the possible exception of the reversed Cauchy problem in 
Section 6.1, none of the problems and examples in this chapter would 
probably be recognized by specialists as improperly posed, but rather as 
properly posed problems whose correct formulation is somewhat nonstan- 
dard. We refer the reader to Payne [1975: 1] for examples, results and 
general information on ill-posed Cauchy problems, and we limit ourselves to 
a few comments on the material in this chapter. 


(a) Section 6.2. Theorem 6.2.1, as well as the definition of problems 
that are properly posed for bounded solutions, are due to Krein and 
Prozorovskaya [1960: 1]. The fact that an improperly posed problem may be 
“stabilized” by a priori restrictions on its solutions was already realized by 
Tikhonov [1944: 1]. The reversed Cauchy problem for the heat equation 
with a priori bounds on the solutions was considered for the first time by 
John [1955: 1] (where the bound takes the form of a nonnegativity condi- 
tion). The Cauchy problem for elliptic equations was studied in the same 
vein by John [1955: 2], Pucci [1955: 1], [1958: 1], and Lavrentiev [1956: 1], 
(POS 75). 

The inequalities leading to Theorem 6.2.1 can be considerably shar- 
pened under more precise assumptions on the operator A. For instance, we 
have 


6.6.1 Example. Let A be a symmetric operator in a Hilbert space H, u(-) 
a solution of 
ult)=Aulty (O<1T<F). 

Then log||u(t)|| is convex in 0 <¢ <T; in particular, 

[u(t I < uCO uC T I" (O<t<T). (6.6.1) 
To see this assume first that u(t) +0 in 0<?t<T. Then 

(log||u(2)II?)” = 2{lu(ol 7 (Au(t), u(1))}’ 
B 2 x 
= —Allu(e) *(Au(e), ue) +4 ial] PAu (opi? 

which is nonnegative in view of the Schwarz inequality. To show (6.6.1) in 
general it suffices to prove that u(t) vanishes identically if u(7) = 0. If this 
is not true, we may obtain by translation an interval 0<t<h, where 


u(h) = 0, u(t) + 0 for 0 <t <h, a contradiction in view of (6.6.1) applied in 
(OS <n. 


Similar /ogarithmic convexity results have been obtained for various 
functions V(u(t)) of solutions of various classes of differential equations. 
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For some references on the subject see Knops-Payne [1971: 1], Levine 
(1970: 1], 1970: 2], [1972: 1], [1973: 1], [1973: 2], Agmon [1966: 1], and 
Agmon-Nirenberg [1963: 1], [1967: 1]. An overview of the subject and 
numerous other references can be found in Payne [1975: 1]. 

As general references in the field of ill-posed problems (some of them 
not connected with the Cauchy problem), see Lavrentiev [1967: 1], 
Lavrentiev-Romanov-Vasiliev [1970: 1], Tikhonov-Arsenin [1977: 1], and 
Morozov [1973: 1]. 


(b) Sections 6.3, 6.4, 6.5. The definition of fractional powers pre- 
sented here is due to Balakrishnan [1959: 1], [1960: 1]. It generalizes earlier 
definitions of Bochner [1949: 1] and Phillips [1952: 1], where A <= C,(C,0) 
for some C (so that p(A) > (0, 00) and ||R(A)"|| < CA” for A > 0). Here the 
semigroups generated by —(— A)* can be explicitly written in terms of the 
semigroup generated by A by means of the formula 


exp(—1(— A)")u= [ fa(t.s)exp(sA)uds, (6.6.2) 


where f,(t,5) is the function that makes (6.6.2) an identity in the scalar 
case: 


1 w + 100 a 
f(t, 8) ‘ha ee dy (6.6.3) 


21 @ — 100 


Here w > 0 and the branch of A“ is chosen in such a way that A“ is analytic 
in ReA>0O and Red“ >0 there. See Yosida [1978: 1] for justification of 
(6.6.2) and additional details. 

The particular case of Balakrishnan’s definition where A~'€(E) 
was discovered independently by Krasnosel’skii and Sobolevskii [1959: 1]. 
A vast literature on diverse properties of fractional powers and on 
their applications to the abstract Cauchy problem exists. See Komatsu 
[1966: 1], [1967: 1], [1969: 1] [1969: 2], [1970: 1], [1972: 1], Kozlov [1958: 1], 
Guzman [1976: 1], Hovel-Westphal [1972: 1], Kato [1960: 1], [1961: 2], 
[1961: 3], (1962: 1], Sobolevskii [1960: 1], [1961: 2], [1964: 5], [1966: 2], 
[1967: 1], [1967: 3], [1972: 1], [1977: 1], Kalugina [1977: 1], Staffney [1976: 
1], Volkov [1973: 1], Watanabe [1977: 1], Westphal [1968: 1], [1970: 1], 
[1970: 2], [1974: 1], [1974: 2], Yoshikawa [1971: 1], Yoshinaga [1971: 1], 
Emami-Rad [1975: 1], Balabane [1976: 1], Sloan [1975: 1], Krasnosel’skii- 
Sobolevskii [1962: 1], [1964: 1], Krasnosel’skii-Krein [1957: 1], [1964: 1], 
Langer [1962: 1], Nollau [1975: 1], and Lions [1962: 1]. For general 
information on fractional powers and additional references see the treatises 
of Krein [1967: 1], Tanabe [1979: 1], and Yosida [1978: 1]. We note that the 
theory of fractional powers is a particular instance of an operational 
calculus, where one tries to define f(A) for a class of functions wide enough 
while conserving (inasmuch as possible) desirable properties like ( fg)( A) = 
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f(A)g(A). An instance of an operational calculus for a fairly arbitrary 
unbounded operator A was sketched in Example 3.12: as seen in Section 
6.4, this calculus is essentially sufficient to define fractional powers of 
certain operators (but not of those satisfying only (6.3.1)). For information 
on operational calculi, see Hille-Phillips [1957: 1], Dunford-Schwartz [1958: 
1], Balakrishnan [1959: 1], Kantorovitz [1970: 1], Faraut [1970: 1], and 
Hirsch [1972: 2]. In the Hilbert space case, advantage can be taken of the 
“reduction to self-adjoint operators” outlined in Section 3.8(b)): see Sz.- 
Nagy-Foias [1969: 1]. 

In view of some of the applications, it is important to compute the 
fractional powers of ordinary and partial differential operators, or at least 
to identify their domains. This is no easy task, and the results are sometimes 
less than intuitively obvious. 


6.6.2 Example (Yosida [1978: 1]). Let E = L*(—0,0), Au=u” with 
domain consisting of all uw € E such that wu” (taken in the sense of distri- 
butions) belongs to E. Then A satisfies (6.3.1) (in fact, it belongs to 
C,(1,0)). The operator —(— A)'/? is the singular integral operator 


= (= A)'?u(x) = tim, <[* cay (6.6.4) 


with domain D((— A)!/*) consisting of all wu € E such that the limit exists in 
the L? sense (and not the first derivative operator Bu =iu’ as one may 
expect). However, we do have 


D((- A)'”’) = D(B). 


To prove these statements we do not need the general theory of fractional 
powers since A is a self-adjoint operator. Through the Fourier-Plancherel 
transform, A is equivalent to the multiplication operator Au(o) = — o7u(o) 
in L2, thus (— A)!/?u(o)=|o|u(o) and formula (6.6.4) is an immediate 
consequence of the fact that 


10x 


eo) e 7 
if ; ea Sentai 
ox- th h 


We note that 
B?=-A 
and the “discrepancy” between (— A)'’? and B is in fact a consequence of 


the fact that if a is a real number, Va? equals |a| and not a. In fact, we 
have (in the sense of the functional calculus for self-adjoint operators) 


(— A)’ =|BI. 


For results on the identification of fractional powers of differential opera- 
tors see the treatise of Triebel [1978: 1] and bibliography therein, Evzerov 
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(1977: 1], Evzerov-Sobolevskii [1973: 1], [1976: 1], Krasnosel’skii- 
Pustyl’nik-Zabreiko [1965: 1], [1965: 2], Segal-Goodman [1965: 1], Masuda 
(1972: 2], Murata (1973: 1], Sobolevskii [1972: 1], [1977: 1], and Koledov 
[1976: 1]. 


(c) Section 6.5. The results here are due to Balakrishnan [1960: 1]. 
Generalizations to the higher-order equation 
u(t) = Au(t) (6.6.5) 


were carried out by Radnitz [1970: 1] and the author and Radnitz [1971: 2]. 
The problem here is that of existence and uniqueness of solutions of (6.6.5) 
that satisfy the estimate 


|u(t)|| =O(e*) ast—>oo (6.6.6) 
and the incomplete initial conditions 
u(0)=u,EE (kéea), (6.6.7) 


where a is a predetermined subset of the set {0,1,...,2—1}; also, the 
dependence of the solution on the initial data (6.6.7) is examined. The 
author’s paper [1973: 1] proceeds along similar lines, but the selection of 
the solution of (6.6.5) satisfying the incomplete initial conditions (6.6.7) is 
made not necessarily on the basis of the growth condition (6.6.6) but in an 
unspecified way producing existence, uniqueness, and linear and continuous 
dependence on the initial data. In a sense, these investigations are related to 
Hille’s results on the higher-order Cauchy problem (see 2.5(c)) and with 
results for particular higher-order equations due to Lions [1961]: 1]. 

A problem of a somewhat similar sort is the boundary value problem 
for a higher order equation 


u™(t)+ Ay (t)u@ %G)+--- + A, (t)u’(t)+ A, (u(t) = f@). 
(6.6.8) 


Here, solutions are sought in a finite interval (say, 0 <t <7) and boundary 
conditions are given at each endpoint: 


uO(0)=tupg (Kea), wO(T) =u, (kKeaz) (6.69) 
where ay, a, are fixed subsets of (0, 1,...,2 — 1}. (We may also have “mixed” 
boundary conditions involving both extremes.) We seek conditions on the 
A,,Q ,% 7, which make the problem properly posed in the sense that ex- 


istence, uniqueness, and continuous dependence on the boundary data and 
on f hold. To give an idea of the difficulties involved, consider the following 


6.6.3 Example. Let E = L*(0,7), Au=u” with domain D(A) consisting 
of allu € E with uv” € E and u(0) = u(r) = 0. Any solution u(t)(x) = u(x, t) 
of the abstract differential equation 


u(t) = Au(t) (6.6.10) 
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can be written in the form 
lo e) 
u(x,t)= )) (a,cosnt + b, sin nt)sin nx. 


n=1 


Assume we impose the initial and final conditions 


u(x,0)=0, u(x,T)=u(x)= >) c,sinnx€ E. (6.6.11) 


n=] 
Then a, = 0 and 
b,=c,/sinnT (n>1). (6.6.12) 


If sinnT = 0 for some n (that is, if 7/7 is rational), condition (6.6.12) forces 
c,, to be zero, thus the subspace D of final data for which the problem has 
solutions is not dense in £. On the other hand, if 7/7 is irrational, D 
includes all wu with finite Fourier series and is thus dense in E. However, in 
order to obtain a “continuous dependence” estimate of the type 


u(t) <Cllu(T)I| (O<t<T), (6.6.13) 
we must have |sinn7|> e> 0 for all n >1, in other words 
(mn) > 0 > On; (eA), (6.6.14) 


where (nT) indicates the distance from nT to the nearest point of the form 
ka. But it is an immediate consequence of Kronecker’s theorem in number 
theory (Hardy-Wright [1960: 1, p. 376]) that (6.6.14) never happens when 
T/7 is irrational, thus a bound of the type of (6.6.13) has no chance to exist. 
Since the bound does hold for u€ D when T/7z is rational, existence of 
solutions to the boundary value problem for “sufficiently many” boundary 
data and continuous dependence clash in an obvious sense. A sort of way 
out can be attempted by replacing the inequality (6.6.13) by the weaker 
version 


I|u(t)I| <Cy(D,)*u(T)I| (O<t<T). (6.6.15) 


To obtain this, we only need to show that |sinnT|> en * for all n>1 for 
some e> 0, or, equivalently, 


(nieson <2 (n>) (6.6.16) 


for some 6>0. According to a theorem of Liouville (Hardy-Wright 
[1960: 1, p. 161]), this is the case if 7//m is an algebraic number of degree 
k +1. The preceding considerations, which are particular cases of those in 
Bourgin-Duffin [1939: 1] (and which can be easily adapted to the case 
u(x,0) +0) provide an answer to the problem of choosing T in order to 
make the boundary value problem (6.6.10), (6.6.11) properly posed (al- 
though the answer would probably not be appreciated very much by a 
physicist or engineer, dealing with the very practical problem of “interpolat- 
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ing” the movement of a string, its position known at two times ¢=0 and 
t=T). 

Although no necessary and sufficient conditions on the A,(¢), T and 
the sets a», a, in order that the boundary value problem be well posed are 
apparently known, even in the particular case where the A, do not depend 
on time, numerous results in both directions exist. Necessary conditions 
regarding the number of boundary conditions and their distribution be- 
tween the two endpoints were found by the author [1974: 1] for the equation 


u\")(t) = Au(t) (6.6.17) 


using a modification of an idea of Radnitz [1970: 1] to obtain the resolvent 
of A in terms of the solutions of (6.6.17), (6.6.9). The following references 
deal mostly with sufficient conditions in order that the boundary value 
problem (6.6.8), (6.6.9) be properly posed in various senses; most of the 
material is on second-order equations with one boundary condition at each 
endpoint, or with mixed boundary conditions involving both endpoints. 
See the treatise of Krein [1967: 1] and Krein-Laptev [1962: 1], [1966: 1], 
[1966: 2], Favini [1975: 2], Gorbacuk-Kotubei [1971: 1], Gorbatuk- 
Gorbatuk [1976: 1], Honig [1973: 1], Jakubov [1973: 1], Juréuc [1974: 1], 
[1976: 1], [1976: 2], Kislov [1972: 1], [1975: 1], Kutovoi [1976: 1], McNabb 
[1972: 1], McNabb-Schumitzky [1973: 1], [1974: 1], Mihailec [1974: 1], 
[1975: 1], Misnaevskii [1976: 1], Orudzev [1976: 1], Pavec [1971: 1], Romanko 
[1976: 1], (1977: 1], Venni (1975: 1], Laptev [1966: 1], [1968: 1], J. M. 
Cooper [1971: 1], and Karasik [1976: 1]. 


Chapter 7 


The Abstract Cauchy Problem for 
Time-Dependent Equations 


Many deep and useful results for the time-dependent equation u’(t) = 
A(t)u(t) can be obtained by extensions and modifications of the 
theory pertaining to the equation u’(t) = Au(t). There are two main 
avenues of approach. In the first (Sections 7.1 to 7.6) one assumes that 
each A(t) belongs to the class @ introduced in Chapter 4, with a 
uniform bound on the norm of R(A; A(t)). The Cauchy problem is 
then shown to be properly posed, the definition of solution depending 
on the smoothness of the function t > A(r)~'. There are applications 
to the time-dependent version of the parabolic equations considered 
in Chapter 4. 


In the second approach we only assume that each A(r) 
belongs to ©; the hypotheses on the function t > A(t) make possible 
the constructions of the solutions in “product integral” form, corre- 
sponding to approximation of A(-) by a piecewise constant operator- 
valued function. The natural application here is to time-dependent 
symmetric hyperbolic equations; many of the auxiliary tools needed 
were already developed in Section 5.6. 


7.1. THE ABSTRACT CAUCHY PROBLEM FOR 
TIME-DEPENDENT EQUATIONS 


Let 0<T<o and {A(t); 0<t<T)} a family of operators in an arbitrary 
Banach space E. Strong or genuine solutions of the equation 


u(t) = A(t) u(t) (7.1.1) 
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in any interval J contained in 0 <¢ < T are defined, as in the time-indepen- 
dent case, to be continuously differentiable functions u(-) such that u(t) © 
D(A) and (7.1.1) is satisfied everywhere in J. 

We shall say that the Cauchy problem for (7.1.1) is well posed (or 
properly posed) in 0 <t<T if the following two assumptions are satisfied: 


(a) (Existence of solutions for sufficiently many initial data) There 
exists a dense subspace D of E such that for every s,0<s <T and 
every Uy €&D there exists a solution t—>u(t,s) of (7.1.1) in 
s<t<Twith 


u(s,s)=Up. (Iie) 


(b) (Continuous dependence of solutions on their initial data) There 
exists a strongly continuous (E )-valued function S(t, s) defined in 
the triangle 0 <s <t<T such that if u(t,-) is a solution of (7.1.1) 
ins <t<T, we have 


u(t,s)=S(t,s)u(s,s). — (7.1.3) 


The operator S will be called the propagator (or evolution operator or solution 
operator) of (7.1.1). Because of the uniform boundedness theorem, (b) 
implies 

SCE Neel <s <7e7T) (7.1.4) 


for any T’ <T, so that the label given to (b) is justified. Note that solutions 
depend continuously not only on their initial data, but also on the time s at 
which these data are imposed. It is clear that when A(t) = A and T = oo, our 
definition is equivalent to that in Section 1.2 for the time-independent 
Cauchy problem. Just as in there, if 0<s<T and u,€E, we call the 
function 


u(t) =S(t,s) uy (7S) 


a generalized solution of (7.1.1). We shall discuss later the relation among 
generalized solutions of (7.1.1) and weak solutions (that is, solutions in the 
sense of distributions). 

Note that (b) implies that D is contained in D(A(s)) for any s in 
[0, 7), thus the set 


DUA) Sue Det )) (7.1.6) 
O< p<] 
must be dense in E. This imposition can be avoided if need be by requiring 
the solution u(-, s) in (a) to satisfy (7.1.1) only in 0 < s < T (but, naturally, 
retaining continuity in 0 < s <T to give sense to the initial condition) or by 
allowing D to depend on s, in which case D(s) C D( A(s)) and denseness of 
each D(s) only implies denseness of the domain of each A(s), hardly an 
extravagant assumption. Unlike in the time-independent case, the definition 
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of solution of (7.1.1) is critical, and several different notions will have to be 
used below. 
The following two equalities are obtained in the same way as (2.1.2): 


Ss) = Ores <1") (Gale) 
Str Sieas = S(e 5) (Cas <raret ), (7.1.8) 


We note finally that the notion of properly posed Cauchy problem 
can be formulated equally well in intervals other than [0, 7). 

The case where the operators A(t) are everywhere defined and 
depend continuously of ¢ in one way or another is of scarce interest to us for 
the reasons already pointed out in the time-independent case in Section 1.2. 
However, the results are considerably less trivial when A(t) is not a constant 
function and we include one of them, which is an infinite-dimensional 
extension of a classical theorem on existence and uniqueness of solutions of 
systems of ordinary differential equations. 


7.1.1 Theorem. Let A(t) be bounded and everywhere defined in 
0 <t<T; moreover, let t— A(t)€(E) be strongly continuous in 0 <t <T. 
Then the Cauchy problem for (7.1.1) is properly posed in 0 <t<T and the 
function (s, t) > S(t, s) © (E) is continuous inO<s<t<T. 


Proof. The proof is a standard application of the successive ap- 
proximation method. We begin by observing that if uy € E, the differential 
equation (7.1.1) and the initial condition (7.1.2) are equivalent to the single 
integral equation! 


u(t,s) =o + [’A(r)u(t, 5) dr. (7.1.9) 


We take u,(t) = uy as initial approximation and define the following ones 
recursively by 


u,(t,5) =u + fA(r)u, (7,8) dr, (n= 1,255.). °5(7.1210) 

By the uniform boundedness theorem, if 7’ < T 
WAC) Gm Oma), (Fel) 
which yields, via a simple inductive argument applied to (7.1.10), the 
'If v(-) is a continuous E-valued function, A(-)v(-) is continuous. This is a simple 


consequence of the strong continuity of A(-) and of the bound (7.1.11). This will be used many 
times in the sequel. 


384 The Abstract Cauchy Problem for the Time Dependent Equations 


sequence of inequalities 
c"(t—s)” 
Iug(4,8)— ty a(t, 8) << gl (qeele2 oes ah l 12) 


in s<t<T"’. Accordingly, the series L||u,,(t, 5)—u,,_ ,(t, s)|| converges (and 
thus u(t, s)=limu,(t, 5) exists) uniformly on 0<s<t<T’. Taking limits 
in (7.1.10), we see that u(-, 5) is a solution of (7.1.9) and then a solution of 
the initial-value problem (7.1.1), (7.1.2). 

To prove uniqueness of u(t, s) and continuity of the solution opera- 
tor, we make use of the following result (Gronwall’s lemma), which we state 
in a version more general than necessary now, with a view to future use. 


7.1.2 Lemma. Let B be locally integrable and nonnegative in t > a. 
Assume the nonnegative continuous function y(t) satisfies 


n(t)<at [°B(s)n(s) ds (7.1.13) 
in t >a, where a> 0. Then 
n(t) <aexp| f'B(s) do} (7.1.14) 


Lite "a: 


Proof. We assume first that a> 0. It follows from (7.1.13) that 


Bla at f’B(s)n(s)d)  < BC) (1a). 
Integrating from a to ¢ gives 
log a+ ['B(s)n(s) ds)—loga< f'B(s) as, 
whence (7.1.14) follows using again (7.1.13). The case a=0 is dealt with 
takinga>0O+. 


We go back to the uniqueness problem. Let u(t, s) be a solution of 
(7.1.9) ins <t<T’. If we set n(t) = ||u(t, 5)\|, we have 


t 
n(t) <|luoll+ Cf'n(s) ds, (7.1.15) 
thus it follows from Lemma 7.1.2 that 


u(t, sce |u| (s<t<T), (7.1.16) 


which shows that u(t,s)=0 if uy =0. Since T’<T is arbitrary, existence 
and uniqueness of the solution is established in s <1 <T for any s <T. We 
note, incidentally, that the arguments leading to existence and uniqueness of 
the solutions of (7.1.1) work just as well for t<s as for t>s so that 
solutions actually exist in 0 <t <T" (i.e., the Cauchy problem can be solved 
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not only forward but also backwards). Hence the propagator S(t, s) can be 
defined in the square 0 < s, t < T rather than only in the triangle0 <s <1t<T 
and satisfies in each square 0 < s <¢ <T’ an estimate of the form 


S(t, | < ell, eialan 


We prove finally that S is continuous in the sense of the norm of (E£). To 
this end, we note that 


S(t’, 5) -— SC, s)IL < [IS(2’, 8) — S(t, s VII +S(z, 8’)— S(t, s)I| 
(W8) 


and proceed to estimate the two terms on the right for 0<s <s’<T”’ and 
Oei<i <1, where 7” <7. In view of (7.1711) andi(7.117), 


W(S(2", s’)— S(t, s’)) ul < fWACr)IIS(a 8’)ull dr 


< C(t’—t)e |Iu| (7.1.19) 


for any u€ E. The second term on the right-hand side of (7.1.18) is also 
estimated by means of (7.1.11) and (7.1.17). If wu] E, we have 


I(S(4,8)~S(t,5))ull < fA )IIS(r, 8) ula 
. if WA(T)IICS(7, 8) S(x, 5) ul] dr 
<C(s’—s)e + Cf ists, s’)—S(1,5)) ull ds. 


Applying Lemma 7.1.2 to n(t) = |\(S(¢, s‘)— S(t, s)) ul], we obtain 
I SCs) = S(z, s)) all =. C(s’ se?" || ul (7.1.20) 
for any u € E, which ends the proof of Theorem 7.1.1. 


Motivated by some of the results above (see the observations follow- 
ing (7.1.16)), we introduce a definition that will also find application in 
Section 7.7 and following sections. We say that the Cauchy problem for 
(7.1.1) is well posed (or properly posed) forward and backwards, or in both 
senses of time if the solutions required in (a) actually exist in 0</<T, 
rather than only in s < ¢t < T and if the operator S(t, s) exists and is strongly 
continuous not only in the triangle 0<s<t<TJ but in the square 
0 <s,t<T. This notion can be formulated equally well for an operator-val- 
ued function A(-) defined in an arbitrary interval J, not necessarily of the 
form [0,7) (say [0,7], (—T,T), etc.). It is clear that this definition 
generalizes to the time-dependent case that of well-posed Cauchy problem 
in (— 00, 00) (see Section 1.5). 

When the Cauchy problem is well posed in both senses of time in 
some interval J, equality (7.1.8) holds in the square s,¢ © J and it follows 
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from it and from (7.1.7) that S(t, s)S(s, t)= S(t, t)=I=S(s,5)= 
SCS. EO CE, 5). 08 

S(s,t)'=S(t,s) (s,t€I). (7b 1) 
Each operator S(t, 5) is invertible. 


7.1.3 Example. Assume the hypotheses on A(-) are those in Theorem 
7.1.1. We look now for a (£)-valued function S(t,s), solution of the 
integral equation. 


S(t,s)u=u- ['S(t,0)A(o)udo (ue E) (7.1.22) 


in the square 0 < 5, t < 7. Existence and uniqueness of S(t, s) are proved by 
means of an iteration scheme similar to the one used in (7.1.9). The function 
S(t, s)u is continuously differentiable in s for all u, 


D,S(t,s)u=—S(t,s)A(s)u (0<s<T), S(t,t)u=u, 
(7-623) 
and S satisfies an estimate of the type of (7.1.17). Take u € E and define 
p(o) =S(t,o)S(o,s)u. 
Then 
y(o) = D,S(t,0)S(o,s)u+S(t,0)D,S(o,s)u 
= — §(t,0)A(o)S(o,5)u+S(t,0)A(o)S(o,5)u=0 
in 0 <o <T, so that @ is constant; hence S(t, s)u = p(s) = p(t) = S(t, s)u, 
which shows that 
Si, s)=S(6 5). (7.1.24) 
We obtain in this way nontrivial information on S as a function of s. 
Similar tricks will work in other situations (see Section 7.2). 
7.1.4 Example. It was observed in Section 1.5 that in the time-indepen- 
dent case A(t) = A €(E), we have 
\|S(2, 5)— Tl] =||S(t-s)—1|| > 0 
as t—s — 0. A similar result holds if we place ourselves under the hypothe- 
ses of Theorem 7.1.1. In fact, it follows immediately from (7.1.19) that 


|S(t, s)—T|| < Ce |t — s| (721.25) 
for 0 <s,t<T’. It does not seem to be known whether S(t —s)— J in (E) 


as t — s > 0 must necessarily imply that the A(t) are bounded in the general 


case; when A does not depend on time, the corresponding result is Lemma 
Pisin? 


Many variants of Theorem 7.1.1 can be obtained under the basic 
assumption of boundedness of A(t) by simply modifying the requirements 
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on continuity of t— A(t) (and modifying accordingly the definition of 
solution employed). One variant in the direction of greater generality is: 


7.1.5 Example. Let A(t) be everywhere defined and bounded for almost 
all ¢, 0<t¢<T. Assume that for each u the function t > A(t)u is strongly 
measurable and that 


AC)I<B(t) (O<t<T), (7.1.26) 


where £ is locally integrable. Then the Cauchy problem for (7.1.1) is 
properly posed forward and backwards if we weaken the definition of 
solution thus: a continuous function is said to be a solution of (7.1.1) if and 
only if the integral equation (7.1.9) is satisfied, the integral understood in 
the sense of Bochner. (Note, incidentally, that A(r)u(7,5) is strongly 
measurable in 7 if u is continuous; this can be seen approximating u by step 
functions.) Integrability follows from boundedness of u, since || A(T) u(r, 5 )}| 
< CB(7). The proof of Theorem 7.1.1 can be readily adapted to the present 
setting; we outline the main steps. The iteration scheme to solve (7.1.9) is 
the same; inequality (7.1.12) becomes 


eg 48) ty (tS ae (f'BC2) dr} Iluoll (= 1,2...) 


(ele?) 
Inequality (7.1.15) is now 
n(t) <|luoll+ [°B(s)n(s) ds, 
which implies, via Lemma 7.1.2, that 
IS(z, sll <exp| 'B(r) dz]. (71728) 


Continuity of S(t, 5) is proved with two inequalities similar to (7.1.19) and 
(7.1.20). Examples 7.1.3 and 7.1.4 have obvious generalizations to the 
present situation. 


The following result, on the other hand, strengthens the conclusion 
of Theorem 7.1.1 under stronger assumptions. 


7.1.6 Example. If ¢— A(t) is continuous (in the norm of (£)), Theorem 
7.1.1 holds with the following refinements: the propagator S(t, 5s) is con- 
tinuously differentiable (in the norm of (£)) with respect to both variables 
in the square 0 <s,¢<T and 


D,S(t,s)=A(t)S(t,s), D.S(t,s)=—S(t,s)A(s) (7.1.29) 
there. In fact, S(t, s) is differentiable in the norm of (£) in 0 <s,t<T also 


under the hypotheses in Theorem 7.1.1 and both equalities (7.1.29) hold (the 
derivatives of course are not in general continuous in (£)). 
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7.1.7. Example. Let A(-), 4y(-) be two operator-valued functions satisfy- 
ing the assumptions in Example 7.1.5 and let 


A(t)-Ap(Dii<e (O<t<T’). 


If S is the propagator of (7.1.1), Sp the propagator of u’(t) = Ao(t)u(t), we 
have 


S(t, 5)—S(t, s)Il< er" exp(2 J" B(r) dr), (7.1.30) 


The result follows from subtracting the integral equation (7.1.9) satisfied by 
S and the corresponding one for Sy; we obtain 


(S(t,5)—S(t,))u= f'(A(1)- Ao(1)) Sa, s)udr 


+ f'Ao(7)(S(1,5)- So(7,5))udr 
so that, if n(¢) = ||(S(¢, 5)— Sp(¢, 5))ul|, we have, making use of (7.1.28), 


TG t 
n(t) <ef"(exp [7 B(r) dr }luli+ f'B(+)n(7) dr 
0 Ss 
from which (7.1.30) follows using Lemma 7.1.2. 


7.1.8 Example. Under the hypotheses in Example 7.1.6, letO0<s<t<T 
and choose for each n =1,2,... a paftition s=1,)5<1t,,<-+°: <t =1 
in such a way that 6, = sup,(t,, ; — ty, ;-1) 7 0 as n> 00. Then 


m(n) 


S(t,s)= lim J] exp((t,, ,-4,, -:)A(t,,;)) (7.1.31) 


Ce) FH 


in the norm of (£), where the product is ordered backwards: 


m(n) 


IT exp((¢,,; a ay (ere) 
j= 
= exp( (45, ncn) rr; Lame Ae it Semmea\e ie expt(t3 7 tg Ate 4 )): 
(F133) 
The limit is uniform on compacts in the following sense: if 0<s,t<T’<T, 
| S(t, s)— S(t, s)|| can be made small with 6,, independently of s,¢ or the 


particular partition chosen. To see this we proceed as follows: having fixed 
s,¢ and the partition ¢, 9,...,t we define A,(-) thus: 


2*n,m(n)? 
A(t) (O<7<s) 


A, (1) = Ata) CAV ERS Ses j=1,2,...,m(n)) 
A(r) CEA 
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Then 
|A(1)-A,(a)l<e (O<71<T’) 
uniformly in 0<7<T" if 6, is sufficiently small, independently of the 
particular partition chosen. It follows then from Example 7.1.7 that 
S(t, s)— S, (1, s)|| < Ce, 


where S, is the propagator of u’(t)= A,,(t)u(t). But it is easy to see that 
S,,(t, 5) 1s the operator in (7.1.32), thus the result follows. 


7.1.9 Example. Under the hypotheses of Example 7.1.6, assume that A(r) 
and /'A(r) dt commute for each s, ¢. Then 


(1,8) = exp| ['A(r) dr). (7.1.33) 


This formula is also valid with the hypotheses in Theorem 7.1.1 or Example 
7.1.5, the integral {/A(7) dr interpreted “elementwise.” 


7.1.10 Example. Let /(-) be continuous in ¢ > s, and assume the premises 
of Theorem 7.1.1 hold. Then, if uy € E, 


u(t,s)=S(t,s)uy+ ['S(t,0)f(0) do, (7.1.34) 


is a genuine solution of the inhomogeneous equation 
u(t)=Al(r)uG)+f@) G<t<T). (F205) 


satisfying the initial condition (7.1.2) (genuine solutions are defined in the 
same way as for the homogeneous equation). It is the only such solution 
satisfying (7.1.2). Under the hypotheses of Example 7.1.5, if f is locally 
summable in ¢ > s, formula (7.1.34) furnishes the only solution (in the sense 
of Example 7.1.5) of (7.1.35), which equals uy for t=s. 


7.1.11 Example. We assume A(-) continuous in the norm of (£) as in 
Example 7.1.6. Let t > F(t) a continuous (£)-valued function, U, € (£). 
Then 


U(t,s) =S(t,8)U, + ['S(t,0) F(a) do (7.1.36) 
is the only solution of the initial-value problem 
DU(t,s)=A(t)U(t,s)+ F(t), U(t,t) =U, (71237) 
whereas 
V(t,s) =VS(t,8)— f'F(1)S(1,8) dr (7.1.38) 


is the only solution of 
DV(t,s)=—V(t,s)A(s)+F(s), V(t,t)=V. (7.1.39) 
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The derivatives here are understood in the norm of (£) and continuous in 
the same norm. 


7.1.12 Example. Let A(-), P(-) be strongly continuous in 0 <?t <T, as in 
Theorem 7.1.1, and let S be the solution operator of (7.1.1), S the solution 
operator of 


u(t) = (A(t)+ P(t)) u(2). (7.1.40) 
Then S can be obtained as the sum of a perturbation series motivated by 
formula (7.1.34) (see Theorem 5.1.1) as follows. Define Sp = S, 
S,(t,s)u= ['S(t,0)P(0)S,_\(0,s)udo (Oa el ety. 


(7.1.41) 
Then 


S (tess 3 S (ee) (7.1.42) 


in the same range of s, t. The convergence is uniform in 0 <s,t <7” for any 
T' <T. To see this we use (7.1.17) and denote by M a bound for || P(¢)|| in 
0 <t<T’; a simple inductive argument shows that 

M" 
n!} | 
in 0 <s,t<T’, C the constant in (7.1.17). 


IS, (4 5 I< 


r= seo") irs 1) (7.1.43) 


7.2. ABSTRACT PARABOLIC EQUATIONS 


Many of the results in this chapter on the equation 


u(t) = A(t)u(t) (7.2.1) 
will be obtained, roughly speaking, on the basis of hypotheses of the 
following type: (1) the Cauchy problem for the “equation with frozen 
coefficients” u’(t) = A(s)u(t) (s fixed) is properly posed (that is, A(s)€C,, 

C or a subclass thereof for all s) and (2) the operator function ¢ > A(t) 
depends smoothly on ¢ in one way or other (the assumptions in the previous 
section are clearly of this type). 

The methods used in this section and the next are based on the 
following considerations, which are for the moment purely formal. Let 


S(t, s) be the propagator of (7.2.1), and let S(t; A(s)) be the propagator of 
the time-invariant equation. 


u’(t) = A(s)u(t). (7.2.2) 


*Since A(t) is in general unbounded, “smooth dependence” in this section may mean 
smoothness of the function t > A(t) ~! or of other related functions. 
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Then 
D,S(t—s; A(s)) = A(s)S(t—s; A(s)) 
= A(t)S(t—s; A(s))+(A(s)—A())S(t—s; A(s)) (t25) 
(a2) 


with S(s—s; A(s))=J so that, in view of (7.1.36), we may expect an 
equality of the type 


S(t—s; A(s)) = S(t,8)= f'S(t,0)(A(o)- A(s))S(o ~ 5; A(s)) do. 


(7.2.4) 
On the other hand, 
D,S(t — s; A(t)) = —S(t—s; A(t)) A(t) 
=—S(t—s; A(t))A(s)+S(t—s; A(t))(A(s)—A(t)) (st) 
(7,25) 
with S(t —t, A(t)) = J, hence (7.1.38) suggests that 


S(t—s; A(t)) = S(t,8)= [S(t 1; A(t))(A(1)— A(t)) S(1, 8) dr, 
(7.2.6) 


thus we can hope to fabricate S(t, 5) as the solution of one of the Volterra 
integral equations (7.2.4) or (7.2.6). We shall in fact use both, begin- 
ning with the last. To solve (7.2.6) directly, however, would need rather 
strong conditions on S(t— +1; A(t))(A(7)— A(t)), thus we shall follow 
a more roundabout way. Ignoring the dependence on ¢ of the function 
(A(1r)— A(t))S(7, 5) in (7.2.6), we modify the equation thus: 


S(t,s) =S(t—s; A(t))+ [S(t 7; A(t) R(t, 8) dr, (720) 


and seek to obtain an integral equation for R(7, 5). In order to do this, we 
note that (again formally) (7.2.7) implies 


D,S(t,s) = D,S(t—s; A(t))+R(t,8)+ f'DS(t— 7; A(t) R(t, 8) dr. 
Also, applying A(t) on the left to both sides of (7.2.7), 
A(t)S(t,s)=— D,S(t—s; A(t))— ['D,S(t ~ 1; A(t))R(1, 8) dr. 
Combining the last two equalities, we obtain 
0=DS(t,s)—A(t)S(é,5) 
= (D,+ D,)S(t—s; A(t))+ R(t, 5) 
+ [\(D,+ D,)S(t— 1; A(t) R(t, 8) dr, 


S92 The Abstract Cauchy Problem for the Time Dependent Equations 


so that R(t, s) satisfies the integral equation 


R(t,s)— f'Ri(t,7) R(t, 5) dr =R,(t,5), (7.2.8) 


where we have set R,(t,s)= —(D,+ D,)S(t—s; A(t)). We impose now 
conditions on the function t > A(t) that will allow us to justify the formal 
calculations above. As in Section 4.2, if 0 < m < 7/2, we denote by 2(q@) the 
sector |arg A| < g. The assumptions are (1), (II), (III), and (IV) below, where 
il oko oie 
(I) For each t,0<t<T, A(t) is densely defined, R(X; A(t)) exists in 
a sector 2==(q~+ 7/2) for some y,0<y<7/2 and 


RAMUS C/IAL Aez 0etaT Dy 29) 
where neither ~ nor C depend on t. 
We recall that, by virtue of Theorem 4.2.1, assumption (1) implies 


that each A(t) belongs to @(g —). If I is the boundary of the sector = 
oriented clockwise with respect to it, we have 


ere ne perans te A(t) dd (s>0) (7.2.10) 


(see (4.2.8)) and we deduce from this formula and (7.2.9) that 
|A(z)S(s; A(t))I|<C/s (s>0), (72211) 
where C is independent of ¢ (that an estimate of this type exists for each f is 
of course a consequence of the fact that A € @; see Section 4.2). 
Note also that, since R(A; A(t)) is assumed to exist for \ = 0, A(t)7! 
exists for all ¢. The next three postulates bear on its dependence on tf. 


(II) The function t > A(t)~' is continuously differentiable (in the sense 
of the norm of (E)) in0O<t<T. 


We note that (II) implies that t > R(A; A(t)) is as well continuously 


differentiable in the norm of (£). To see this, write 
1 


R(A; A(t)) = A(t) (AA(t) 1-7) (7.2.12) 
and notice that products and inverses of continuously differentiable func- 
tions are likewise continuously differentiable. Moreover, making use of the 
formulas D( FG)=(DF)G+ F(DG) and D(F~')=— F-\(DF)F~', we 
obtain from (7.2.12) (after some rearrangement of terms) the equality 

D,R(A; A(1t)) = — A(t) R(A; A(t) A(t) A(t) R(As (1). 
(72318) 


(IM) There exist constants C and p, C>0, 0<p<1, such that for 
every NE and every t,0<t<T, we have 


ID.R(A; A(t) C/|AL'?. (7.2.14) 
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(IV) The function DA(t)~' is Hélder continuous in (E), that is, there 
exist constants C,a> 0 such that 
(DAC) = DAG) IheCw —s|* (xe reT). 
(752515) 


We proceed next to show that (under Assumptions (1), (II), and (II) 
alone) the integral equation (7.2.8) can be solved. The first result is an 
auxiliary estimate for R,(¢,s). Here and in other inequalities, C, C’,... 
denote constants, not necessarily the same in different expressions. 


7.2.1 Lemma. R,(t,s) is continuous in0<s <t<T in the norm of 
(E) and satisfies there the inequality 
|R,(t, s)I|<C/(t—s)*. (7.2.16) 


Proof. Let I be as in the comments following Assumption (1). By 
virtue of (7.2.10), we have 


DG A ie Fai [ne COR: A(t)) dd 


+ 5a feMD,R(A; A()) dA, (7.2.17) 
Uochip 


DS aA yee Tai [ROM OR(AS A(t))dd (7.2.18) 
(the differentiations under the integral sign can be easily justified) so that 
Ri (1,8) = =(D;+ D,)S(@= 5; A(2)) 
a anes AG) ae (7.2.19) 
Hence continuity of R,(t,s)in0<s<t<T follows. Making use of (III) we 
obtain 


|R,(t, 5) < CifeBene s/n 0 Na d| =C(f=5), (7220) 
ip 


thus completing the proof. 


Inequality (7.2.16) suffices to show that (7.2.8) has a solution. In fact, 
we have: 


7.2.2 Lemma. There exists a solution R(t,s) of (7.2.8), which is 
continuous in0 < s <t<T in the norm of (E) and satisfies there the inequality 


[ES (5 NRCC s he. (FON) 
Proof. Starting with R,(t,s), we define a sequence of (£)-valued 
functions recursively by 


R, (1,38) = [Ri(t7)R, (7,8) at (n=2,3,...). (72.22) 
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A simple inductive argument based on (7.2.16)? shows that each R,,(t, 5) 
exists and is continuous in 0 <s<?t<T and 


CR py (ee ees 


T'(n(1—p)) 


there, where C is the same constant in (7.2.16). It follows that 


IR, (t, 5)Il < 


RP sy vanes (7.2.23) 


n=1 


converges in the norm of (E) in 0<s<t<T and defines a continuous 
(E )-valued function satisfying (7.2.21), where 


C=C py 5/0 (nla) lee are 


Since the partial sums of (7.2.23) satisfy the same estimate, an application of 
the Lebesgue dominated convergence theorem shows, adding up both sides 
of (7.2.22) from 2 to oo, that R(t, s) is a solution of the integral equation 
(7.2.8) as claimed. 


We have not used up to now hypothesis (IV). With its help we prove 
two additional results. 


7.2.3 Lemma. The function R,(t, s) satisfies 


IRV) Rin sM<C| “— a (7.2.24) 


(t-s)(t-s 
tor Osim <7 fs 
Proof. We make use of formula (7.2.19): 


RC enh RG s [eM 9(D,R(A; A(t) ~ D,R(A; A(t))) dd 


1 
reer eR eGo nay 
Pp 
=1,+1,. (7.2.25) 


3We use here the well known equality involving the beta and gamma functions, 


[CDG a4 r= (¢—s)"*?-'B(a,B) 


=(t-s)**?"'T(a)T(B)/T (a+), 
valid for a,8 > 0. This identity will be utilized many times in the future without explicit 
mention. 
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By virtue of (7.2.13) we have 
D,R(X; A(t))— D,R(A; A(r)) 
= —{A(t)R(A; A(t))— A(r) R(A; A(7)))D,A(t) A(t) R(A; A(t) 
— A(r)R(A; A(1)){D,A(t)'~ D,A(r)'}A(t) R(A; A(2)) 
— A(r)R(A; A(1))D,A(r) "(A(t R(A; A(t))— A(t) R(A; A(7))}. 
(7.2.26) 
But 
A(t)R(A; A(t))— A(r) RA; A(7)) = ACR(A; A(t))— R(AS A(7))) 
=) "D,R(A; A(r)) dr 


so that, in view of (III), 
A(t) R(A; A(t))— A(T) ROS A(7))ILS IAL POCIAI? ar 


=C(t—T)I|A|?. 
Note that, by virtue of Assumption (I), A(t) R(A; A(t)) =AR(A; A(t))— I 
is uniformly bounded in norm in I x[0, 7]. On the other hand, Assumption 
(II) implies that D,A(t)~! is bounded in [0,7]. Using these two facts and 
the preceding inequality, we estimate the first and third terms on the 
right-hand side of (7.2.26); for the second term we use Assumption (IV). We 
obtain 
|D,R(A; A(t))— D,R(A; A(7))I| < C((t— tA]? + (4-7) *} 


227) 

and we proceed now to estimate /,. We have 

ills Cf EE — aI (Gar) aA 
i 

<C’ aaa a (t = T) 

(aes) ee PSs 
ie eee Ties Wo) \. (7228) 

(t-—s)(r-s)? t—s 


As for I,, we have 


Rt il AS a A Ar : 
L= } Dee D,R(A; A(1)) da} dr 


ae sail | [evn.R0s A(r)) an| dr. 


Liar) 
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Making use of (III) we see that 


[rerD,R(A; A(7)) dd 
rE 


Eel Vaya i tone G2 
1B 


hence 


t 
osc’ fre Y de 
Ten: 


eee 


Far arse 


Caer 
(t—s)(r-s)? 
Combining this inequality with (7.2.28), Lemma 7.2.3 follows. 


= yr 


7.2.4 Corollary. Let « <min(l1—p,a). Then the function R(t,s) 
satisfies 


CSc pile ee | (7.2.29) 


JOURS Ss 7 Staal 


Proof. We obtain from (7.2.8) that 


R(t,s)—R(1,5) = Ri(t,s)—Ry(1,5)+ [R(t (r,s) dr 


+f (Ri(t.r)-Ry(7,7)) R(r, 8) dr 
ATH AC NE 


It is obvious from Lemma 7.2.3 that J, satisfies the estimate (7.2.29). For J; 
we use Lemma 7.2.1 and Lemma 7.2.2: 


t dr 
all < cf (t-—r)*’(r—-s)?° 


If 7<r<t, we have 
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thus 
t—7\°? st dr 
Me ee 
Welles erz J Site ie 
pee _ (7.2.30) 
(¢-s) 
which implies (7.2.29) for J,. By virtue of Lemma 7.2.3, 


Lea Ceo esreema reaay 


a fe dr 
ican ald i (t-—r)(r-s)? 
=e ie (7.2.31) 


We estimate these integrals as follows. Making use of the inequality a%b' 
<a+b valid whenever a, b> 0, 0<y <1, we obtain 


(t-7)' * ] 


Cot Cae 


Using this for y = « and noting that p +k <1, 


(Go) 


CaO) | eens 
Spl et Se Cad 


Cette C= 


The estimation of J, runs along similar lines; we use now (7.2.32) for 
y=l—a+kx, obtaining 


ware dr 
1, <C(t-—7)* {| ————————_— 
; agian eon 


We have already gathered the information necessary to handle the 
Cauchy problem for (7.2.1). The relevant notion of solution is: 


(A) u(-) is a solution of (7.2.1) in s<t<T if and only if u(-) is 
continuous in S<t<T, Boia, differentiable in s<t<T, 
u(t) © D(A(t)), and (7.2.1) is satisfied ins <t<T. 


7.2.5 Theorem. Let (A(t); 0<t<T)} be a family of operators in E 
satisfying Assumptions (1), (II), (II), and (IV). Then the Cauchy problem for 
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(7.2.1) is well posed (with D = E) in0 <t <T with respect to solutions defined 
by (A). The propagator S(t,s) is strongly continuous in 0<s<t<T and 
continuously differentiable (in the norm of (E)) with respect to s and t in 
0<s<t<T. Moreover, S(t,s)E CD(A(t)), A(t)S(t, 5), and S(t, s)A(s) 
are bounded, 


D,S(t,s)=A(t)S(t,s), D,S(t,s)=— S(t, s)A(s), (7.2.33) 
and 
ID.S(t,s)\|<C/(t—s), ||D,SC,s)I|<C/(t—s) (7.2.34) 
re Se te 


The proof of Theorem 7.2.5 depends on the following auxiliary 
result, which will find further use in the next section. : 


7.2.6 Lemma. Let Assumptions (1), (11), and (II) be satisfied and 
let 


5, (as) = S( 2s A(t)) +f" "S(t— 1; A(t))R(1,5) dt 


(7.2335) 
jr xs at— ha Th 
S,(t,s) =S(t-—s; A(t)) (7.2.36) 
fort—h<s<t. Then‘ (i) 
Site Se Gana 
in the norm of (E) as h > 0, uniformly inO<s<t<T. (ii) D,S,(t, 5) exists 
and is continuous in the norm of (E), S,(t,s)E € D(A(t)), and A(t)S,(t, 5) 
is continuous in(E) forO<s<t—h<T-—h. (ii) For each u € E and k > 0, 
DS, (t,s)u—A(t)S,(t,5)u7>0 (7.2.38) 
as h > 0, uniformly inO<s<t—k<T—k. (iv) S(t, s) is (E)-continuous in 
0<s<t<T, strongly continuous in0<s<t<T, and 
S(s,s)=I (O<s<T). (7.2.39) 
Proof. (i) follows immediately from the fact that, if we set t, , = 
max(s,7¢—h), then 


S(#,s)-S,(t,5) =f S(t—1; A(t))R(1,5) dt 
lsh 
everywhere in the triangle 0<s<t<T, and from Lemma 7.2.2. We have 


already observed (see (7.2.17)) that S(t —s; A(t)) is continuously differen- 
tiable as a (E)-valued function with respect to s and t in0<s<t<T. This 


“The function S(t, 5) is defined by (7.2.7); existence of the integral is a consequence of 
the estimate (7.2.21). 
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sSt-hors+h<t 


S,(68) 


Lines indicate domains of integration in the definition of 
SiS 
FIGURE 7.2.1 


justifies the following calculation in the interval 0 <s <t—h: 
D,S,(t, 5) = D,S(t— s; A(t))+S(h; A(t) R(t — As) 
+f" "D,S(t= 1; A(t) (4,5) dz 


= (D, + D,)S(t—s; A(t))— D,S(t—s; A(t) 
+ S(h; A(t))R(t—A,s) 
+f "(D,+ D,)S(t= 1; A(t)) R(t, 8) de 


— f'"D,S(t— 7; A(t)) R(t, 8) dz 
= A(t)S(t—s; A(t))— R(t) [0 'R(t.7) R18) de 
+f "A(t)S(t— 15 A(t) R(t, 8) dr 


+S(h; A(t))R(t—h,s). (7.2.40) 
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This equality can be rewritten in the form 
DS, (t, 5) = A(t)S,(t,5)— R(t, s)+ S(h; A(t)) R(t — 4h; 5) 
ap R,(t,7)R(1, 5) dr, (7.2.41) 
t—h 


where we have used the integral equation (7.2.8). It follows immediately 
from these equalities that (ii) holds. To see that (iii) is verified, we write 
(7.2.41) in the form 


D,S,(t,s)— A(t) S,(t, 5) = S(A; A(t)) R(t —h; s)— R(t, 5) 
+f" Ri(t,7)R(1,5) dr. 


It is obvious that the combination of the first two terms tends to zero 
strongly as h->0 in s<t—k. The integral tends to zero uniformly when 
h—O under the same conditions; this follows easily from the estimates 
(7.2.16) and (7.2.21) and yields (111) immediately. The proof of (iv) follows 
from (i) and from the fact that S,(t,s) is (£)-continuous in 0<s<1t<T 
and strongly continuous in 0 <s <t<T; (7.2.39) is evident. 


Availing ourselves now of hypothesis (IV), we continue with the 
proof of Theorem 7.2.5. We have 


A(t)S,(4,5) = A(t) S(t —s; A(t)) 
+f VA()S(t~ 7; A) R(t 8) (58) dr 
— f'"D,S(t— 7; A(t) R(t,s) dt 
= A(1)S(t=5; ACs) 
ON Ge 7; A(t))(R(t,5)—R(t,s)) dz 
+ S(t—s; A(t))R(t,s)—S(h; A(t)) R(t, 5). 


(7.2.42) 


Observe that, due to the estimate for R(t, s)— R(t, s) obtained in Corollary 
7.2.4, the integral on the right-hand side of (7.2.42) (which integral is 
obviously a (£)-continuous function of s,f in 0<s<t—h<T-—h) con- 
verges uniformly on triangles O0<s<t—k<T-—k,k>0Oto 


[AWS 1; AW) R(r,8)-R(t,5)) dr, (7.2.43) 


which must therefore be itself (£ )-continuous in 0 < s <t<T. Since A(t) is 
closed, we deduce from (7.2.42) that S(t, s)E C D(A(t)) and 


A(t)S(t,s) = A(t)S(t—s5; A(t)) 
+ PA()S(t= 1; A(1))(R(4, 8) R(t, 8) dr 
+ S(t—s; A(t))R(t,5)— R(t, s) (7.2.44) 


7.2. Abstract Parabolic Equations 401 


for 0 <s <t<T, which shows that A(t)S(t, s) is continuous there in view 
of the comments surrounding (7.2.43). We estimate now the integral on the 
right-hand side using (7.2.11) and (7.2.29): 


fA) S(t= 45 A(t))(R(1,5)—R(t,s)) dr 


t € f dt 1 G if dt 
iS (r-s)? C—sS (7) = 


This (and again (7.2.11)) shows that 
IAC) S(t, sSII<C/(t-—s) (O<s<t<T), 
which inequality will yield the first estimate (7.2.34) as soon as we prove 


that D,S(t, s)= A(t)S(t, s). Note that, as a consequence of the preceding 
arguments, we have obtained 


A(t) S(t, s)— A(t)S(t—s; A(t) <C/(t—s)' ~ (0<s<t<T), 
(7.2.45) 
an inequality that will find application in Section 7.5. 
It remains to be shown that S(t,s)u is a solution of (7.2.1) for all 
u € E. In order to do this, we take kK > 0 with s + k <t; in view of (7.2.38), 
(7.2.43), and preceding comments, 


f A(t) S(1,s)udt = lim iP A(t)S,(1,5)udr 
stk h-0 stk 


t 
= lim DS, (1, s)udt 


h>O0s+k 
= S(t,s)u—S(st+k,s)u, 
thus our claim on S(¢,s)u is justified. Actually, much more is true: since 
A(r)S(7, 5) is (E)-continuous in s+k<t<t, we can write the last in- 
equality thus: 
[ AG)S,(1,8) dr =S(t,s)-S(s +k, 5), 
s+k 
hence D,S(t, s) exists in the norm of (£) and 
DS(ss) =A) Ss) (0a s <i ). 
We have proved then part (a) in the definition of a properly posed Cauchy 
problem, since the strong continuity of S has already been shown in Lemma 
Seinen 
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Clearly, part (b) will be fulfilled as well if we can prove that any 
solution (as defined in (A)) of (7.2.1) must perforce be of the form S(t, 5)u. 
This will be achieved by essentially the same means as in the time-invariant 
case (see the end of the proof of Theorem 2.1.1). In the present situation, 
this would involve differentiation of the function s > S(t,s)u(s) for an 
arbitrary solution of (7.2.1). However, we lack information on the behavior 
of S as a function of s. Taking a hint from Example 7.1.3, we may expect 
that 


D,S(t,s)=—S(t,s)A(s) (0<s<t<T) (7.2.46) 


for each t. To prove this directly would not be simple, thus we use a trick 
similar to that in Example 7.1.3; namely, we construct an operator-valued 
solution S of equation (7.2.46) and show that § = S. The construction of s 
is based on the integral equation (7.2.4), instead of (7.2.6), which was the 
starting point for the construction of S. As we did in relation to (7.2.6), we 
seek an S of the form 


S(t, 8) =S(t—s; A(s))+ [-R(t,0)S(0— 5; A(s)) do. (7.2.47) 
Formally, we have 
D,S(t,s) = D,S(t—s; A(s))— R(t, s) 
+ ['R(t,0)D,S(o -s; A(s)) do, 
S(t,s)A(s) = D,S(t—s; A(s)) 
+ ['R(t,0)D,S(o -s; A(s)) do. 
Therefore, if (7.2.46) is to be satisfied, 
0 = D,S(t,s)+S(t,s)A(s) 
= (D,+ D,)S(t—s; A(s))— R(t, 5) 
+ [/R(t,0)(D, + D,)S(o — s; A(s)) do. 
so that R must be a solution of the integral equation 


R(t,8)— fR(t,0)Ri(o,s) do = Ry( 1,5) (7.2.48) 


with R(t, s) = (D, + D,)S(t— s; A(s)). The construction of § now proceeds 
in a way exactly analogous to that of S, thus we limit ourselves to state the 
main steps and leave the details to the reader. 


7.2.7 Lemma. R,(t, 5) is continuous in 0 <s <t<T in the norm of 
(E) and satisfies there the inequality 


IR, 9)I<C/(t—s)?. (7.2.49) 
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7.2.8 Lemma. There exists a solution R(t,s) of (7.2.48), which is 
continuous in) <s <t<T in the norm of (E) and satisfies there the inequality 


R(t, SI C’/(t—s)?. (7.2.50) 


_ The function R(t, s) is obtained as the sum of the series £°_,R,,(t, 5), 
the R,, defined recursively by 


R,(t,5) = [Ryi(t,0)Ri(o,5) do. 


We note that the last two results are independent of hypothesis (IV). 
Using this assumption we obtain: 


7.2.9 Lemma. The function R(t, S) satisfies 


a e o-s (o-—s)* 
Ri O)-3R (tss | SO 
PAGO NCI ree reer 
nd<s<o<it<T. 

7.2.10 Corollary. Let « <min(1—p,a). Then the function R(t, s) 
satisfies 


R(t,0)— R(t, s)I< o| Ee See aa 


(t—s)(t-«o)? t—s 
for0<s<o<icT. 
The analogue of Lemma 7.2.6 is 


7.2.11 Lemma. Let Assumptions (1), (11), and (III) be satisfied, and 
let 


§,(t,5)=S(t-s: A(s))+ f° R(t,0)S(o-s; A(s))do (7.2.51) 


(OLR SAN at, 
S,(t,5)=S(t—s; A(s)) 
fors<t<sth. Then (i) 
S,(t,5) > S(t,s) (72-52) 


in the norm of (E) as h > 0, uniformly in0<s <t<T. (ii) D.S-C, S) exists 
and is continuous in the norm of (E), S,(t, 5) A(s) is bounded in D( A(s)) and 


its closure S,(t,s)A(s) is continuous in (E) forh<s+h<t<T. (iii) For 
every uG E and k > 0, 


D,S,(t,s)u+ S,(t,s)A(s)u>0 (7.2.53) 


as h—0, uniformly in h<s+k<t<T. (iv) S(t,s) is (E)-continuous in 
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0<s<t<T, strongly continuous in0<s<t<T and 
SG =2 epee (7.2.54) 
With the use of Assumption (IV) we prove: 


7.2.12 Lemma. D, S(t, 5) exists in the norm of (E) and is continu- 
ous in OS <1 1. for ig sand t>s, S(t,s)A(s) is bounded in D(A(s)) 
and its closure satisfies 
D,.S(t,s)=— S(t,s)A(s). (7.2.55) 
Moreover, 
|| D, S(t, s)\|<C/(t-s) (7.2.56) 
je OSB SS SI 


We end now the proof of Theorem 7.2.5. Let u(-, 5s) be an arbitrary 
solution of (7.2.1) in s <t <T and let t be fixed in that range. Consider the 
function 


v(o) =S(t,o)u(o,s) 
in the interval s < o < ¢. On the basis of definition (A) and of the properties 


of § just siesachys we easily see that v(o) is continuous in s < o <¢ and that 
v'(o)=0 ins <o <t. Hence v(s) = v(f£), that is, 


u(t) =S(t,s)u(s,s). F257) 


This clearly implies uniqueness of solutions of (7.2.1); since t > S(t, s)u(s, 5) 
is a solution with the same initial value, we must have 


u(t) =S(t,s)u(s,s). (7.258) 


Comparing with (7.2.57), this shows that S(t, s) is none other than S(t, s) in 
disguise. Collecting all the properties hitherto proved of S(t,s) and S(t, s), 
we obtain the claims of Theorem 7.2.5 in full. 


We note the estimate 
|| S(t, 8) A(s) — A(s)S(t- 5; A(s))I|<C/(t-s)"“ (0<s<t<7), 
(7.2.59) 


which is obtained for $ in the same way (7.2.45) was deduced for S. It will 
find use later. 


*7.2.13 Example. A perturbation result (Kato-Tanabe [1962: 1]). Let 
{A(t)} be a family of operators satisfying Assumptions (I) to (IV), and let 
{P(t)} be another family of operators satisfying: 
(V) D(P(t)) > D(A(t)) and 
IP(2)R(A; ACLS C/IAI2 (O0<t<T,AED), (7.2.60) 
where C > 0, 0 < 6 <1 and both constants are independent of and t. 
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(VI) There exist constants C > 0, 0 < y <1 independent of s, ¢ such 
that 
|PQAG) = Ps)A(Qa<Cltss|" Oase7<7). 
(2:61) 
Then the Cauchy problem for 


u'(t) = (A(t)+ P(t)) u(t) (72.62) 
is well posed in the sense of Theorem 7.2.5 (that is, the family {A(t)+ P(t)), 
where, by definition, D( A(t)+ EO) ae D(A(t)) satisfies all the conclusions 
in Theorem 7.2.5). The propagator S(t, s) of (7.2.59) is obtained by means 
of the perturbation series 


xs O(fags))h (7.2.63) 
where S, = S and zs 
S,(t,s) = fs¢ t,0)P(o)S,_,(0,5) do 


forO<s<t<T,n= lose ; (See: Example.7.1.12.) 


*7.2.14 Example. A ©® version of Theorem 7.2.5 (Tanabe [1967: 1]). Let 
Assumptions (I) to (IV) be replaced by the single hypothesis: R(A; A(t)) 
exists forA © 2, 0 <1 <T, the function ¢ > R(A; A(t)) is infinitely differen- 
tiable in 0 <t <T for each A € & and there exist constants C),C),... such 
that 


IDPR(A; ACA) GIA] (AGZ,0<1<T) 
for n=0,1,.... Then the propagator S(t, s) of (7.2.1) provided by Theorem 


7.2.5 is infinitely differentiable in 0 < s <t<T (in the sense of the norm of 
(£)). For every n =1,2,... there exists a constant C’ such that 


IDSC MiG (t= 5) IDES (ile G— 5s) = .(7.2.64) 
Or KGS KI. 


7.3. ABSTRACT PARABOLIC EQUATIONS: 
WEAK SOLUTIONS 


We have already pointed out (see Section 1.3) that strong or genuine 
solutions of an abstract differential equation are by no means the only 
suitable ones and that weak solutions of one sort of other may be used to 
advantage many times. A prime example of this principle will be examined 
in this section. In fact, we shall show that even if Assumption (IV) in the 
previous section is discarded, we can conclude that the Cauchy problem for 


u'(t) = A(t)u(t) (Gee 


is still properly posed in 0 <1 <T if we substitute definition (A) of solution 
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by that of weak solution, as formulated in the time-independent case in 
Section 2.4. We shall use, however, a slightly different definition, roughly 
corresponding to (2.4.10). 


(B) u(-) is a weak solution of (7.3.1) in s <t <T with initial condition 
u(s)=uyEE (7:32) 


if and only if it is continuous in s <t <T, satisfies (7.3.2) and 
focus), u*'(t)+ A*(t)u*(t)) dt = — (uy, u*(s)) (7.3.3) 


for every E*-valued continuously differentiable function u*(-) de- 
fined in s <t <T such that u*(t) € D(A(t)*), A(t)*u*(t) is con- 
tinuous and 


u*(T) =0. (7.3.4) 


7.3.1 Theorem. Let A(-) satisfy Assumptions (1), (II), and (III) in 
the previous section. Then the Cauchy problem for (7.3.1) is properly posed in 
0<t<T (with D=E) with respect to solutions defined by (B). The solution 
operator S(t, s) is strongly continuous in 0 <s <t<T and continuous in the 
norm of (E) inOd<s<t<T. 


Proof. We have already pointed out in the previous section that the 
operators R(t, 5), R(t, s), RG. Ss), R(t, s) therein can be constructed 
without recourse to Assumption (IV) and that some of their properties are 
retained in this more general setting: in particular, Lemma 7.2.2 holds for 
R(t, s) as well as its mirror image, Lemma 7.2.8, for R(t, s). We can then 
construct S(t, s) and S(t,s) by means of the integral formulas (7.2.7) and 
(7.2.47), respectively, and it is immediate that the continuity properties 
claimed for S in Theorem 7.2.5 follow, as well as similar properties for S. 
We note, however, that we cannot conclude without further analysis that 
S =S, since the argument in the previous section was based on differentia- 
bility of S and S which was a consequence of Assumption (IV). 

We begin by proving that 


u(t)=S(t,s)u (7.35) 
is a weak solution of (7.3.1) with initial condition u(s) =u in 0<t<T for 


any u€ E. To this end, let u*(-) be a E*-valued function satisfying the 
assumptions in Definition (B). We have 


[7 Cul), way de= [S(t 8)u,w"(0)y a 


T 
= lm ii 
PEO OH J Sats s)ueu WE 


(7.3.6) 
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where S, is the operator defined by (7.2.35) and (7.2.36), so that (7.3.6) is 
justified by Lemma 7.2.6(i). On the other hand, 


[i Siles)u u*(t)) dt = —(S,(s+k,s)u,u*(s+k)) 
-f" DS, (t,5)u— A(t)S, (7, 5)u, u*(2)) dt 
stk 


-f" CS, (£, 8) usA(7) *u*(t)¥ dt (ash > 0+) 
stk 
ES Ske Sue (sek) 
-f" (S(t,s)u, A(t)*u*(t)) dt (ask > 0) 
s+k 


> = (usut(s)y— f° (u(t), A()tur(0)) at (7.3.7) 


which shows that (7.3.3) holds for u(-); note that in the first limit we have 
used (7.2.38). We must now prove uniqueness of weak solutions and to this 
end we bring into play the operator S, defined in (7.2.51). Let u(-) be a 
weak solution of (7.3.1) ins <t<T, and let s <t’<T, V(-) a continuously 
differentiable function with values in E* and support in (s,t’). Since 
S,(t,5)A(s) is a bounded operator for s + h <t (Lemma 7.2.11(ii)) we see 
(Section 4) that 


S,(t, s)*E* ¢ D(A(s)*) 
and 
A(s)*5,(t,8)* = (5,(t,8)A(s))*=(5,(5)AC8) )* 
is continuous in the norm of E* in the same region. On the other hand, also 
by Lemma 7.2.11(i1), D,S,(t, 5) exists and is continuous in the norm of (E£) 


ins+h<t, thus D.S,(t,s)* exists and is continuous in the norm of (E*) 
for these values of s and ¢. It follows that if / is sufficiently small, 


uz(t) =S,(2', 0)*¥(1) 


will satisfy the requirements in Definition (B). Accordingly, we have 


[S(t u(t), ae = Tim [Si u(t), W(d) at 


lim foul), 50) ()) a 
h-0+ “s 


lim, J <ul), up (+ AC) ug (0) at 


— lim (DS, (0.4 S.(¢1)4@) )u(t), (1) ae. 


h—-0O+ “5 


(7.3.8) 
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The first term on the right-hand side vanishes since wu is a weak solution of 
(7.3.1) and u*(s) = 0; the second limit is seen to be zero taking (7.2.53) into 
account (note that vanishes near t’). Taking now W(s)=(s)u* in 
(7.3.8), u* an arbitrary element of E* and y a smooth scalar function with 
support in (s, ¢’), we obtain 


[S(e,2)u(t), w*ye'(1) de =0, (7.3.9) 


thus (S(t’,t)u(t), u*) (a fortiori S(t’, t)u(t)) must be constant. Hence 
S(t’, s)u(s) = S(t’, t’)u(t’) = u(t’), and we obtain essentially as in the end 
of Section 7.2, that weak solutions are unique and that § = S. The proof of 
Theorem 7.3.1 is then complete. 


It is natural to ask whether the assumptions in this or in the previous 
section imply that the intersection (7.1.16) is dense in E. This is in fact not 
so, as the following example shows. 


7.3.2. Example. There exists an operator-valued function t— A(t) de- 
fined in 0 <¢ <1 in E = L’(0,1) such that hypotheses (1) to (IV) in Section 
7.2 are satisfied, but 
OC) D(AG)) = (OF. (7.3.10) 
Omir 
The operators are defined by 


A(t)u(x)=- 


Ss al! 
oy 
D(A(t)) consisting of all uw such that (7.3.11) belongs to L*. Clearly each 
A(t) is self-adjoint and (A(t)u, u) < —||u\|? for uw € D( A(t)) so that o( A(1)) 
is contained in (— oo, — 1] for all ¢; (1) is satisfied for any m € (0, 7/2). If 
NE (co; — 1]; we have 


(x), (7.3.11) 


: u(x pes ew u(x 
R(A; A(t)) u(x) a (x) (7.3.12) 


and 
2(4—x) 
(A(t x)? +1) 
A simple estimation shows that 2a|Aa*+1|~?<C|A|~'” in any sector 
=(g + 7/2) for 0 <a<l, so that 
||D,R(A; A(t) I < CJA, 7 

and (III) holds. As a particular case of (7.3.12), we see that 

A(t) 'u(x)=—(t-x)'u(x) 


so that A(t)” '=—(tl — M)*, M the (bounded) operator of multiplication 


D,R(A; A(t))u(x) = 5u(x). GRE) 
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by x and (II) and (IV) are amply satisfied. Let u € L? be an element of 
 D(A(t)). Then for every t, 0 <t<1, we have 


1 tth 
ay |u(x)| dx 
bait 


2 V2 1/2 
| (oe as) Lal (eons —0 
t—h (t-—x) 4h* “1—h 
as h—0, thus u(x)=0 at every Lebesgue point. It follows that u(-) 
vanishes almost everywhere. 

We note that, in order to prove that the Cauchy problem for (7.3.1) 
is properly posed for the family A(-) in this example, it is not necessary to 
use the awesome machinery of Theorem 7.2.5: in a suitable sense, (7.3.1) is 
in this case equivalent to the ordinary differential equation 


du ] 


=— Ue A Tes), (7.3.14) 
Blea eV = 
and S(t, s) is given by the formula 
1 
S(t, s)u(x)= | eee: Heelies Oi a) G3tI5) 


0 (Gia <9 bs 


The example above may be used to illustrate why the obvious 
generalization of the definition of weak solution used in Section 2.4 for 
time-independent equations would be inadequate in the present case: in 
fact, the generalization of (2.4.8) would read as follows: 

(B’) For every u* © N D(A(t)*) and every test function p with support 

in (— 00, T'], we have 


[/Gu, u*)o'(t)+(u(t), A(t)*u*) p(t) de 


=— (uo, u*)9(s). (7.3.16) 


However, in the case considered in Example 7.3.2 (where E*=E and 
A(t)* = A(t)), we have M D(A(t)*) = (0). Hence, u* = 0 is the only candi- 
date to appear in (7.3.16). 


7.4. ABSTRACT PARABOLIC EQUATIONS: 
THE ANALYTIC CASE 
We prove in this section a complex variable version of Theorem 7.2.5. 


7.4.1 Theorem. Let A be an open convex neighborhood of the inter- 
val [0, T] in the complex plane, and let { A(z); z € A) be a family of operators 
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satisfying: 
(I’) For each z€ A, A(z) is densely defined, R(X; A(z)) exists in a 
sector = = X(p + 1/2) for some p independent of z,0< 9 < 1/2; 
if A’ is a bounded neighborhood of {[0,T] with A’c A, 


IRA; A(z) <C/JA| (AEZ,zE4), — (7.4.1) 
where C may depend only on A’. 
(II’) The function 
7 ACZ) © eB) (7.4.2) 
is analytic in A. 


Then the Cauchy problem for 
u'(t) = A(t) u(t) (7.4.3) 


is properly posed (with D = E) in0Q <t <T with respect to solutions defined in 
(A), Section 7.2. The propagator S(t, s) is strongly continuous in 0 <s <t and 
admits an analytic extension S(§, z) (as a function of the two variables) to 


A, =((,2)3§,2 EA, $*z, |arg({—z)| <9}. (7.4.4) 


Moreover, for these values of §, z, S(§, z)E © D(A(§)) (so that A(£)S(§, z) is 
everywhere defined and bounded ), S({, z) A(z) is bounded in D( A(z)) and the 
equalities 


D,S(§,2) = A(Q)SG, z),. DS(E 2) = SC, z) A(z) (7.4.5) 
hold. Finally, for any A’ as described above, 
IDS ZI<C/1$-z|, [|D,S(S, z)Il< C/|§ — 2] (7.4.6) 
(the constant C possibly depending on A’) for §, z in 
An ={(5, 2); §,2 EA, § *z, |arg(f — z)| <9}. (7.4.7) 


Proof. We begin by verifying that the assumptions in Theorem 7.2.5 
are satisfied for the restriction {A(t); 0<t<T)} of A(-) to [0,7]. This is 
immediately obvious for (I), (ID), and (IV), but not quite so for (III). To 
establish this assumption we note that (I’) and (II’) imply that R(A; A(z)) is 
analytic in A,z for AG, z€ A; to see this we only have to write the 
complex variable analog of (7.2.12), 


R(A; A(z)) = A(z) '(AA(z)7'=T) 


and note that inverses and products of operator-valued analytic functions 
are analytic. Making use of analyticity of R(A; A(z)) with respect to z, we 
can write 


D.R(; A(2)) = 35 


1 


> 


R(A: Ate) ad (7.4.8) 


=z) 


—z\|= 
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for z’€ A’ (A’ as in (7.4.1)), where a is so small that all the circles 
{z;|z’— z| <a} for z in A’ are contained in another bounded neighborhood 
A” of (0, T] with A” C A. We note next that, using techniques very similar to 
those in Lemma 4.2.3 combined with inequality (7.4.1), we can show that 
R(A; A(z)) actually exists in a sector 2(q” + 7/2) with mp < g” < 7/2 for 
every z € A’ (p” may of course depend on A’) and (7.4.1) holds as well in 
=(p”’ + 7/2)X A’. We can then estimate the integral (7.4.8) obtaining: if 
Pp <9", 

|D,R(A; A(z))I|< C/A] (AEGZ(q’4+27/2),zE Ad), (7.4.9) 


where C may depend only on qg’ and A’. It is clear that this implies (7.2.14) 
for p > 0. (The substitution of » by q’ was not necessary in this argument, 
but will be essential in the proof of Lemma 7.4.2.) 

The preceding considerations show that we can apply Theorem 7.2.5 
and, in view of the conclusions of that theorem, we only have to establish 
the statements in Theorem 7.4.1 regarding analytic extension of S(t, s). To 
do this we reexamine the construction of S in Section 2 and extend all the 
necessary results to the complex plane. We denote below by A’ a subset of A 
like the one described in the statement of Theorem 7.4.1; the symbol A, 
indicates the set in (7.4.7). 


7.4.2 Lemma. S(t; A(s)) admits an analytic extension S({; A(z)) 
to =(g)XA such that 


A(z) S(S; A(z) < C/1S| (7.4.10) 
for (Sz) © Z(@)X A~ “Moreover, R652) = —(De+ D,)S( — z; A()) 
satisfies 
WRG, ZI C/|S— zl? (zed’, jarg(S—z)i<~) (7.4.11) 
for p > 0 arbitrary (with C depending on p and A’). 


Proof. As noted in the comments preceding (7.4.9), for every A’ 
there exists a g’>q such that R(A; A(z)) exists in X(qy’+ 7/2) A’ and 
satisfies an estimate of the form (7.4.1) there. The formula 


S(5; A(z) = 55 f eNR(A: A(z) aA, (7.4.12) 


where I’ is the boundary of =(q’+ 7/2) (see (7.2.10)), then provides an 
analytic extension of S(t; A(z)) to 2(y)xA’. Using the estimate for 
R(A; A(z)) and proceeding much in the same way as in the second part of 
Theorem 4.2.1, we obtain the required inequality. The estimate (7.4.11) is 
obtained working with the analytic continuation of (7.2.19), again using the 
techniques in the second part of Theorem 4.2.1 and inequality (7.4.9). 


We examine next the integral equation (7.2.8) giving birth to R(t, s). 
In view of Lemma 7.4.2, each member of the sequence {R,,(¢, s)} defined by 
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(7.2.22) admits an analytic continuation to A, given by 
g 
R, ($2) =f Ri(S,7)R,-1(1, 2) a7, 


(see Figure 7.4.1) where the path of integration is, say, the segment J joining 
z and § (note that if (z,f)@ A, and 7 © /, then both (f, 7) and (7, z) belong 
to A, as well, and a similar statement holds for A’). It is easy to deduce 
inductively from (7.4.11) that if p > 0, then 


CPT (I= p)" |g = 2-9 
I'(n(1—p)) 

on each A‘; thus the series UR,,(f, z) is uniformly convergent in Aj, and it 

provides an analytic extension of R(t, 5) to A,, which satisfies an estimate 


of the form (7.4.11) in each A’,. Making then again use of Lemma 7.4.2 and 
of (7.2.7), we see that the desired analytic extension of S is given by 


S(g,2) = 8(S = 2; A(z))+ f°S(S— 7; A(z)) R(t, 8) dr. (7.4.14) 


RSs Z)IL< (7.4.13) 


It only remains to prove equalities (7.4.5), and the statements preceding 
them, as well as inequalities (7.4.6). To do this, we write the first equality 
(7.4.5) for s, ¢ real in the form 


A(t) 'D,S(t,s)=S(t,s) (0<s<t<T). 
Since the two holomorphic functions 


A(£)'DeS(¥,z), S(&z) 


FIGURE 7.4.1 
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coincide for §,z real, they must coincide wherever both are defined, in 
particular in A,. The second equality (7.4.5) is equivalent to 


D,S(§,z) A(z) = — S(f, z) 


and this is established in an entirely similar way. To prove inequalities 
(7.4.6), we need to extend the estimate (7.2.29) to complex values of ¢ and s. 
This is done as follows: we have already observed that for any p > 0, 


RCS, ZI C/|8 — 21? (LA15) 
for ({, z) € A‘, and it follows from (7.4.13) that 
RG, 2S C6 — 2)? (7.4.16) 


there as well. The relevant estimates in Section 7.2 can be extended to the 
complex plane (and at the same time simplified, due to the fact that a= 1): 
(7.2.27) becomes 


|DeR(A; A())— D,R(A; A(z) C12] (8,2) € 44). 
(7.4.17) 
With the help of this inequality, (7.2.24) is extended to 
Seal 


[= 21 (te 2l8 


WRi(S, 2)— Ry (7, ZI C ((§,z)eA,) (7.4.18) 
valid for any p > 0 (with C depending on p): here 7 is any complex number 
in the segment joining z and §. The proof of Corollary 7.2.4 can then be 
extended to the complex plane: the result is the estimate 


[RG DENG Ise eG ee 


Secchi hse ei) 
(7.4.19) 


which holds for any p,« > 0 with p+ « <1. Making use of this inequality 
combined with (7.4.16) in (7.4.14), the first estimate (7.4.6) follows. The 
second can be obtained working in the same way with the integral equation 
defining S(t, s). Details are left to the reader. 


7.4.3. Example. The “real analytic” version of Theorem 7.4.1 is false, as 
can be seen with the function ¢ > A(t) produced in Example 7.3.2; although 
the real counterparts of the hypotheses of Theorem 7.4.1 are satisfied, the 
propagator S(t,s) is not real analytic in the neighborhood of any point 
(s,t), O0<s<t<T. To see this it suffices to show that the function 
u(t, s, x)= S(t, s)u(x) provided by (7.3.15) (say, for u(x)=1) is merely 
C‘*) (but not real analytic) as a L?-valued function. Details are omitted; we 
only point out that the verification is related to the classical counterexample 
of an infinitely differentiable nonanalytic function f(€)=e '/§ (> 0), 


f(§)=0 (<0). 
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Since Assumption (II’) is the same in its real or complex form, the 
total failure of Theorem 7.4.1 to function in the real domain must be traced 
to (I’). In fact, even though the family { A(7)} can be extended analytically to 
the entire complex plane by the obvious formula 


A(z)u(x) =- ae 
Poel 5 
(note incidentally that A(z) is bounded off the real axis), we have o( A(z)) 
={-—(z—x)~*; 0<x<]1); Assumption (I’) is not satisfied in any complex 
neighborhood of [0,1] (o(A(a + ee'”)) contains the point — e?e~ 7'?, which 
surrounds the origin as g moves from 0 to 7). 


We note a few additional results that can be obtained by careful 
examination of the proof of Theorem 7.4.1. In the first place, it can be 
proved that S(f, z) is strongly continuous in the closure of Aj (we only have 
proved strong continuity up to {=z for §,z real); then, equalities (7.1.7) 
and (7.1.8) can be extended to the complex plane: 


S(z,z)=l, SC, 2) Sz) = Sta) (7.4.20) 
for (§, 7), (7,2) © A, (note that ({, z) = A,). On the basis of these observa- 


tions, the following result shows that the conditions in Theorem 7.4.1 are 
essentially necessary. 


7.4.4 Example (Masuda [1972: 1]). Let A,q@ be as in the statement of 
Theorem 7.4.1. Assume that (S({, z); (§, z) © A,} is a family of operators in 
(E) such that: 


(a) (7.4.20) is satisfied for (f,7), (7,2) in Ag. 
(b) S(-,-) can be extended to a strongly continuous, uniformly 
bounded function in the closure of A, in such a way that 


S(z,z)=I (zeA). (7421) 
(c) S(-,-) is holomorphic in A,. 
For each z € A, define an operator A(z) by 
A(z)u= lim h—'(S(z+h,z)—-T)u, (7.4.22) 
> 0+ 
the domain of A(z) consisting precisely of those u for which (7.4.22) exists. 
Then the family {A(z)} has the following properties: 


(d) A(z) is densely defined for all z€ A. 
(e) For any compact subset K of A and any e>0 there exists 
constants C, M such that 


x= 2(pt+2/2-e£)N{A; |A| > M) 
belongs to p(A(z)) for z € K, 
IRO;A(Z))IISC/|A] (AEX, zEK) 
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and for each A€ 2X, R(A; A(z)) is holomorphic in z in some 
neighborhood of K. 
(f) S(%, z)E C D(A(S)), S(f, z) A(z) is bounded in D( A(z)) and 


D;S(§,z) = A(S)S(G,z), D,S(,z) =— S(f,z) A(z) . 


7.5. THE INHOMOGENEOUS EQUATION 


We prove in this section two results on the equation 


u(t) = A(t)u(t)+ f(t), G/dak) 
which are based, respectively, on the hypotheses in Section 7.3 and 7.2. The 
first one refers to weak solutions of (7.5.1). If f is, say, locally summable in 
t > 0, these solutions are defined by generalizing in an obvious way defini- 
tion (B) in Section 7.3; a function u(-), continuous in s <t<T, is a weak 
solution of (7.5.1) with initial condition 


u(s)=uy (7.5.2) 


for f locally summable in ¢ > 0 if and only if 
[oGule), we e)+ Ant) ur(t)) de = — (ug, u*(s))— f"¢ f(t), u*(t)) dt 
(753) 


for all functions u*(-) satisfying the assumptions in Definition (B). 
As noted in Section 7.1, the analogue of the Lagrange formula (2.4.3) 
in the time-dependent case is 


u(t) =S(t,s)uo + f'S(t,0)f(6) do. (7.5.4) 


It does not seem to be known in general whether every weak solution of 
(7.5.1) must be representable in the form (7.5.4), at least if we only assume 
that the Cauchy problem for (7.5.1) is properly posed as defined in Section 
7.1; note that the corresponding result for the time-independent case (see 
Theorem 2.4.6) was proved using the Phillips adjoint of S, whose theory has 
not been fully extended to the time-dependent case. However, the result 
holds in the abstract parabolic setting; this will be seen as a consequence of 
the following result. 


7.5.1 Theorem. Let Assumptions (1), (11), and (III) in Section 7.2 be 
satisfied. Assume uy is an arbitrary element of E and f is continuous in 
s<t<T (or, more generally, is locally summable there). Then the function 
u(t) defined by (7.5.4) is the only weak solution of (7.5.1), (7.5.2) ins <t <T. 


Proof. The first term on the right-hand side of (7.5.4) has already 
been shown to be a weak solution of the homogeneous equation (7.3.1) in 
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Theorem 7.3.1, thus we may assume that uv, = 0. We begin by showing that 
u(t) = ['S(t,0) f(s) do 


is continuous in s < ¢t < T (under the sole hypothesis of strong continuity of 
S).in fact, ifs < 1=<7' <7. we have 


Ime) a) < [USC IIS do 
+ fi(S(e’—s)-S(t—s)) f(s) ds 


and continuity follows as in Example 2.4.5. We prove now that u(-) satisfies 
the inhomogeneous equation in the weak sense. We have 


[suls).uraydr= J" f'S(1,0) (0) do,ut'(e)) a 
[LS 0) f(0), (0) dt do 


lim lim auth (S,(t,0)f(o),u*(t)) dt do. 
+k 


k>0+ h->O+ Ss oO 


But 
[OL Silos), u*’(t)) dt do 
=~ [7 “(S,(0+ k,0) f(a), u*(o+ k)) do 
[0 OL KD Sy(40)- A) S(4.2))f(0), u*(t)) dtdo 
— [OL Si(e0)f(0), A(a)*ut(1)) ards, (7.5.5) 


Making use of the properties of S,(t, s) established in Lemma 7.2.6, we see 
that (7.5.5) tends (as h > 0+) to 


~ [7 "(Slo +k.0) f(a), w(o+ k)) do 


T-k T 
={) fh AS(t,0)f(0), A(t)*ut(t)) dtdo (7.5.6) 
AY o+ 
On the other hand, this expression tends to 


= [fury at ~ f"["(SU,0) f(0), A(t)*ur(0)) dtd 
= - fr, u*(t)) dt — f"(u(t), A(t)*u*(1)) de 


when k > 0+, which proves (7.5.3) taking into account that u(s) = uy = 0. 
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Since uniqueness of weak solutions of (7.5.1) reduces to uniqueness 
of solutions of the homogeneous equation (7.3.1) (which has been estab- 
lished in Theorem 7.3.1), the proof is complete. 


The next result assumes the hypotheses used in Section 7.2 and 
generalizes to the time-dependent case Example 2.5.7. 


7.5.2 Theorem. Let Assumptions (1), (1), (IID), and (IV) in Section 
7.2 hold. Assume uy is an arbitrary element of E and f is Holder continuous in 
s <t<T, that is, for some B > 0, 


WFC) — fC Cle’—1t/? Gat, t’<T). (7.5.7) 
Then the function u(t) defined by (7.5.4) is the only genuine solution of 
the inhomogeneous equation (7.5.1) in the sense of Definition (A), Section 7.2. 


Proof. Uniqueness again follows from uniqueness for the homoge- 
neous equation, thus we can assume that u, = 0 in (7.5.4), which we do in 
the sequel. 

In view of (7.2.10), we have 


S(t=s; A(r))=55 mle M-9R(A: A(r)) dd, (7.5.8) 
where I is the contour used in Section 7.2. Hence 
nee ugar aCe” 
ae (R(X; A(t))— R(A; A(s))) dA 


~ Oni 


(725:9) 
in0<s<t<T. By virtue of Assumption (IID), 
IRCA; A(t))— ROA; A(s))I|< (¢—5) sup ||D,R(A; A(7))I 


s<r<t 
<C(t—s)JA}P-', 
and we obtain from (7.5.9) that 
|A(t) S(t —s; A(t))—A(s)S(t-5; A(s))I] <C/(t-—s)® (O<s<t<T). 
Combining this inequality with (7.2.45) and (7.2.59), we get 
A(t) S(t, 5)— S(t,8)A(s)||<C/(t-s))" (O<s<r<T) 
(7.5.10) 


with «x as defined in Corollary 7.2.4. This will be used later. 
Write 


['S(t,0)f(0) do= f'S(t,0)(f(0)- f(x) do + f’S(t.0)f() ao. 
G5.11) 
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Combining (7.5.7) with (7.2.34), we see that ||A(t)S(t,o)( f(o)— f(t))]| is 
integrable in s <o <1, so the first integral belongs to D( A(t)) and A(t) can 
be introduced under the integral sign. In relation to the second integrand, 
we note that 


A(t)S(t,0) f(t) 
= (A(t)S(t,0)— S(t,0) A(a)) f(t)+ S(t,0)A(o) f(t) 


where the first term on the right is integrable in s < o < ¢ in view of (7.5.10); 
for the second we have, making use of (7.2.33): 


(em S(t,0)A(o) f(t) do= — f° "D,S(1,0) f(t) do 


= S(t,s)f(t)—S(t,t—h) f(t). 
Hence (7.5.11) belongs to the domain of A(t) for all t > s and 


A(t) ['S(t,0) (0) do = f'A(1)S(t,0)(f(0)—f(t)) do 


+ ['(AWS(1,0)- SH 0)A(a)) (0) do 


+ S(t, s)f(t)—- f(t). (ES) 
An examination of this equality, (7.2.34), (7.5.7), and (7.5.10), shows that 


A(t)u(t) = A(t) ['S(t,0)f(o) do 
is continuous in s <¢<T and that 
A(t) [/ "S(1,0) f(a) do > A(r)u(r) = A(1) ['S(t,0) f(a) do 
uniformly there. Hence, if s < t’< T we have 
t’ ; ’ t—h 
fAleu(e)de= tim [AC f S(t,0)f(o) dodt, 
where 


[AOL Sloo)so)doa= f" "J" A(s)S(t,0) f(a) ata 
=f" "'f' DS(1,0) (0) dedo 
=[" "S(v,0) (0) do 

- f° "s(o+h,0)f(0) do. 


Taking limits, we obtain 


[Aus de = u(v)— fF) at, 
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which shows that u(-) is indeed a solution of (7.5.1). This completes the 
proof of Theorem 7.5.2. 


7.6. PARABOLIC EQUATIONS WITH 
TIME-DEPENDENT COEFFICIENTS 


We examine here time-dependent versions of the elliptic operators in 
Chapter 4. Since the methods are clearly visible in space dimension one and 
most of the technical complications are absent, we look mostly at this case. 
In the following preparatory results, 8, (resp. B,) is a boundary condition at 
0 (resp. at / > 0) and A,( fp, 8,) is the operator (written in variational form) 


A, (Bo, B))u(x) = (a(x) u’(x)) + b(x)u'(x)+ c(x)u(x). (7.6.1) 
The coefficients a,b are assumed to be continuously differentiable in 
0 <x </ while c is continuous there. As in Section 4.3, 4,( Bo, 8,) is thought 
of as an operator in L’?(0,/) with domain consisting of all ue W* (0, /) 
that satisfy both boundary conditions. Use will also be made of the operator 
A,,, defined in a similar way, but without including boundary conditions in 
ihe definition of the domain (that is, D(A,) = W?-?(0,1)). The admissible 
range of p will be 1 < p <oo. 
The first observation concerns solutions of the equation 
(AI-A,)u=f (7.6.2) 


for f € L? with nonhomogeneous boundary conditions; to fix ideas, assume 
both boundary conditions are of type (I), so that one wishes to find 
u © W*?(0,/) satisfying (7.6.2) and 

u’(0) =yyu(0)+dy, u’(1) =yu(1) +d). (7.6.3) 
To solve this problem we use our information on the operator A,( Bo, £,). 


Let p be a real-valued twice continuously differentiable function satisfying 
the same boundary conditions as u: 


0'(0) = yop (0)+dy, p’'(1)=ye(/)+4,. 
Then v = u— p belongs to D(A,(Bo, B,)) and satisfies 
(AI — A(By, B,)) 0 = f —(AI— A, )p. (7.6.4) 
Observe next that 


Appl] <C'lellw2° <C" (Idol + I4il), (7.6.5) 


where the constant C” does not depend on |d,|,|d,| if p is adequately 
chosen. We deduce then that if A ©p(A,(fp,8,)), the solution of 
(7.6.2), (7.6.3) given by 


= R(A; A,(Bo, By))(f (AL — 4,) 0) +0 (7.6.6) 
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can be estimated in terms of || /||,|do|,|d,|. It will be important in what 
follows to obtain estimates that are “uniform with respect to 4,(Bp, 8,)” in 
a sense to be precised below. We consider a class 2 of operators A (Bos B,) 
whose coefficients satisfy the inequalities: 


la(x)],la’(x)|, IPO) PC) leo lol. Iul<C, a(x) >«>0, 
(TGet) 
uniformly for 0 < x </ and A,,(Bo, B;) aN. 


7.6.1 Lemma. Let », be the angle in Theorem 7.3.1, 


une 1/2 
0, ~arets| (525) = | : 


Then if 0<p<@,, there exists w such that the sector 2=2(p+ 7/2)= 
{A; |argA| <p + 7/2) belongs to the resolvent set of every A,( Bo, B,)— #1, 
A (Bo, B,) © Ut, and the solution u of (7.6.2),(7.6.3) for A, — wl satisfies 

] 


lull <q If II+ C(ldol + 14/1), (7.6.8) 

, 1 
lyre <C [a+ IAL +14} (7.63) 
lll 22 <C(ISI+ IAL dol + 14,1) (7.6.10) 


for X © and A,( Bo, B,) © UX, where the constants C,C’,C” are independent 
of f, dy, di, r, A,(Bo; B,) — YW. 


The proof follows from careful observation of the material in Section 
4.3. Note first that under the present uniform bounds on the coefficients of 
A,(Bo, 8;), the estimate (4.3.15) can be obtained with w independent of 
A,,(Bo, B,); it suffices to increase that w to w +1 and (7.6.8) results from 
(7.6.6). To obtain (7.6.10) we note that the norm of W”? is equivalent to, 
say, the graph norm of A,,( Bp, 8,)— w/. Finally, to show (7.6.9), we use the 
fact (Adams [1975: 1, p. 70]) that for every u € W??(0,/) we have 


lull ie < KOllull yao + KO~ "ull p> (7.6.11) 
for 0<8<1, where K only depends on p and /. Setting 6=|A+1|~' 
and using (7.6.8) and (7.6.10), the desired inequality is obtained. 


In the following result we consider time-dependent operators and 
boundary conditions: here B)(7), B,(t) are, for each t, boundary conditions 
of type (1), 


u'(0) =y(t)u(0), u’(t)=y7,(t)u(Z), (7.6.12) 
and 


A,(t, Bo(t),B)(t)) = (a(x, t)u’(x))' + b(x, t)u'(x) + e(x, t)u(x). 
(7.6.13) 
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We assume that y) and y, are defined and continuously differentiable in 
O<t<T and that Da, a’, D,a’, b’, D,b, D,c exist and are continuous in 
O<x<l,0<t<T together with a, b,c. Moreover, 


on) = OMe Or <a 10/4) (7.6.14) 


In what follows, w is still the parameter in Lemma 7.6.1 corresponding to 
the family Y= (A, (t; Bo(t), B)(t)); 0<1t<T). 


7.6.2 Theorem. Under the hypotheses above the family of operators 
(45(Bo(4), B(t))— oF Ost <T} (7.6.15) 


in L?(0,1) satisfies the assumptions of Theorem 7.3.1; in particular, the 
Cauchy problem for the equation 


u'(t)=A,(t; Bo(t),B,(t))u(t) (0<t<T) (7.6.16) 


is properly posed (with respect to the weak solutions defined in (B), Section 
Cite Re 


Proof. We only have to verify assumptions (1), (IJ), and (III) in 
Section 7.2. Since the family (7.6.15) fits into Lemma 7.6.1, (1) follows from 
(7.6.8) with dy=d,=0 and u=u)(-,t)= R(A; A(t; Bo(2), B)(t))— wl) f. 
The second estimate implies that 


ea. Mlle < CIA (7.6.17) 


uniformly for0 <t<T,A ©. This shows uniform boundedness of u(0, r), 
u,(/, ¢) since it follows from (4.3.40) that 


[un (0, 7), 1u(L Ol < Clays Olly (7.6.18) 


for 0<t<T and XA €® fixed (how C depends on A is unimportant for the 
moment). The next step is to observe that the function 


w,(x,t)=u,(x,t+h)—u,(x,1) 
satisfies the nonhomogeneous boundary value problem 
(AI —(A,(1)— 01), (x, t) = (4,(¢+ h)— A, (1)) u(x, 0+ 4), 
(7.6.19) 
wi (0, t) = Y(t) wy (0, 1) + (¥o(t + 2) — ¥0(t)) u, (0,t +4), 
wi(1,t)=y7,(4),(, t)h+(y(¢+h)—y7,(t))u(,t+h). (7.6.20) 
A look at (7.6.10) and (7.6.18) shows that, for A € = fixed, the function 
t>u,(-,t)ew? (7.6.21) 


is continuous in the W*? norm in 0 <t <T uniformly for f in || f|| <1. We 
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consider next the problem 
(AT- (AN(t)— wl))v,(x, tye (Daest) uta) 
+ D,b(x, t)uh(x, t)+ D,c(x, t)u(x, t) 
(7.6.22) 
with boundary conditions 
v(0, t) = ¥9(t) 0, (0, t) + Diyo (4) u, (0, 2), 
0, (1, t) =7,(4) 0, (1, t)+ Dy, (1) a, t). (7.6223) 


A similar argument, this time applied to v,(x,¢+h)— v(x, ¢), 
shows that 


t>v,(-,t)EeWw?? (7.6.24) 


is continuous for 0 <t<T in the W*? norm uniformly in || f|| <1; here we 
make use of the continuity of (7.6.21) and of the fact, again consequence of 
(4.3.40), that u,(0,7),u,(/,¢) are continuous in 0<?t<T uniformly in 
|| f || <1. It is obvious that (II) will be amply satisfied if we can show that 


v,(-,t) = D,R(A; A(t; Bo(t),B(t))—e1)f(-) (7.6.25) 
(which is intuitively obvious since the problem (7.6.22),(7.6.23) is obtained 


differentiating formally with respect to ¢ the boundary value problem 
satisfied by u(x, t)). To establish (7.6.25) rigorously, we consider 


z,(x,t)=(h7"(uy(x, t+ h)—uy(x, t))— 0, (x, t)). 
An amalgamation of (7.6.19) and (7.6.22) shows that z, satisfies 
(AIT -(A,(t)— @f))z,(x, 2) 
= ((h-'(a(x,t+h)—a(x,t))—D,a(x, t))ui(x, t))’ 
+(h7'(b(x, t+ h)—b(x, t))— D,b(x, t)) uh (x, t) 
+(h7~'(c(x,t+h)—c(x, t))— D,e(x, t)) u(x, t) 
+ho'(A,(t+h)—A,(t))(uy(x, t+ h)—uy(x, t)), 
24(0, 1) = yo(t)2,(0, 1) + (A> "(Y(t +.) — 0())— D,r0(t)) ua (0, 1) 
+ ho "(y(t + h)— yo(t))(uy(0, 2+ h)— uy (0, 2), 
2y(1t) = y(t)2(L0)+ (h(a (t+ h)—y,(¢))— Don (t)) u(t) 


+ho'(y(t+h)—y,(t))(u(1, t+ 4)—uy (1, 1)). 
thus z, > 0 ash—0. 


It remains to show that Assumption (II) holds. In possession of 
(7.6.25) we go back to the boundary value problem defining v, and obtain, 
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using (7.6.8), that 
C 
lor tI ray elle’ + C(|u,(0,t)| + |u,(Z, t))). 


We use next (7.6.9) and (7.6.10) for u, keeping in mind that uw satisfies a 
homogeneous boundary value problem. In view of (7.6.18), we obtain 


Cc 
lo, I< | 


ieee eee SSD), (7.6.26) 


which completes the verification of (III) and thus the proof of Theorem 
Onze 


7.6.3 Theorem. Let the hypotheses in Theorem 7.6.2 be satisfied. 
Assume in addition that D,a, D,a’, D,b, D,c, are Hélder continuous in t 
uniformly with respect to x and that D,y,, D,y, are Hélder continuous. Then the 
family (7.6.15) satisfies the assumptions of Theorem 7.2.5; in particular, the 
Cauchy problem for (7.6.16) is properly posed with respect to the strong 
solutions defined in (V), Section 7.2). 


Proof. We only have to verify Assumption (IV) in Section 7.2. We 
can in fact show that if a is the Hdlder exponent of D,a, D,a’, D,b, D,c, 
D,¥, D,¥,, then 


[ees ESO Re <i 6 )y 


where y,(x, t, t’) = (t/— t)~ “(0 (x, t’)— v(x, t)). This is done by examina- 
tion of the boundary value problem satisfied by y,, which is easily deduced 
from (7.6.22). Details are omitted. 


The case where one of the boundary conditions is of type (II) is 
handled in a similar way. When both boundary conditions are of type (IJ) 
the argument becomes in fact much simpler, since ali functions employed 
(uy, V,,...) Satisfy the homogeneous boundary conditions and no results on 
the nonhomogeneous problem are necessary. Of course the same is true if 
8, B, are of type (I) but independent of r. 

Finally, we comment briefly on the extension of the results to partial 
differential operators. Using again the divergence form, we write 


A(t; B(t)) =X D(a, (x, t) D*u)+ 0 b,(x, 1) Diu + c(x, t)u, 


where the coefficients Aj,, 5, € are defined in % X[0,7], Q a bounded 
domain in R”, and f(t) is a time-dependent boundary condition on the 
boundary I. As in dimension one, the case where f(t) is the Dirichlet 
boundary condition is much simpler, and we indicate how to adapt the 
arguments above. The assumptions are as follows. For each ¢, the coeffi- 
cients of the operator and the domain satisfy the smoothness assumptions in 


Theorem 4.9.3; moreover, dj,, D/a jie b and c are continuously differentia- 
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ble with respect to ¢ in 2 x[0, 7] and 
Ss BON Gs ty é,> Klé\> (EER"”, (x,t) €Q x[0,T]) 


for some k > 0. The one-dimensional reasoning adapts without changes, the 
only estimates needed being those for the homogeneous boundary value 


problem (we note incidentally that the “intermediate” estimate (7.6.9) is 
unnecessary). Under these conditions the family 


{A(t; B(t)); 0<t<T) (7.6.27) 


satisfies the conclusion of Theorem 7.6.3. If one wishes to fit (7.6.27) into 
Theorem 7.6.4, it is enough to require that D,a,,, D,D/a;,, D,b;, and D,c be 
Hélder continuous in ¢ uniformly with respect to x € Q. 

The case where the boundary condition is of type (I) must be 
handled with the help of estimates on the nonhomogeneous boundary value 
problem (see Example 7.6.6 below). 


7.6.4 Example. State and prove analogues of Theorems 7.6.3 and 7.6.4 in 
the case m>1 for Dirichlet boundary conditions using the suggestions 
above and the results on partial differential operators in Chapter 4. 


*7.6.5 Example. A multidimensional analogue of (7.6.5). Let Q be a 
bounded domain of class C®, y(-) a function defined and continuously 
differentiable on the boundary I’. Consider the space W!:?(Q), 1< p <oo. 
If d(-) is a function in W'?(Q), then there exists a function p(-) in 
W?(Q) such that 


Dip(x) =y()p(x) a(x), Cost) 
in the sense of (4.7.37). Moreover, p can be chosen in such a way that there 
exists a constant C independent of d(-) such that 


llOllw2--(a) < Cll ll ws.ecg- (7.6.28) 


The outline of the proof is as follows. By means of boundary patches 
and their associated maps, we can reduce locally the problem to the case 
Q=R”, =R”~', and then reason as in Example 4.8.19 via an approxima- 
tion argument. 


7.6.6 Example. Using Example 7.6.5, establish a multi-dimensional ana- 
logue of Lemma 7.6.1. 


7.6.7 Example. State and prove extensions of Theorem 7.6.2 and Theo- 
rem 7.6.3 in the case m >1 for boundary conditions of type (1). 


7.7. THE GENERAL CASE 


We study in this section the abstract differential equation 
u(t) = A(t) u(t) GED) 


under hypotheses that can be roughly described as follows: each A(t) is 
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assumed to belong to ©, and relations among the operators A(t), A(?’),... 
are imposed in order to make possible the construction of S(t, s) under the 
“product integral” form sketched in Example 7.1.8 in the bounded case. 

To simplify future statements, we introduce several ad hoc notations 
and definitions, several of which were already used in Section 5.6. If E, F 
are two Banach spaces, we write F— E to indicate that F is a dense 
subspace of E and that the identity map from F to E is bounded. 
Expressions like A € C,(w; E), AG C,(C,w, E) indicate that A belongs to 
the indicated classes in the space E. Given an operator A € ©, (E), we say 
that F is A-admissible if and only if 

St A) ak (i=) (ete) 

and ¢ > S(t; A) is strongly continuous in F for t > 0. We denote by 4; the 
largest restriction of A to F with range in F, that is, the restriction of A with 
domain {u € D(A) F; Au € F). The reader is referred to Section 5.6 for 
examples and relations between these definitions, especially Lemma 5.6.2, 
which will be useful in the sequel. 

A family (A(t); 0<t<T)} of densely defined operators in the 
Banach space E is said to be stable (in E) with stability constants C, w if and 
only if M p(A(t)) D (, oo) and 


IT R(A; A(t,)) 
we 

for every finite set {t;}, O<t,;<t, <-+: <t, <T. Here and in what follows, 
products like the one in (7.7.3) are arranged in descending order of indices, 


that is, 


AC (\ co) be O)) (7.7.3) 


i B, a Bee y 

pal 
It is plain (as we see taking t; =f, =--- =¢,,) that each A(f) in a stable 
family belongs to C,(C,w). Two equivalent forms of the definition are 
proved below. 


Re (7.7.4) 


7.7.1 Lemma. (a) Inequality (7.7.3) is equivalent to 

n n = 
TT R03 4(4) 2) (7.7.5) 
Te i 


for all {t,},{X,} such that 0 <t;<t)<-++- <t,<TanddX,,Xj,...,r, > w. (b) 
A family A(-) of operators in ©C,(w) is stable with stability constants C, w if 
and only if 


n 


[1 S(s,; A(z,)) 


j=l 
for all {t;} as above, $1, 52,---,5, 29, S(s;; A(t;)) = exp(s;A(z;)). 


Ses Ee) (7.7.6) 


Proof. Assume that A(-) is stable, and let the (s;} (5), 5,...,8,, > 9) 
be rational, 5; = p;/9; (Pj 4; integers). Let n be a positive integer. Consider 
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the operator 


n 


B= ll (Ze(Zs4)}] : CTT) 


J J 


where n, = nq, °** 9,5; = 19, °°" 4; -1PjQjri In Since n,/s; is indepen- 
dent of j, we can use (7.7.3) for A=, /s, and the family 
Te A ee eA he 
each f, repeated n, times, obtaining 
n WS; ial 
B,ll<cT]{1-— : (7.7.8) 
ij = Le 


Observe next that, in view of (2.1.27) each of the n factors on the right-hand 
side of (7.7.7) converges strongly to S(s,; A(t;)), while the product obtained 
deleting any number of factors from (7.7.7) is uniformly bounded, just as 
the total product, by virtue of the stability assumption. This is easily seen to 
imply that 


strongly, thus we obtain (7.7.6) for s, rational from (7.7.8). The general case 
is proved exploiting the strong continuity of each S(s; A(7;)). Inequality 
(7.7.5) is then obtained noting that 


ll RU A(t;))u= fo eMart 450) Il Sis: A(t,))uds, --: ds... 
j=) 0 j=l 


(7.7.9) 


Finally, it is obvious that (7.7.5) implies (7.7.3) if we take all the A ; equal to 
A. This completes the proof of Lemma 7.7.1. 


7.7.2 Remark. To verify the stability condition (7.7.3) (in any of its 
equivalent forms) is usually no easy task, except of course in the trivial case 
where all the A(t) are m-dissipative, or, more generally, when all the 
A(t)—wI €C,(1,0) for some fixed w; in fact, in this case, if A >w and 
Vsts ah <7, 


n 


TT R(); A(t,)) 


11 <i Nee) es (7.7.10) 


The following result generalizes this observation to the case where 
the above condition is satisfied after a certain (time-dependent) renorming 
of the space. 


7.7.3 Example (Kato [1970; 1]). For each t,0<t<T, let \|-||, be a norm 
in E equivalent to the original one. Assume that there exists a constant c > 0 
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with 
lull, < eo" "ull, (ue E,O<s,t<T); (7.7.11) 
and let E, be the space E endowed with the norm ||-||,. Assume that 
AC VeCI I eo.F,) (<t<T) (727.12) 


for some w. Then the family A(-) is stable. 


Another method of constructing stable families is by bounded per- 
turbations of other stable families. In this direction we have the following 
result (which will not be used until next section). 


7.7.4 Lemma. Let A(-) be stable (with constants C,w) and let B(-) 
be a family of operators in (E) such that 


|B(t)I|<M (0<t<T). (77:13) 
Then {A(t)+ B(t); 0<t<T) is stable (with constants C,w+CM). 


Proof. It was proved in Theorem 5.1.2 that if A] C,(C,w) and 
Be&(E), then A+ BEC,(C, w+ C||B||) by using a direct construction (and 
subsequent estimation) of R(A; 4+ B) as a power series in R(A; A). The 
same power series development and a very similar estimation prove the 
present result. Details are left to the reader. 


We are now in condition to demonstrate a very general result to the 
effect that the Cauchy problem for (7.7.1) is well posed. However, we are 
forced once again to modify the notion of solution introduced in Section 
7.1. In the following definition we assume that (A(t); 0 <t<T) is a family 
of densely defined operators in E and F a subspace of E such that 
FCD(A(t)) O<t<T). 


(C) The E-valued function u(t) is a solution of (7.7.1) ins <t<T if 
and only if: 

(a) u(-) is E-continuous and u(t)€ Fins <t<T. 

(b) The right-sided derivative 


D*u(t)= , im h~'(u(t+h)—u(t)) 


exists (in the norm of E) and 
D*u(t) = A(t)u(t) 
WES <i l 


7.7.5 Theorem. Let E, F be Banach spaces with F—> E and F 
reflexive, and let {A(t); 0<t<T) be a family of densely defined operators in 
E. Assume that: (a) A(-) is stable in E (with constants C,w). (b) F is 
A(t)-admissible for 0 <t <T. (c) The family (A(t) -; 0<t <T) is stable in F 
(with constants C,&). (d) F C D(A(t)) and A(t): F > E, belongs to (F; E) 
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for each t. (e) If A(t) is the restriction of A(t) to F, the map t > A(t) from 
0 <t<T into (F; E) is continuous. Then the Cauchy problem for (7.7.1) is 
properly posed with respect to solutions defined in (C) with D = F. If S(t, s) is 
the evolution operator of (7.7.1), then S is E-strongly continuous in the triangle 
0<s <7 <7 and 


[SCs lis = Corin ea (Oi ac 6 eerie Ta) (7.7.14) 


where C,w are the constants in (a). For each u € F, S(t, s)u is differentiable 
with respect tos inQ<s<tand 


D,S(t,s)u=—S(t,s)A(s)u (O<s<t). (7.7.15) 
Finally, S(t, s)F C F and 
WSs )ilen = Cone (Uae tery, (7:7:16) 


are the constants in (c), and S(t,s) is F-weakly continuous in 


Proof. Let A,(t) be defined by 


= = k 
A,(t)= 4{=— Bee erecta! (7.7.17) 
n n n 
k =1,2,...,n, and (for the sake of completeness), A, (7) = A(T). In view of 
assumption (e), 
|4,(4)— A(t)llcr, = > 0 (7.7.18) 


uniformly in 0 <t <T, where the tilde, as before, indicates restriction to F. 
It is obvious that A,,(-) is stable in E and that A,(-), 1s stable in F, in both 
cases with the same constants C, w,C,@ postulated in (a) and (c), therefore 
independent of n. 

We examine now the equation 


u'(t)=A,(t)u(t). (7.7.19) 
A moment’s reflection shows that if 0 <s < T and w€ F, then (7.7.19) has a 
solution u,,(-) in s <t <T with initial value 
u,(s)=ueF 
given by 
u,(t)=S,(t,5)u, (7ZeF20) 


where the operator S,(t,s5) is defined as follows. Let 0<s<t<T and let 
k,/ be two integers, 1 < k,/ <n, such that 
Kal = 
fivatlie Dies! brik ie tale 
n n n n 


so that k </ (clearly k=[ns/T]+1, /=[nt/T]+1, where [-] denotes 
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integral part). Then 


s(oay=s(r—try4(F4r)\ 11 s(tr4(4+7))} 


ee ) (F721) 


if k </ (if k =/—1 the product between curly brackets is taken equal to the 
identity operator). If k =/, 
ees | 
Ss) =S i—M{———D ; C722) 
The word “solution” in the preceding statement is understood in the sense 
of Definition (C), or more precisely as follows: u(-) is a genuine solution of 
(7.7.19) in each interval 
k y se ne | 
= Tals Skictel snes das 
|s,£r),| i mer (j=k n) 
and it is continuous in s<t<T. Likewise, the function s > S(t,s)u is 
continuous in 0 <s <t, continuously differentiable in each interval 


(aa a8 a Red 

5 ca) Gels ak ie) | z Hct 
Kasih 
aa | ky eat Re 122, aly | dee 
—?) SO Oi OO es  — 

(er) lb) ee 

tol s t 
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(<r) 4(<r) 
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FIGURE 7.7.1 
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and satisfies there 

D,S,(t,s)u=—S,(t,5)A(s)u. (725.23) 
As the reader will no doubt suspect by now, the propagator S(t, s) of (7.7.1) 
will be constructed as the limit of the S,, in a way quite similar to that 


employed in Example 7.1.8 (but under totally different hypotheses). Conse- 
quently, the next step will be to show that, for each u€ E, 


lim S,(t,s)u=S(t,s)u (7.7.24) 
exists, uniformly in 0 <s <t<T. In order to do this, we begin by noting 
that it follows from stability of A(-) in E, stability of A(-),; in F, A(t)- 
admissibility of F, and (part of) Lemma 7.7.1 that S,(¢,s)F C F and 

[Seles Man =. CenUn?, NS Utes My Coo nti) 
inOd<s<t<T,n=1,2,.... Hence (7.7.24) needs to be shown only for u in 
a dense subset of E, say, for u € F. In order to do this we take profit of our 
previous observations concerning S,(t,s). If ue F and 0<s<t<T, it is 
easy to see that 0 > S,(t,0)S,,(0,5)u is continuous in s <o <¢ and con- 


tinuously differentiable there (except perhaps at points of the form kT/n 
lying in [s, t]) and 


D,S,(t,9)S,,(6,8)u= —S,(t,0)A,(0)S,,(0, 7) u 
+ S(t,0)A,,(0)S,,(0,5)u 
= S,(t,0)(A,,(0)—A,(o))S,,(0,5)u. 
(Gea) 


Integrating in s <o <¢, we obtain 
(5,,(t,5)-S,(t,8))u= [°S,(1,0)(4,(0)— 4,,(0))S,,(0,8)udo, 


(7.7.27) 


hence 
~ Py t ~ ~ 
ICS, (4, Uy el s))ull- < CET Da ah || A, (6) — A,,(9 )llcr. E) do, 


(7.7.28) 


which estimate, in view of (7.7.18), shows that S,(t,s)u is convergent for 
u€ F, in view of the first inequality (7.7.25) and the denseness of F, 
S,(t,5)u is actually convergent for all u€@ E uniformly in the triangle 
0<s<t<T. Since each S,, is strongly continuous, S$ is strongly continuous 
inO<s<t<T. We also have 


S(s,5) =. 


In order to study the differentiability properties of S stated in Theorem 
7.7.5, we shall make use of the following result: 
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7.7.6 Lemma. Let A*(-) be a family of densely defined operators in 
E satisfying exactly the same assumptions as A(-) in Theorem 7.7.7 (we 
suppose that F is the same, as well as C,w,C,&). Let S*(-, +) be the operator 
function constructed from A*(-) in the same way as S(-,-) was constructed 
from A(-). Then 


~ ~ t ~ ~ 
I(S* (t,8)—S(t,s))ulle < CCe* |u| pf A*(0)— A(x, 2) 40 


(7.7.29) 


ip ORS BSS IC. 


To prove this, we use an argument very similar to that leading 
to (7.7.28). If A;*(-) is defined from A*(-) as in (7.7.21),(7.7.22), we can 
prove inequality (7.7.29) for A,’ (-) and A,(-) reasoning with the function 
s > S,* (t,0)S,(0, 5). We make then use of the convergence properties of 
S,* and S, proved a moment ago and (7.7.29) results. 


Inequality (7.7.29) will be put to work with the following A ‘(-): 
given 0<s<T, let 
A(t O<t< 
ACs) els Pers). 
The assumptions of Lemma 7.7.6 are rather trivially satisfied; there- 
fore (7.7.29) holds. Since the right-hand side is o(f — s) as ts + and (as 
we see easily) S*(t, s)u = S(t — 5; A(s))u(t >), it follows that D,/ S(t, s)u 
exists at ¢=s and equals A(s)u= A(t)u. 
We obtain easily from the definition of S, that 
S\(iss)=3S, (fo) Soos)e O<s— anes): (7.7331) 
Applying both sides of this equality to an arbitrary u € E and taking limits, 
S(t,s) =S(t,0)S(o,s), 


(7.7.30) 


FIGURE 7.7.2 
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thus 
S(t+h,s)—S(t,s)=(S(t+h,t)—S(t,t))S(t,s). (7.7.32) 


Therefore, the required right-sided differentiability of S(t,s)u for we F 
(and the equality D,* S(t, s)u = A(t)S(t, s)u) will follow if we show that 


Sis Rar. 


for0O<s<t<T. We do this next, and the reader will note that reflexivity of 
F is used only here. If u € F, we have already noted that S(t, s)u © F; on 
account of the uniform boundedness of ||S,||(-) (see the second inequality 
(7.7.25)), (S(t, 5)u) must be bounded in F and must then contain a weakly 
convergent subsequence (which we denote in the same fashion). Let v be the 
weak limit of (S,(¢, s)u}. Since S(t, s)u > S(t, s)u strongly (thus weakly) 
in E and every continuous linear functional in E is a continuous linear 
functional in F, it follows that S(t, s)u= ov. 

It is clear that (7.7.16) results from this argument and from the 
second inequality (7.7.25). 

To prove F-weak continuity of S, we argue in a somewhat similar 
way. Let (¢,5),(¢,,5,), 2=1,2,... be points in the triangle O<s<t<T 
such that (¢,,s,) > (¢,5), and let ue F. If S(t, s,)u does not converge to 
S(t, s)u weakly, there exists u* € F*, e>0 and a subsequence of {(t,,, s,,)} 
(which we design with the same symbol) such that 


\<u*, S(t,, 5, )uU— S(t, s)u)| pe: (7.7.33) 


However, in view of the reflexivity of F, we may assume (if necessary after 
further thinning out of the sequence) that (S(1,,, 5,,)u} is weakly convergent 
in F (thus in E) to some ve& F. But S(t,, s,,)u— S(t, s)u strongly, hence 
weakly, in E. It follows that v = S(¢,s)u, which contradicts (7.7.33) and 
completes our argument. 

It only remains to study the s-differentiability of S(t, s)u, u€ F. The 
fact that s > S(t,s)u has a left-sided derivative at s=7 can be proved 
exactly in the same way in which we show that ¢ > S(t, s)u has a right-sided 
derivative; we use now 


(7.7.34) 


instead of A‘(t) and we obtain that DS(t,s)u=— A(t)u for s=t. If 
One 1: 

h-"(S(t,s—h)—S(t,5))u=S(t,s)h"(S(s,s—h)u—u), 
so that D, S(t, 5) exists in 0 <s <¢t and 


D, S(t,s)u=—S(t,s)A(s)u. 
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FIGURE 7.7.3 


On the other hand, if O<s <f, 
h-'(S(t,s+h)-S(t,s))u=S(t,s+h)h-'(u-S(s+h,s)u) 
> —S(t,s)A(s)u 
as h > 0+ in view of the right-sided differentiability of t > S(t,s)uatt=s 
and the strong continuity and uniform boundedness of S. 

Finally, let u(-) be an arbitrary solution of (7.7.1) in s <t<T in the 
sense of Definition (C). Let t>s and write v(o)= S(t,o)u(o), s<o<t. 
We have 

v(o+h)—v(0o)=S(t,o+h)u(ot+h)—S(t,o)u(c) 
=S(t,0+h)(u(o+h)—u(o)) 
+ (S(t,06+h)—S(t,o))u(c) 
so that the right-sided derivative of v(-) exists in s<o<t and vanishes 


there. After application of linear functionals, we deduce that v(-) is con- 
stant from the following result: 


7.7.7 Lemma. Let 7 be a function defined and continuous ina<t < 
b, and such that D*n exists and equals zero in a<t <b. Then is constant. 


In fact, since v(-) must be constant, 
u(t) =v(t) =S(z,5)u(s), 
which ends the uniqueness argument and thus the proof of Theorem 7.7.5. 


Lemma 7.7.7 can be proved as follows. Assume 7 is not constant, 
and let a<¢t, <?t, <b with, say, n(t,)<n(t,). Then the graph of 7» lies 
below the segment J joining (7,, n(¢,)) and (f5, n(t,)) (otherwise, on account 
of the continuity of 7, it is not difficult to prove that there exists fo, 
t, <t  <t, such that (fo, n(¢9)) € J and the graph of 7 lies above J in some 
interval to the right of f), thus D*n(t,)>0). (See Figure 7.7.4.) Since 
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FIGURE 7.7.4 


D*n(t,) = 0, there exists #5 >t, with n(t,) < y(t) and such that (7, n(t,)) 
lies above the segment J’ joining (t,, n(¢,)) and (75, n(t4)), which is absurd 
in view of the preceding argument. We reason in a similar way in the case 


n(t,) > n(tp). 


7.7.8 Remark. We note that uniqueness of solutions of (7.7.1) has been 
only established under the assumption that u(t) € F for all ¢; thus the result 
does not cover, for instance, the solutions defined in Section 7.3, although 
these are rather more differentiable than the present ones. 

On the other hand, uniqueness was established on the only basis of 
the behavior of S(t, 5) as a function of s and it is then valid independently of 
the hypothesis that F is reflexive. 


7.7.9 Remark. There is more than meets the eye in the solutions of (7.7.1) 
constructed in Theorem 7.7.5. In fact, under the hypotheses there, we can 
prove the following result: 


7.710 Lemma. Let u€ F. Then (t,s)— A(t)S(t, s)u is E-weakly 
continuous and strongly measurable in 0 <s <t<T; moreover, if 0<s <T, 
t > A(t)S(t, s)u is E-strongly measurable ins <t <T and 


S(t,s)u=u+ ['A(7)S(t,8)udz (strata 1735) 


the integral understood in the sense of Lebesgue-Bochner. Therefore, D,S(t, s)u 
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exists in a set e = e(S) of full measure in [s, t] and 
D,S(t,s)u=A(t)S(t,s)u (s<t<T) 
wherever the derivative exists. 


Proof. We have proved in Theorem 7.7.5 that (t,s)—> S(t, s)u is 
F-weakly continuous for u € F. If u* € E*, we have 
(u®s A(t) S(t,)5) uy = (A(t) ut, S(ts)u), Chet36) 
where A(t)*: E* > F* indicates the adjoint of A(t) (the restriction of A(t) 
to F) as an operator from F to E. Hypothesis (e) plainly implies that 
t > A(t)* is continuous as a (E%*, F*)-valued function, thus (7.7.36) yields 
our claim on E-weak continuity of A(t)S(t, s). The statements on E-strong 
measurability of S(t, 5s) as a function of ¢ and s as well as a function of ¢ for 
each s fixed follow from this well-known result in integration theory of 
vector-valued functions: 


7.7.11 Example (Hille-Phillips [1957; 1, p. 73]). Let f be a function 
defined (say) in a measurable subset K of n-dimensional space with values 
in E. Then, if fis weakly continuous, it is strongly measurable in K. 


We note that it also follows from Example 7.7.11 that S is F-strongly 
measurable, either as a function of (f, s) or in each variable separately. To 
show (7.7.35), we take u* € F*, write the (obviously valid) version of this 
equality for S, and apply u* to both sides, obtaining 


(u*, S,(t,s)u) = (u*,u)t [(A(r)*u*, S,(7,8)u) dr (OS sever): 


(F733) 
We have already observed in the proof of Theorem 7.7.5 that 
S,(t,s)u>S(t,s)u. (ueF) (7.7.38) 
F-weakly as n > 00. We let n > 00 in (7.7.37) and make use of the strong 
convergence of S(t, s)uin E, uniformly with respect to s and ¢. The result is 
(7.7.35), since u* can be chosen at will. It is a consequence of this equality 
that D,S(t, s)u must exist in a set e = e(s) of full measure in (s, 7). Since 
D,* S(t, s)u has been seen to exist everywhere and equals A(t)S(t, s)u, the 
proof of Lemma 7.7.12 is complete. 


The restrictions to the r-differentiability of S in Theorem 7.7.7 can be 
(partly) eliminated if the assumptions in Theorem 7.7.5 are reinforced. A 
sample result is: 


7.712 Example (Kato [1970: 1]). Let the hypotheses of Theorem 7.7.5 
hold with (c) strengthened as follows: 

(c’) {A(t)p-; 0<t<T)} satisfies the assumptions of Example 7.7.3 
with respect to a family of norms {||-||,, 0<¢<T)} in F such that each of 
these norms is uniformly convex. 
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Then the conclusions of Theorem 7.7.7 hold with the following 
additional statements: if 0<s<T and u€F, t—>S(t,s)u is F-strongly 
right continuous in s <¢<T and strongly continuous there except in a 
countable set e=e(s); D,S(t,s)u exists for t€e(s), is continuous for 
t € e(s) and equals A(t)S(t, s)u. 


Finally, we note that the reservations to the ¢-differentiability of the 
solutions of (7.7.1) constructed in Theorem 7.7.5 can be totally lifted in a 
case that covers many of the applications of Theorem 7.7.9. 


7.7.13 Theorem. Let the assumptions of Theorem 7.7.5 be satisfied 
both for (A(t); 0<t<T) and for {A(t) = — A(T —t); 0<t<T). Then the 
Cauchy problem for (7.7.1) is well posed in both senses of time (see Section 
7.1) in0 <t<T with respect to the following notion of solution: 


(D) u(-) is a solution of (7.7.1) in 0 <t <T if and only if: 

(a) u(-) is continuously differentiable (in the sense of the norm of E) 

and u(t)€ F for0 <t<T. 

(b) Equation (7.7.1) is satified in0<s <T. 

Proof. The assumption that both A(-) and A(-) are stable in E 
obviously implies (taking t, =--- =1,,) that each A(t) belongs to C(C, w). 
(We may and will suppose that the stability constants for A(-) are the same 
as for A(-); a similar assumption will be made for A(-), and ACY 
Accordingly, the solution operator S(t, s) of Equation (7.7.19) can now be 
constructed in the square 0 <s,¢<T using formulas (7.7.21) and (7.7.22) 
when s <¢ and setting 


S.(t,s)=S,(s,t)' (7.7.39) 
when s > ¢, and it obeys inequalities (7.7.25) in the extended range, replac- 
ing t—s by |t —s|. Inequality (7.7.28) becomes 
I(S,(4,5)-S,,(t, 5)) alls < CCele* 1 s\p ap [14(0)-4,Collcs do 


(7.7.40) 


valid for 0<s,t<T and this inequality can be used to establish strong 
E-convergence of S, uniformly in the whole square, and hence E-strong 
continuity and the inequality 


HS Cos) Ce Net ist <a) (7.7.41) 


Lemma 7.7.8 has an immediate counterpart in the present situation, inequal- 
ity (7.7.29) becoming 


CS* (3) = S(h-s) tli Cee Ossie 


J\\4* (0) A(a)Ihee, 2) 40 


(7.7.42) 
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for 0 <s,t<T. Taking advantage of this improved inequality, we can prove, 
making use of A *(t) defined by (7.7.30) and of A(t) defined by (7.7.34)(see 
Figures 7.7.1 and 7.7.2) that if ue F, D,S(t,s)u exists at s=t and equals 
A(s)u. We show next that (7.7.31) holds in 0 < s, t < T and use (7.7.32), now 
valid for h of arbitrary sign (as a consequence of (7.7.31) for 0 <s,0,t<T) 
to show that D,S(t, s)u exists in 0 <t<T and satisfies 


D,S(t,s)u=A(t)S(t,s)u 


there. The proof of (7.7.15) in 0<s<T follows the same lines and is 
therefore omitted. 


It is interesting to note that we have just fallen short of proving that 
(t,s)— S(t, s)u is F-strongly continuous for u€ F in Theorem 7.7.13 (of 
course, this would imply strong E-continuity of (¢,5) > A(t)S(t, s)u, thus 
continuity of the derivatives of the solutions therein constructed). This 
additional bit of information can be established under hypotheses of the 
type used in Example 7.7.12. 


7.7.14 Example (Kato [1970: 1]). Let the assumptions of Example 7.7.12 
be satisfied both for A(-) and for the family A(-) defined in the statement of 
Theorem 7.7.13. Then the conclusions of said theorem hold with the 
additional result that, if u € F, 


(1,5) > S(t, s)u 


is F-continuous in 0<s,t<T. 


7.8. TIME-DEPENDENT SYMMETRIC HYPERBOLIC 
SYSTEMS IN THE WHOLE SPACE 


The results of last section will be applied here to the abstract differential 
equation 

Wie G(iut) (cost <6). (7.8.1) 
Here @(t) = (@4(t))*, where @,(t), @o(¢) are defined as in Sections 3.5 and 


5.6 (with domain D(@,) = D(@}) = °D”) with respect to the time-dependent 
partial differential operator 


L(t)u= 3 Ay(x,t)D*u+ B(x, t)u. (dese) 


Precise assumptions on the coefficients will be given later; the space E is 
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once again L? = L7(R”)’, and F= H'= H'(R”)’. Verification of the vari- 
ous hypotheses in Theorem 7.7.5 involves different degrees of difficulty. 
Stability of the family @(-) in L? poses no problem, since each @(t) will 
belong to C, (1, w; L’) for sufficiently large w under assumptions similar to 
those of Section 5.6 for each ¢ (see Remark 7.7.2). In contrast, @ (t)-admissi- 
bility of H' and stability of @(-),, are far from trivial to verify, as a glance 
at Section 5.6 will show: there we needed a powerful result on singular 
integrals merely to show that H' is @-admissible. Fortunately, “dynamic” 
versions of the auxiliary results in Section 5.6 will do the trick also in the 
time-dependent situation. The first of these extensions is a descendant of 
Lemma 5.6.3 and takes care of F-admissibility and F-stability in one stroke. 


7.8.1 Lemma. Let F> E, {A(t);0<t<T) a stable family in E. 
For each t € [0, T], let K(t): F > E be a bounded invertible operator (K(t) © 
(F, E), K(t)~'€(E, F)) such that the family 


LACS K(1)A(A KC) ;OabST) (7.8.3) 
is stable in E; assume, moreover, that 
eal 

IK) <N, WK) Wee <N (O<t<T) = (7.8.4) 


and that the map t > K(t)€(F; E) is of bounded variation. Then F is 
A(t)-admissible for 0 <t <T and the family {A(-) -) is stable in F. 


Proof. The statement on A(t)-admissibility of F is a direct conse- 
quence of Lemma 5.6.3. Combining (5.6.9) with (5.6.15), we obtain 


R(A; A(t) -) = RA; A(t)) 
=(K(t) 'R(A; A,(t))K(z)) , 
=K(t)) 'RO;4,0)) KO), (7.8.5) 


where A belongs both to p(A(t)) and p( A(t,)) (note that this will happen if 
A is sufficiently large independently of t, as both A(-) and A,(-) are stable). 
IfO0<4,<+:: <¢, <T, we have 


T1R(Q A(t) ,) = T1K() ‘RQ A,(1))) K(t)) 


= K(1,) "| Il R(A; A,(t,))(1+ 1,)} R(As A\(4))) (4), 


j=2 


(7.8.6) 


where 


= K(t,)K(t.4) <I. (7.8.7) 
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We estimate now the (F’)-norm of (7.8.6). We expand this product and 
arrange the resulting summands as a polynomial in the L,; note that, due to 
lack of commutativity of the factors involved in each summand, the differ- 
ent L, will appear sandwiched between consecutive R(A; A(t ;)), each such 
L, corresponding to the choice of L, rather than / in the parenthesis 
(1 + L;). If C,, w, are the stability constants for A,(-) and N is the constant 


in (7.8.4), we can then estimate each summand by 
N*CH NAH oy) “WL ll L,I (7.8.8) 
where L,,...,L; are the L; appearing in that particular product (note that 


“2° Im 


each such L, provokes the breaking up of the stability product (7.7.3) into 
two pieces and thus forces us to take powers of C, on the right-hand side, 
the exponent being equal to the number of L, in the product plus one). It 
follows then that (7.8.7) can be estimated by 


n 


wc, I] (14 C112) |=)" (7.8.9) 


j=2 
We bring now into play the hypothesis that K(-) is of bounded variation, 
combined with the first inequality (7.8.4), obtaining 


LIL < NV, 

j=l 
V the total variation of K(-); accordingly, the factor between curly brackets 
in (7.8.9) is bounded by exp(C, NV) and there exists C > 0 such that 


[1 R(a: A(t,),) 


ps 


2C(K= a5) (7.8.10) 


(F) 


This ends the proof of Lemma 7.8.1. 


As in the time-independent case, Lemma 7.8.1 will only be used 
when A, is a bounded perturbation of A (see (5.6.16)). 


7.8.2 Corollary. Let E, F, A(-), K(-) be as in Lemma 7.8.1, but 
assume that 


K(t)A(t)K(t) '=A(t)+B(t), (7.8.11) 
where each B(t) belongs to (E) and 
IBONay<M (O<t<T). (7.8.12) 


Then the conclusions of Lemma 7.8.1 hold. 


Proof. We only need to show that A(-)+ B(-) is stable, and this has 
already been done in Lemma 7.7.4. 


It is remarkable that a slight stiffening of the assumptions in Corollary 
7.8.2 will totally eliminate the restrictions to the differentiability of t > 
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S(t, s)u in Theorem 7.7.5. This is perhaps of marginal interest to us in 
relation with the application we have in mind, since some of these restric- 
tions can be eliminated anyway on the basis of Theorem 7.7.13; however, it 
is many times the case in applications that the reinforced assumptions are 
satisfied without any special effort on our part. 


7.8.3 Theorem. Let E,F be Banach spaces with F > E, and let 
{A(t); 0<t<T) be a stable family in E such that F CD(A(t)) and 
A(t): F> E is bounded in 0 <t<T; moreover, if A(t) is the restriction of 
A(t) to F, the map 

t— A(t) e(F, E) (7.8.13) 
is continuous. For each t€[0,T], let K(t) be a bounded and invertible 
operator from F to E (K(t)€(F, E), K(t)~'€(E, F)) such that 

t—> K(t)€(F, E) (7.8.14) 


is strongly continuously differentiable in0<t <T (i.e., t > K(t)u is continu- 
ously differentiable in E for each u € F). Assume, finally, that 


K(t)A(t)K(t) '=A(t)+B(t), (7.8.15) 


where B(t)€(E) for each t and t > B(t) is strongly continuous in0Q <t <T. 
Then the Cauchy problem for 


u'(t) = A(t) u(t) (7.8.16) 


is properly posed in 0<t<T with respect to solutions defined in (D).° 
Moreover, if u © F, S(t, s)u is continuous in F forO<s<t<T. 


Proof. It follows easily from the uniform boundedness theorem that 
the family ((t’— t)( K(t’)— K(t)), t’* t} 1s uniformly bounded in (F; £); in 
other words, 


IK(1)- Klee, < Dit’ =| (7.8.17) 


for 0 <t,t’<T. We can then use the remarks on inverses® in Section 1 to 
deduce that t > K(t)~' © (E; F) is as well Lipschitz continuous in 0 <1 <T; 
in particular, ||K(7)||(-,¢) and ||K(t)~ ‘lla r) are bounded in0 <1 <T. 

This shows that the assumptions of Corollary 7.8.2 are amply satis- 
fied. It follows that all the hypotheses in Theorem 7.7.5 are themselves 
fulfilled, except of course that we have not assumed that F is reflexive. 
Combing the proof we soon realize that the reflexitivity assumption was 
only used to assure that 


SQ oyreor (7.8.18) 
(see the comments following (7.7.32)); thus, if (7.8.18) can be established by 


°See the statement of Theorem 7.7.13. Strictly speaking, solutions will be only defined 
for t>s so that the interval 0 <t<T in (D) becomes now s <t<T. 


°See the comments preceding (1.1). 
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other means, the conclusions of Theorem 7.7.5 will follow in full. We shall 
in fact exceed this by proving that K(t)S(t, s)K(s)~! is everywhere defined 
and bounded in E and 

(t,s) > K(t)S(t,s)K(s) | (7.8.19) 
is strongly continuous in E for0 <s <7 <T. In fact, if this is true, it follows 
that 


(t,s) > S(t,s)=K(t) '(K(t)S(t,s)K(s) ')K(s) 


is strongly continuous in F, hence t > A(t)S(t, s)u is strongly continuous in 
E. Since, by virtue of the arguments in Remark 7.7.9, equality (7.7.35) holds 
everywhere in s <t <T, all the claims in Theorem 7.8.3 follow. The proof of 
the strong continuity of (7.8.19) is fairly intricate and will be divided in 
several steps for the sake of convenience. We bring back into the light the 
operators S,(t, s) used in Theorem 7.7.5 to construct the propagator S(t, s) 
(see (7.7.21) and (7.7.22) and define 


Q,(t,5) = K(t)S,(t,s)K(s) (7.8.20) 


7.8.4 Lemma. (a) Under the assumptions of Theorem 7.8.3, we have 


= 


2 
12,(2, 9) (1+ | e (e+ CM + CDN\t—s)+ CDNT (0<s<t<T), 


(7.8.21) 


where C,w are the stability constants of A(-), M is a bound for ||B(t)|| in 
0 <t<Tas in (7.8.12), D is the constant in (7.8.17), and N is a bound for both 
WK, gy and IK) ‘Ile ry inQ<t<T as in (7.8.4). (b) Q,, is strongly 
convergent as n> 0, uniformly inO<s,t<T. 


Proof. It has been established in Lemma 7.7.2 that if the family 
A(-) is stable, then 


{A(t)+B(t);0<t<T} 


is stable if each B(t) is bounded and (7.7.12) holds; in the present situation, 
this inequality is a consequence of the strong continuity of B(-) and of the 
uniform boundedness theorem (see Section 1). (Recall that if C,w are the 
stability constants of A(-), A(-)+ B(-) possesses stability constants C, w + 
CM; since, on the other hand, the hypotheses on K(-) in Lemma 7.8.1 are 
satisfied, it follows that the conclusions there hold.) We obtain from (7.8.11) 
that 


R(A; A(t))"u=K(t) 'R(A; A(t)+ B(t))"K(t)u (we F) (7.8.22) 


for0<t<T,n>1, and A sufficiently large; making use of the exponential 
formula (2.1.27), we deduce that 


S(s; A(t)) = K(t) 'S(s; A(t)+ B(t)) K() 
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for s>0,0<t<T. Let now 0<s<t<T and let k,/ be two integers that 
stand in the relation to s and ¢ described in the definition of S,, that is, 


A res<“r, i ret<r (73.23) 
n 
(see the comments around (7.7.21)). Then we have 


Q,(t,5) 


te tl saathlcne T)\x(— T| 


n 


x K(= all r) s(£r-s, A(<—7 }+3(——1})x(=——7)x(s) 
(7.8.24) 


if k </(the product in the middle is taken equal to J if k =/—1), and 
Q,,(s,t) 


= K(1)k(—— r) s(s —s; a(=— T\+3(=— A T)K(sy' 
(7.8.25) 
when k = /. We define now 
L(t,s)=K(t)K(s) '- 


= (K(t)—K(s))K(s)"' (O<s,t<T) (7.8.26) 


(note that the operator L; in (7.8.7) is none other than L(t,,t ;-1)) and 
denote by ©,, the operator constructed from A(-)+ B(-) in the same way S, 
was constructed from A(-); clearly 


IS, (reo ibe CeSae ars, (18:27) 


We note that 
x(*r)x(E?r) eet 7,i22 T| 
n n n 
and replace this expression in the interstices of the product (7.8.24). We 


develop then in products of the L((j—1)T/n,(j-—2)T/n) much in the 
same way as (7.8.6), but ordering the sum this time by ascending powers. 
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After doing this we obtain 


Q,(t,s) = {I+ L(t, 7)\ R,(2,5){ 14 Clee (7.8.28) 


with 
Rai, 5) 


=6,(t,s)+ > S, [1,2 -T)1(4—" 7,447) 6,(L*7,5| 


j=k+l 


x S 6,(tn o'r) L(a'7 Hr), (H=17,5) 
n n n n 


Pee! (7.8.29) 


where all the terms after S, disappear if k=/ (the total number of 
summands in (7.8.29) is /— k + 1).We can make the notation more orderly 


as follows. Rare eee operators R, o(t, 5), R, ,(t,5),... in the 
triangle O<s<t<T by RO ne 
eg /_ 9 50 
R, ,(t,5)= > S {ep fal) (U=n a2 palPS ehh 
; n n n 
J=k+1 
(7.8.30) 
It is then easy to see that we can write 
l—k 
VN ee OD Ga (7.8.31) 
m=0 


(Note that if (7,5) is a fixed point in the triangle O<s<t<Tandn-o, 
the number of summands in (7.8.31) will also tend to infinity.) 
Observe next that, » virtue of (7.8.17), 


le(? ea —T)| <= DN, (7.8.32) 
hence 
Rit, s)II< <—*rc*pne(s*eMx- s) 
<C*Dn( —st+ eet CHIES (7.8.33) 


Accordingly, each term in the sum (7.8.30) corresponding to m=2 is 
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bounded in norm by 
c(pny (27-5 lero, (7.8.34) 
Hence 
rT 
IR, o(t,5)I| <C3(DN) — ye (27h |etorcnnes 
j=Hk+l 
3(DN)° 2 \2 
< ST (1-5 +27] eke gO Oe 2) (7.8.35) 
noting that 


i ees J t+2T/n 
ea Corer es) (r-—s) dr. 


Ss 


(See Figure 7.8.1.) Replacing the estimate into the expression for R,, , and 
proceeding inductively in a similar fashion, we obtain 


CLPCDNY | 
m! 
indO<s<t<T,m=0,1,2,.... We deduce from (7.8.31) that 
Res Me Re (es Ce ace ee CO ae 


The second inequality implies (7.8.21). 


Riim(t, s)Il< Veen Ce eo. 8G) 


s = T 
Kesad! k k +1 ea i +1 e+2 
ee Te Ao n 7 eh aed ses 


FIGURE 7.8.1 
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We prove now (b). As a first step, swe shall construct the “evolution 
operator” G(t,s) of the equation u’(t) = (A(t)+ B(t))u(t) by a perturba- 
tion series like the one used in Example 7.1.12 and prove that S, > G. It 
should be pointed out that convergence of the SG, cannot be proved by 
applying to A(-)+ B(-) the machinery of Theorem 7.7.5, since this family 
does not fulfill the hypotheses therein (in particular, F may not be A(t)+ 
B(t)-admissible and, even if it were, t > A(t)+ B(t) may not be (F; E)- 
continuous). Define S(t, s)= S(t, 5), 


E,,(t,5)u= f'S(t,0)B(o)&,,_,(0, s)uds (m>1). 


It is rather easy to show inductively (see again Example 7.1.12) that each 
S,, 18 strongly continuous in 0 < s <?¢<T and that an estimate of the form 


m+1 m 


IS,,(t, I< = (1—s)"e-) (msl) (7.8.38) 


m! 


holds there, the constants C,w, M with the same meaning as before. It 
follows that the series 


y &,,(t.5) (7.8.39) 


3 
I 


is uniformly convergent in 0<s<+t<T in the norm of (£), hence its sum 
©(t, 5) is strongly continuous there and satisfies 


Sie es is Coke MOS (7.8.40) 
The next step is to show that 
6, (t,s) > S(t, s) (7.8.41) 


strongly, uniformly in the triangle 0 < s <t <T. This is done as follows. We 
observe first that the operators G, constructed from the “discretized” 
family A,(-)+B,(-) can be obtained from the S$, —similarly constructed 
from A,(-)—by means of a perturbation series in the same way © was 
obtained from S; precisely, if we set ©, )(¢,5)=S,(t, 5), 


ST, m(ts)u=f'S,(1,0)B,(6)S,,m—1(4,8)udo (m>1), 


(7.8.42) 
then 


SS) =e, (1s) (7.8.43) 
m=0 


strongly, uniformly in 0 <s <1t<T. (The proof of this relation’ is a some- 


7Equality (7.8.43) can be heuristically justified as follows: S,,(t,s) and the function 
on the left hand side satisfy the same differential equation in s<7<T and the same initial 
condition at f= s. 
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what tedious exercise involving the explicit expression (7.7.21) for S,, the 
analogous formula for G,,, and the perturbation argument used in Theorem 
5.1.2 to construct S(t; A+B) from S(t; A) in the particular case where B is 
bounded; we omit the details.) We compare now the two series (7.8.39) and 
(7.8.43) term by term, beginning with the observation that the approxima- 
tions to G, furnished by (7.8.42) satisfy the same inequality (7.8.38) obeyed 
by the G,; given then e > 0, we can choose an integer my so large that 


. ISin(t,5)—GSy m(t, s\Il<e/2 (7.8.44) 


m=mot1 


in 0<s<t<T, this estimate being independent of n. We note next that, 
since ©, =S,©,,6,,... are all strongly continuous, given ue E fixed, 
each of the sets 


{SG _,(t,5)u; O<s<xr<T} 
is compact in E. We bring into play the obvious estimate 
IS,(2, 5) B, (s)I|<CMee"") (0<s<t<T) 


valid for all n, and the fact that S,(t,s)B,(s)—> S(t,s)B(s) strongly, 
uniformly in the same region: an elementary compactness argument then 
shows that, given 6 > 0, we can pick n, so large that 


II( S(t,0) B(o)—S,(t,0)B,(0))S,,(0, 5) ul] <4 


ind<s<o<t<Tforn>n, and0<m< mp, and we can even include the 
inequality 


||S(o,s)u—S,(o,s)ul| <6 


in the same range of s,o,n, by eventual augmentation of n, in view of the 
fact (proved in Theorem 7.7.5) that S, > S strongly, uniformly in 0<s< 
o <T. We have now 


S(t,s)u—G, ,(t,s)u = ['(S(4,0)B(o)-S,(¢,0)B,(0))S(0,s)udo 


t 
+ ['S,(1,0)B,(0)(S(o,s)u—S,(0,5)u) do, 
(7.8.45) 
so that, in view of all the previous precautions, 
IS ,(t,5)u-—G,, (t, 5) ul] <T(1+ CMe®T)6. 


Replacing this inequality into the inductive successor of (7.8.45) and repeat- 
ing the trick, we obtain 


IS ,(t,5)u-G,, (t, 5)ull| <e/2m, (7.8.46) 


in 0<s<t<T for n>no, 1<m<m, if § is chosen adequately small. 
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Putting this inequality together with (7.8.44) and taking advantage of the 
arbitrariness of ¢, (7.8.41) follows. 
With that relation in our bag, we go back to (7.8.30) and (7.8.31). 
The next step in the proof of part (b) of Lemma 7.8.4 will be to show that 
each R,, ,, has a (strong) limit as n — 00; precisely, 
m(t,s)u>R,(t,s)u (7.8.47) 


for eachu€ E, uniformly in0<s<t<T, the operators R,, defined induc- 
tively by the formulas Ro(t, s) = S(t, s), 


R,,(t,5)u= ['S(1,0)K'()K(a) 'R,,\(9,8)udo (m>1). 
(7.8.48) 


This is quite obvious when m=0, since R,)=G,. Assume then that 
(7.8.47) holds for all indices < m—1; let u€ E and consider the following 
function in the interval [0, 7]: 


g,(0)=S,(, <7) Ko) K( 7) 


in 
mates < ey LOC Sy heat eats 
n n 
g(a) =0 elsewhere. Taking into account that 


1 T/n ie i] oa, 
Lge K'(o) K(X) udo=K(4—1)x(4—="r] u—u 
(j-2)T/n u é 4 


pig) ene) 
=f 2S 
n n 


it is obvious that 
if 
Rm (ts)u= f g,(o) do. (7.8.49) 
0 


We use now the convergence relation (7.8.41), (7.8.47) (for indices < m — 1) 
and the uniform estimates (7.8.27) and (7.8.37) to deduce that g,(0) > 
S(t,0)K'(o)K(o) 'R,,_,(o,s)u in 0<o0<T with |/g,(o)|| uniformly 
bounded there, thus we can take limits in (7.8.49) using (a vector-valued 
analogue) of the dominated convergence theorem and obtain (7.8.47). 

Making use of (7.8.40) and of the recursive formula (7.8.48), we 
easily obtain the estimate 


WRn(t, SII < 
in 0 <s<t<T, where H (resp. N) is a bound for ||K’(o)||(¢. ~) (resp. for 


m+ 1 iG 
Se (m>1) (7.8.50) 
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|K(o) "llc: p) in O<o <T. Combining this with (7.8.37) and with the 
convergence relation (7.8.47) obtained a moment ago, we obtain that 


had fe 
R,(t,s) = »y Rees) > REGS 
m=0 
= y R,,(t,5) (noo) (7.8.51) 
m=0 


strongly, uniformly in 0<s<t<T. The final step takes advantage of 
(7.8.28) and of the estimate (7.8.32): the result is 


O,(t,5) > R(t,s) (n>) (7.8.52) 
in the same sense as in (7.8.51). 


We summarize the different steps in their logical order; arrows 
indicate strong convergence, uniform in0d<s<t<T,asn>o. 


(Die hes) > Sts) 
(“evolution operator” (7.8.41) and following (“evolution operator” of 
of A,,(t)+ B,(t) de- comments A(t)+ B(t) defined in 
fined before (7.8.27)) (7.8.39)) 
(2) Rake) rx R,,(t, 5) 
(defined in (7.8.30)) (7.8.47) and following (defined in (7.8.48)) 
comments 
(S) (G8) = a 
Dok (7.8.51) and preceding R(t,s)= Ye Ra(tss) 
=a eRe 8) comments gah 
m=0 
(4) Q,(t,8) Fs R(t,s) 


(3) above and (7.8.28) 


End of proof of Theorem 7.8.3. As pointed out at the beginning of 
the proof (see (7.8.19)), we only have to show that Q(t, s)= 
K(t)S(t, s)K(s)~' is everywhere defined and (£)-strongly continuous in 
O<s<t<T. This is done as follows. Pick ue E. Since Q,(t,s)= 
K(t)S,(t, s)K(s)~ 'u converges in E by Lemma 7.8.4(b), we obtain pre-mul- 
tiplying by K(t)~ | that S,(t,s)K(s)~ ‘uw is convergent in F, a fortiori in E; 
since S(t, s)K(s)7'u > S(t, s)K(s)_'w in E, .it follows that 
S,(t, 5)K(s)~'u > S(t, s)K(s)~'u in F, thus S(t, s)K(s)~'u € F and 


K(t)S,(t,s)K(s) 'u—> K(t)S(t,s)K(s)7'u 


in E, the convergence being uniform in 0<s<t<T by virtue of Lemma 
7.8.4(b). Since each K(t)S,(t, 5)K(s)~ ‘uw is continuous in 0 <s <t<T, our 
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claims on K(t)S(t,s)K(s)~' follow and the proof of Theorem 7.8.3 is 
complete. 


The manipulations in the proof of Theorem 7.8.3 are perhaps too 
intricate to let the basic idea of the argument shine through. An heuristic 
justification of why we should expect K(t)S(t,s)K(s) | to be strongly 
continuous is this. Differentiating formally and using (7.8.15), we obtain 


D,( K(1)S(t,s)K(s) |)=K(t)A(t)S(t,s)K(s)7' 
+ K"(t)S(t,s)K(s) 
= (A(t)+ B(t)+ K(t)K(t) ')(K(t)S(t,5)K(s) '), 


whereas K(t)S(t,t)K(t)”'=J, thus K(t)S(t,s)K(s)~' should be the 
propagator of 


w(t) = (A(1)+ B(t)+ K(t)K(t) ')u(t) 

and must then be everywhere defined and strongly continuous. Naturally, it 
would be hard to try to establish this along the lines of Theorem 7.7.5, since 
the hypotheses there are far from being satisfied for A(-)+ B(-)+ 
Ki )KG)- 

We close this section with the announced application of Theorem 
7.8.3 to the time-dependent symmetric hyperbolic operator (7.8.2) (and to 
the associated differential equation (7.8.1)). 


7.8.5 Theorem. Let the matrices A,(x,t),...,A,,(x, t), B(x, t) be 
defined and continuously differentiable with respect to x,,...,X,, in R”™ X[0, T]. 
Assume all the functions 


|A, (x, t)|, |D/A, (x, t)|,|B(x, t)|, |D/B(x,t)| (l< j,k <m) 
(7.8.53) 
are bounded in R™ X[0, T]. Assume, moreover, that A,(x, t), D/A, (x, t), and 
B(x, t) are continuous in t for 0<t<T, uniformly with respect to x ER”. 


Then the Cauchy problem for (7.8.1) is properly posed in both senses of time in 
0 <t<T (with respect to solutions defined by (D)), with F = H'\(R™)’. 


Proof. Fortunately, most of the work needed to verify the assump- 
tions of Theorem 7.8.3 in this case was already done in Section 5.6 in for the 
stationary equation. Continuity of the map (7.8.13) is immediate (we only 
use here the hypotheses on A,(x,?t), B(x,t), not those on the partial 
derivatives). The role of the operator function K(t) is played by the 
constant function 


R= g'((1 + |?) Fu(o)). 


Using the results of Section 5.6, we see that 
RE()R|'=C(4)+0(t) (xt <T), (7.8.54) 
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where Q(t) =(Q,(t)+@Q,(t), both operators being bounded for each t¢ (see 
their definition in (5.6.36) and (5.6.38). Our only task is then to show that 
Q,(-), Q(-) are strongly continuous. If u€ 5’, 


(Q,(t’)-—Q,(t))u=|R-'- . D°@ "D1 BC 1 )— Bits. o 


k= 
—(B(-,t’)— B(-,t))u. (7.8.55) 
The second term on the right-hand side obviously tends to zero as t’>t 


uniformly with respect to u bounded in the L* norm. As for the first, taking 
into account that 
D/B(.-, t')— D/B(-, t) 

tends to zero pointwise in x €R” while remaining uniformly bounded 
there, we see that it tends to zero also (although of course not uniformly 
with respect to uw). On the other hand, it follows from boundedness of B and 
D/B that ||Q,(-)|| is uniformly bounded in 0 <1 <7, thus Q,(-) is strongly 
continuous. Now, 


(2,(0)-O,())u= Eo (8, (AC) Ac) DAG 


Since |D/A,(x, t’)— D/A,(x, t)| > 0 as t’—t— 0, uniformly for x ER”, it 
follows from Theorem 5.6.6 that Q, is actually continuous as a (L*)-valued 
function, hence strongly continuous. It follows then that Q(-)=Q,(-)+ 
Q,(-) is strongly continuous and all the hypotheses of Theorem 7.8.3 are 
fulfilled. Since these hypotheses are also satisfied for the family 
{— @(T-t); 0<t<T) (which obeys the same assumptions as @(-)), the 
claims of Theorem 7.8.5 follow. 


A time-dependent counterpart of Theorem 5.6.7 can be easily proved. 


7.8.6 Theorem. Let the matrices A,(x, t),...,A,,(x,t), B(x, t) be r 
times continuously differentiable in R™ X[0,T] with respect to x,,...,X,, and 
assume all the functions 

(DAL (x1) BO, 0 = fale rel = kor) (7.8.56) 


are bounded in R™ X[0, T]. Suppose, moreover, that the D*A(x, t) (ja| <r) 
and the D®B(x,t) (\B|<r-—1) are continuous in t for 0 <t<T, uniformly 
with respect to x © R”™. Then the conclusion of Theorem 7.8.5 holds; moreover, 


S(t, 3). H” “(Om seni). 
each S(t,r) is a bounded operator in H’ and (t,s)— S(t,r) is continuous 
from 0<s,t<T into H". In particular, a solution u(t) that starts in H" 
(u(s) © H") remains in H’ and satisfies 
Mla < Glu (O<s,t<T) 


for a suitable constant C, independent of u. 
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The proof can be carried out modifying that of Theorem 7.8.6 along 
the lines of Theorem 5.6.7 and is therefore omitted. 


7.9. THE CASE WHERE D(A(t)) IS INDEPENDENT OF t. 
THE INHOMOGENEOUS EQUATION 
The following result is an important particular case of Theorem 7.8.3. 


7.9.1 Theorem. Let {A(t); 0<t<T) be a stable family of densely 
defined operators in E with stability constants C,w. Assume that 


E=DeAG)) (7.9.1) 
does not depend on t, and that, for some X > w, the function 
> A(t)R(A; A(0)) (7.9.2) 


is strongly continuously differentiable in 0<t<T. Then the conclusions of 
Theorem 7.8.3 hold for the equation 


u(t) = A(t) u(t). (7.9.3) 
Proof. Let F= D(A(t)), and let ||-||, be the graph norm of A(t) in F 

or, even better, the equivalent norm 
[lel], = (AZ — A(t)) ull. (7.9.4) 


Plainly F is a Banach space endowed with any of the ||-||,. We show that all 
these norms are equivalent (even if no assumptions are made on the map 
(729:2)). Let-so7e0n7 |, and={u,) a vsequence: ine F (with. u, — u, 
A(t)R(A; A(s))u, > v. Since R(A; A(s))u, > R(A; A(s))u and A(t) is 
closed, it follows that A(t)R(A; A(s))u=v, thus A(t)R(A; A(s)) is itself 
closed; since it is everywhere defined, it results from the closed graph 
theorem that A(t)R(A; A(s)) is bounded. Then, if we&F and w= 
(Al — A(s))u, 


lull, = (AZ — A(z) ull 
= |(AZ— A(t)) RA; A(s)) mI 
< C||w|| = Ci|(A — A(s)) ull = Cllull,, 


which justifies our claim. 

We check the other hypotheses. It is obvious that F > E. Using the 
fact that (7.9.2) is strongly continuously differentiable, we apply the uni- 
form boundedness theorem to the family 


{(t/— t){A(1) R(A; A(0))— A(t) ROA; A(O))); ¢ 2} 
obtaining 
A(t) R(A; A(0))— AC) ROA; AO) I< Cle’ | 
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and this shows that t > A(t)€(F; E) is continuous (in fact, Lipschitz 
continuous). Define 

K(t)=AI- A(t). CoS) 
Then ||K(t)u|| = ||u||, for u € F, ||K(t)~ 'v||, =||v|| for v € E, so that K(t) € 
(F, E) and K(t)~'€(E, F). Finally, it is obvious that (7.8.15) holds with 
B(t)=0 and that the hypothesis on (7.9.2) implies that K(t¢)u is continu- 
ously differentiable if u€ F = R(A; A(O))E. The assumptions of Theorem 
7.8.3 are thus verified in full. This completes the proof. 


Going back to the general set-up of Sections 7.7 and 7.8 we consider 
the inhomogeneous equation 


u(t) =A(t)u(t)+f(2). (7.9.6) 
If F, A(-) satisfy the hypotheses of Theorem 7.7.5 and f is a E-valued 
continuous function in 0 <t<T, every solution of (7.9.6) in the sense of 
Definition (D) must perforce be of the. form 


u(t) = S(t,s)u(s)+ ['S(t,8)f(s) ds (s<t<T). 


To see this, take v(o) = S(t,0)u(o), s<o<t and operate in a way similar 
to that used to show uniqueness for the homogeneous equation (see the end 
of the proof of Theorem 7.7.5 and Remark 7.7.8); the result is the equality 


D*v(o)=S(t,0)f(o) (s<o<t). 


It is then an easy consequence of Lemma 7.7.7 that 
u(t) =S(t,s)u(s)+ ['S(t,0) (0) do; (7.9.7) 


(it should be noted that this argument depends only on s-differentiability of 
S(t,s) and thus holds even if F is not reflexive.) Conversely, if the 
assumptions on f are strengthened, (7.9.7) will be a solution of (7.9.6). We 
limit ourselves to proving two results, which can be considered to be 
“dynamic” counterparts of parts (a) and (b) of Lemma 2.4.2. 


7.9.2 Lemma. Let the assumptions of Theorem 7.8.3 hold, and let 
f(t) be F-valued and F-continuous in 0 <t <T. Then 


u(t) = ['S(t,0) (0) do (7.9.8) 


is a genuine solution of (7.9.6) in s <t < T (in the sense of Definition (D).* 


Proof. Under the present assumptions S(t, 5) is F-strongly continu- 
ous in.0 <5 <7 <7, thus 


(1,5) > A(t) S(t, s) f(s) 


®See footnote 5, p. 440. 
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is E-continuous there. This justifies the following computation: 


[A u(r) ar= ['{ fA) S(r,0) (0) do f 
= f'{ fAC)S(r,0) (0) dr} do 
= f'{ ['2.S(r.0)4(0) ar} Ue 
= ['S(t,9) (0) do— ['f(o) do (7.9.9) 


and shows that u(-) is a solution of (7.9.6) in the sense claimed above. This 
ends the proof. 


Other versions of Lemma 7.9.2 can be proved under different hy- 
potheses. We limit ourselves to the following result: 


7.9.3 Example. Let the assumptions of Theorem 7.7.7 be satisfied, and let 
f be strongly measurable and integrable (as a F-valued function) in0 <1 <T. 
Then u(t) is continuous in E, u(t) € F almost everywhere, t > A(t)u(t) is 
strongly measurable and integrable in E and 


u(t) = [A(r)u(r) de + f'f(r) a (ee I) he 1-910) 


The proof follows that of Lemma 7.9.2 almost verbatim; here we use again 
the fact that weak continuity implies strong measurability to show that S is 
F-strongly measurable in 0<s<t<Ty; therefore, A(t)S(t,0)f(o) is E- 
strongly measurable there (as well as strongly measurable separately in each 
variable) justifying the calculations. 


7.9.4 Lemma. Let the assumptions of Theorem 7.9.1 be satisfied, 
and let f be an E-valued continuously differentiable function in) <t <T. Then 
u(-), given by (7.9.8) is a genuine solution of (7.9.6) ins <t<T. 


Proof. Replacing if necessary A(-) by A(-)—al for a@ sufficiently 
large, we may assume the stability constant w is negative, and thus set 
K(t)= A(t). We have 


(A(t) f(t)’ =- AQ) AC A(t) fF) + ACE) FC) 
= A(t) ‘g(t), (7.9.11) 
where g(t) = — A(t) A(t) 'f(t)+ f(t) is E-continuous. Hence we have 
D,(S(t,0)A(o) 'f(o))=—S(t,0)f(o)+S(t,0)A(o) 'g(o), 
(7.9.12) 


where we have used the properties on o-differentiability of S(t, 0) proved in 
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Theorem 7.7.5 under much weaker hypotheses. We integrate now (7.9.12) in 
s<o<t, obtaining 


u(t)=— A(t) 'f(4)+S(t,s)A(s) 'f(s)+ ['S(t,0)A(o) 'g(0) do 


=— A(t) 'f(t)+0(t). (7.9.13) 
Since A(s)~'f(s) € F and g(-) is (E)-continuous, A(-)~ 'g(-) is F-continu- 
ous, and by virtue of Lemma 7.9.2, v(-) is a solution of 


v(t) = A(t)o(t)+ A(t) ‘g(7) 
Inv he. Chen 
u'(t)=—(A(t) ‘f(d))'+ (2) 
= A(t) v(t) 
= A(t)u(t)+ f(t) (7.9.14) 


as claimed. 


We close this section with a few results on the homogeneous equation 
(7.7.1) (the proofs are omitted). In the first one (Example 7.9.4 below) the 
conclusions of the theorems in Sections 7.7 and 7.8 are essentially un- 
changed, but the assumptions are considerably weaker. The first task is to 
modify in a convenient way the notion of stability. 

A family { A(t); 0 <t < T} of densely defined operators in E is called 
quasi-stable if there exists C>0O and a function w(-), upper Lebesgue 
integrable in 0 <t <T, such that R(A; A(t)) exists for A > w(t) and 


n Le ws =] 

IT R(A,; (,)) <C TT (A, 4(;,)) (7.9.15) 
yey Je 

for all {¢;},{A,} such that 0<t,<t, <--- <t, <T, and A, > w(t,),...,A,, > 


w(t,,). The product on the left-hand side of (7.9.15) is ordered as in the 
definition of stability. 


*7.9.5 | Example (Kato [1973: 1]). Let E,F be Banach spaces, F > 
E,{A(t); O<t<T} a quasi-stable family of operators in E such that 
F C D(A(t)) and A(t): F > E is bounded; moreover, if A(t) is the restric- 
tion of A(t) to F, the map 

t> A(t)e(F;E) (7.9.16) 
is continuous in 0 <¢ <T. For each t € [0,7], let K(t) be a bounded and 
invertible operator from F onto E such that 

t> K(t)€(F,E) (7.9.17) 
is strongly continuous, and there exists another strongly measurable func- 
tion t > K(t) € (F; E) such that 


K()I<B(t) (0<t<T) 


7.10. Miscellaneous Comments 455 


(8 integrable in0<1t<T), 
K(t)u= ['K(s)uds+K(0)u (0<t<T,u€F) (7.9.18) 
0 


and 
K(t)A(t)K(t) '=A(t)+B(t) (0<1t<T), (7.9.19) 
where B(-) is a strongly measurable ( £ )-valued function such that 
IB(t)il<y(t) (O<t<T), (7.9.20) 


y integrable in 0 <¢ <T. Then the conclusions of Theorem 7.8.3 hold in full 
for the equation 

u'(t)=A(t)u(t). (7.9.21) 
In other words, the Cauchy problem for (7.9.19) is properly posed in 
0 <t<T with respect to solutions defined in (D). 

The proof runs along the same lines as that of Theorem 7.8.3, the 
main difference being that the sequence of partitions {t, = (k — 1)T/n} used 
in the construction of the approximating operator S, must now be replaced 
by a suitable sequence of uneven partitions. 

Even more general results can be obtained if one is willing to accept 
less stringent definitions of solution; in fact, we have 


7.9.6 Example (Kato [1973: 1]). Let the assumptions in Example 7.9.6 
hold, except in that the map (7.9.16) is only assumed to be strongly 
measurable (in the topology of (F; £)) and 


1 
[ WACO ler, gp) dt <0. (7.9.22) 


Then the Cauchy problem for (7.9.22) is properly posed with respect to the 
following definition of solution: 


(E) u(-) is a solution of (7.9.21) ins <t <T if and only if u(t) € F ae, 
A(t)u(t) is strongly measurable and integrable ins <t <T, and 


u(t) = [A(r)u(r) dr + u(s) (sere), 


7.10. MISCELLANEOUS COMMENTS 


The notion of properly posed abstract Cauchy problem was introduced by 
Lax (see Section 1.7) including the time-dependent setting treated here. 
Operators S(t,s) satisfying (7.1.7) and (7.1.8) were called propagators by 
Segal [1963: 1]; other names in use are evolution operators or solution 
operators, when arising from a differential equation like (7.1.1). This equa- 
tion is usually called an evolution equation; curiously, the name seems not to 
be used for its time-invariant counterpart (2.1.1). 
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The facts on the equation (7.1.1) pertaining to the case A(t) bounded 
are all well known (and rather natural generalizations of even better known 
results for finite-dimensional vector differential equations). For deep in- 
vestigations of the equation (7.1.1) in this setting see the treatises of 
Massera-Schaffer [1966: 1] and Daleckii-Krein [1970: 1]. Of special interest 
is the result in Example 7.1.8. Some manipulations with formula (7.1.31) 
and the definition of the exponential function show that the propagator 
S(t, s) can be obtained in the form 


m(n) 


S(,s)= tim [] (17+(4,;-4,,-1)4G,,))> (7-101) 


iON 7 il 


In the finite-dimensional case, this limit was taken by Volterra [1887: 1], 
[1902: 1] as the definition of the product integral of the matrix function A(-) 
in the interval s<r<t (Volterra’s name for (7.10.1) is different). The 
product integral is denoted in various ways, for instance 


™ t 


[+ Ar) ar), T](1+ A(r) ar), Tletre, (7.10.2) 


Ss 


and coincides with 
t 
ex A(r dr) 
pl f'4(r) 


when the different values of A(-) commute. A calculus of matrix-valued 
functions based on this integral and on a corresponding product derivative 
was developed by Volterra, Schlesinger, Rasch, and others. (We note that 
(7.10.2) is the left integral of Volterra; the right integral is defined inverting 
the order of the factors and is used to construct the propagator or the 
equation S’= SA.) For a detailed exposition of the calculus see Volterra- 
Hostinsky [1938: 1]. During the fifties, a revival of interest took place, 
motivated on the one hand by quantum mechanical applications (see 
Feynman [1951: 1]) and on the other hand by the search for generalization 
of representation results for matrix-valued analytic functions of the type of 
Nevanlinna’s theorem; see, for instance, Ginzburg [1967: 1]. The definition 
of product integral extends in an obvious way to continuous operator-val- 
ued functions in infinite dimensional spaces. See Daleckii-Krein [1970: 1, 
Ch. III] for a brief account. A thorough exposition with many applications 
can be found in the recent monograph of Dollard and Friedman [1979: 1], 
where several generalizations are presented as well. 

The material in Sections 7.2, 7.3, and 7.5 is entirely due to Kato and 
Tanabe [1962: 1]; we have followed closely the original exposition incorpo- 
rating some simplifications in the estimates in Corollary 7.2.4 due to Krein 
[1967: 1]. We note, however, that the original estimates of Kato and Tanabe 
are more precise. Section 7.4 is due to Kato-Tanabe [1967: 1]; some of the 
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results are already in [1962: 1]. The applications in Section 7.6 are rather 
particular cases of results sketched in Kato-Tanabe [1967: 1]; see also 
Tanabe [1979: 1]. The material in Sections 7.7, 7.8, and 7.9 is due to Kato 
[1970: 1]; some of the results in Section 7.9 were discovered earlier by Kato 
PrSase EP L9oGai |b 

It is of interest to trace the evolution of the results in evolution 
equations leading to the present exposition. The first theorem on the 
equation (7.1.1), where the A(r) are permitted to depend on f, is due to Kato 
[1953: 1]; we note in passing a result of Phillips [1953: 1] corresponding to 
the case A(t)= A+ P(t) with AEC, and P(t) strongly continuous and 
taking values in (£): the propagator is constructed by means of a perturba- 
tion series of the type of (7.1.42). Kato’s result, on the other hand, is a 
forerunner of Theorems 7.7.5 and 7.8.3 in the sense that the propagator 
S(t, 5) is obtained in the same “product integral” form. However, the 
hypotheses on A(-) are different; the domain D(A(t)) is assumed to be 
independent of t, each A(t) belongs to ©, (1,0) and smoothness hypotheses 
are placed on the ((E)-valued) function B(t,s)=(1— A(t))\(J — A(s))7!. 
The assumptions in Kato [1956: 1] are of the same type, but more general. 
Other early works are due to Ladyzenskaya [1955: 1], [1956: 1], [1958: 1], 
visik [1956: 1], ViSik-Ladizenskaya [1956: 1], although these refer to special 
kinds of operators A(t) such as self-adjoint operators and perturbations 
thereof and will be commented on in (b). The same observation applies to 
the works of Sobolevskii [1957: 1], [1957: 2], and [1958: 2]. In this last paper 
the operators A(t) are self-adjoint and an effort is made to relax the 
hypothesis, prevalent until then, that D(A(t)) must be independent of f. 
Sobolevskii assumes instead that D(A(r)") is constant for certain h > 0 and 
makes use of the integral equations (7.2.4) and (7.2.6) in the construction of 
the propagator. This method was taken up by Kato [1961: 1] for general 
A(t) in @; as shown there, the hypothesis of constancy of D(A(t)") is 
(somewhat surprisingly) verified in some important cases where D(A(t)) 
varies with time. These results of Kato generalize earlier theorems of Tanabe 
[1959: 1], [1960: 1], [1960: 2], [1961: 1], where D(A(¢)) is assumed constant. 
Tanabe introduced the construction of the propagator through the integral 
equations (7.2.8) and (7.2.48). The same method was then carried a big step 
forward by Kato and Tanabe in [1962: 1], where essentially no relations are 
postulated between the different D(A(7)), as Example 7.3.2 puts in evidence 
in a rather extreme way. We note that independence on ¢ of the domain of 
A(t) is truly essential in treating initial-boundary value problems where the 
boundary conditions depend on ¢, or even operators like @(¢) in Section 7.8, 
where D(@(t)) is not easily identified (and may be suspected of changing 
with time). 

As pointed out before, some of the ideas leading to the results in 
Section 7.7 and following sections can be traced back to Kato [1953: 1]. 
Other basic ingredients in the proof of Theorems 7.7.5 and 7.8.3 such as the 
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introduction of the space F, and the requirement of (F; E )-smooth depen- 
dence can be found in Heyn [1962: 1] and Kisynski [1966: 1]; the use of E- 
and F-stable families appears for the first time in Heyn’s paper, while 
several results in the style of Example 7.7.3 were given by Kisynski. A 
similar approach to the equation (7.7.1), where many of the basic ideas in 
Kato [1970: 1] are already in evidence, is Goldstein [1969: 4]. We point out 
finally that the operators K(t) make their apparition in Kato [1956: 1] and 
that the proof of Theorem 7.8.3 follows Yosida [1965 /66: 1] (see also [1978: 
1]). Certain simplifications to the various arguments have been proposed by 
Dorroh [1975: 1]. We note that in the work of Heyn and (partly) in that of 
Kisynski mentioned above, the approach to the equation (7.7.1) is through 
the Yosida approximation (Example 2.3.13), that is, the solution u(-) is 
constructed as lim u,,(-), where u,,(-) is the solution of 


ul (t) =nA(t)R(n; A(t))u,(t). (7.10.3) 


A similar approach was used by Elliott [1962: 1] and Yosida [1963: 1], 
[1965 /66: 1] the latter working in locally convex spaces. 

A far-reaching generalization of the ideas in Sections 7.7 and 7.8 is 
due to Kato [1973: 1] (see Examples 7.9.5 and 7.9.6) roughly along the lines 
of [1970: 1], but relaxing in an essential way many of the hypotheses. 

Numerous other approaches have been used in relation to the 
equation (7.7.1), most of them starting with the assumption that each 
A(t) belongs to ©, or to a subclass thereof but making different require- 
ments on f-dependence of A(t); the following is a list of references. See 
Baumgartel [1964: 1], [1964: 2], Bragg [1974: 1], Domslak [1961: 1], [1962: 
1], Dyment-Sobolevskii [1970: 1], Enikeeva [1972: 1], Fitzgibbon [1976: 1], 
Foias-Gussi-Poenaru [1957: 1], Fujie-Tanabe [1973: 1], Gajewski [1971: 1], 
Gibson-Clark [1977: 1], Globevnik [1971: 1], Goldstein [1972: 1], [1974: 1], 
[1975/76: 1], Hackman [1968: 1], Inoue [1972: 1], [1974: 1], V. N. Ivanov 
[1966: 1], Jakubov [1964: 1], [1964: 2], [1966: 1], [1966: 2], [1966: 3], [1966: 
4], [1966: 5], [1967: 4], [1968: 1], [1970: 1], [1970: 2], [1973: 1], Jakubov- 
Samedova [1975: 1], Kartsatos-Zigler [1976: 1], Krasnosel’skii-Krein- 
Sobolevskii (1956: 1], [1957: 1], Kohnen [1970: 1] [1971: 1], [1972: 1], Krée 
[1970: 1], Krein [1957: 1], [1966: 1], [1967: 1], Krein-Daleckii [1970: 1], 
Krein-Laptev [1969: 1], Krein-Savéenko [1972: 1], Lopatinskii [1966: 1], 
Lovelady [1975: 2], Mamedov [1964: 1], [1964: 2], [1965: 1], [1966: 1], 
Massey [1972: 1], Masuda [1967: 1], [1967: 2], [1968: 1], Mlak [1959: 1], 
[1960: 1], [1960/61: 1], Murakami [1966: 1], Nemyckii-Vainberg-Gusarova 
[1964: 1], Oja [1974: 1], Poulsen [1965: 1], Raskin-Sobolevskii [1967: 
1], [1968: 1], [1968: 2], Rota [1963: 1], Sadarly [1969: 1], Sarymsakov- 
Murtazaev [1970: 1], Sohr [1973: 1], [1973: 2], [1973: 3], Solomjak 
[1960: 1], Strygina-Zabreiko [1971: 1], Suryanarayana [1965: 1], Tanabe- 
Watanabe [1966: 1], Tsokos-Rama Mohana Rao [1969: 1], Watanabe 
[1967: 1], [1968: 1], PljuScev [1973: 1], [1975: 1], Yagi [1976: 1], Da Prato- 
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Jannelli [1976: 1], Datko [1972: 1], Derguzov [1963: 1], [1964: 1], [1964: 
2], [1964: 3], [1973: 1], Derguzov-Jakubovit [1963: 1], [1969: 1], 
Derguzov-Melanina-Timéenko [1975: 1], and Djacenko [1976: 1]. For a 
thorough treatment of the subject and additional references, see Tanabe 
[1979: 1]. 


(a) Propagators. It was proved in Chapter 2 that there is a com- 
plete equivalence between propagators of time invariant equations and 
strongly continuous semigroups, that is, strongly continuous operator func- 
tions that satisfy the two equations (2.3.1). The equivalence breaks down in 
the time-varying case: although the propagator of the time-dependent 
equation (7.1.1) is strongly continuous and satisfies (7.1.7), (7.1.8), not every 
strongly continuous (£)-valued function satisfying these equations is the 
propagator of a differential equation. For a trivial counterexample (with 
dim E =1), it suffices to consider 


S(tss)=a(t)/a(s), 


where a is a continuous, positive, nowhere differentiable function. The same 
counterexample shows that nothing is gained by requiring ( F )-continuity of 
S. Necessary and sufficient conditions on a ( £)-valued function S satisfying 
(7.1.7) and (7.1.8) in order that S be the propagator of a properly posed 
Cauchy problem are apparently not known; likewise, the class of operator- 
valued functions A(-) giving rise to a properly posed Cauchy problem for 
(7.1.1) has never been fully characterized. For results in these and related 
areas see Masuda [1972: 1] (Example 7.4.4), Y. Komura [1970: 1], Lovelady 
[1975: 2], PljuSéev [1975: 1], Herod [1971: 2], and Lezanski [1970: 1], [1974: 
1]. See also Carroll [1975: 1] and references therein for very general relations 
between the equation (7.1.1) and the variation-of-constants formula (7.1.34). 


(b) Operational Differential Equations. The equation (7.1.1) has 
been extensively investigated using tools on the whole different from 
semigroup theory. To this category belong some of the early works by 
Visik-Ladyzenskaya, Ladyzenskaya, Sobolevskii, and others, quoted at the 
beginning of this section. A systematic treatment was undertaken by Lions 
starting with [1958: 1], [1958: 2], [1959: 1] and culminating in this treatise 
[1961: 1]. Some salient features of Lions’ theory can be roughly described as 
follows. Let V,H be Hilbert spaces with V C H,V dense in H and the 
injection i:V > H continuous. The operators A(t) are defined by time- 
dependent bounded sesquilinear forms a(t; u,v) in V X H, that is, 


(A(t)u, 0) = a(t; u,v). 


In more general situations V may depend on f¢. The solutions under 
consideration range from strong or genuine solutions in the sense of Section 
7.1 to weak solutions as those in Section 7.5 to solutions in the sense of 
vector-valued distributions. The methods used in the construction of the 
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solutions are, on the one hand, duality arguments combined with a priori 
estimates (such as versions of the Lax-Milgram lemma) and, on the other 
hand, approximation methods (for instance, based on finite difference 
approximations of (7.1.1)) also used in combination with a priori estimates. 
A notable way to construct approximate solutions of (7.1.1) is the so-called 
Faedo-Galerkin method, an abstract adaptation of the classical Rayleigh-Ritz 
approximation procedure. It can be roughly exemplified as follows. Choose 
a linearly independent sequence w,,w,,... in V such that finite linear 
combinations of the {w,} are dense in V; take uy = u(0) in V and select 
coefficients 7,,, such that 
n 


oy 2 TMnkWe  Uo- 
ia 


Solve then the ordinary differential system 
De tna (EN Ww.) = E malt) (1, Wis W w;, ) (l<j<n) 
Ne es 


with initial conditions 
Njk (0) = Nik 


and take 
u,,(t) = Sx Maz (t) Wy 
k=1 


as an approximation of u(t). 

For an extensive bibliography of early work in this direction, 
see Lions [1961: 1]; for other applications and additional references, see 
Lions [1969: 1], Lions-Magenes [1968: 1], [1968: 2], [1970: 1], and Carroll 
[1969: 2]. 


Chapter 8 


The Cauchy Problem in the Sense of 
Vector-Valued Distributions 


8.1. 


Although the Cauchy problem for certain differential equations and 
systems is not well posed in the sense of Chapter 1, it fits into the 
mold of mildly well posed problems (Section 8.6) where the solution of 
the abstract differential equation u’(t) = Au(t) depends continuously 
on u(0) if the initial condition is measured in the graph norm of a 
suitable power of A. This concept is closely related to that of properly 
posed problem in the sense of Hadamard and turns out to be 
equivalent to a formulation of the Cauchy problem in the sense of 
distributions for the nonhomogeneous equation u’(t) = Au(t)+ f(t) 
studied in Sections 8.4 and 8.5. The fact that the equation under 
consideration is a differential equation plays no role here, thus the 
theory refers to convolution equations. 


The rest of the chapter covers preparatory material on vector- 
valued distributions. 


VECTOR-VALUED DISTRIBUTIONS. SUPPORTS, 
CONVERGENCE, STRUCTURE RESULTS 


Let Q be an open interval in R, °)(Q2) the space of test functions in Q. A 
sequence {q,) is convergent to zero in %)(Q) if and only if: 


(a) There exists a compact set K C Q such that 


supp(@,) CK foralln. (8.1.1) 


(b) 9”?(x) > 0 uniformly on R for all m> 0. 
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More generally, {@,,)} converges to p € °)(&) if and only if g, — ¢ > 0 
according to the previous definition. 

Given a Banach space E the space °)’(Q; E) of E-valued distributions 
defined in Q consists of all linear operators U,V,... from 6)(Q) into E that 
are continuous in the following fashion: 


if g, >0 in D(Q), then U(g,)>0 in E, (84.2) 


where (q,,) is a sequence in %)().' Clearly )’(Q; E) is a linear space. Every 
piecewise continuous (or, more generally, locally integrable) function 
f ‘defined in Q with values in E can be identified with a distribution 
U €%)(Q, E) through the formula 


U(g)=fols)f( ae (pe (2) (8.1.3) 


and two functions f, g give rise to the same distribution if and only if they 
coincide almost everywhere (if f and g are piecewise continuous, this means 
f = g except perhaps at discontinuity points). 

We introduce some notational conventions. When 2 =R, we write 
o)(Q)= 5), as agreed in Section 7. We also write )’(R; E)=%)'(E), 
)’(2,C) = D2), D(C) =’. If f:Q > E, we indicate the function f (or 
the distribution in 1’(Q; E) it defines) by f(t); f(t) denotes instead the 
value of f at ¢. Distributions will be often written in “functional” notation; 
for instance, the Dirac measure 6 € )’ will be denoted by 8(1) while, say, 
5(t —3) indicates the Dirac measure centered at ¢ = 3, that is, the distribu- 
tion m > (3) in °)’. Likewise we shall abuse sometimes the notation writing 
U(@) as fp(t)U(t) dt, where U €9"(Q; E) and g € )(Q). Finally, given 
U€%(Q) and u€ E, we indicate by U®u the distribution in )’(Q; E) 
defined by 


(USu)(~) =U(o)u. (8.1.4) 


As in the scalar case, the derivative of a distribution U € %)’(Q; E) is 
defined by 


U'(y) = —U(¢’) (S25) 


'The definition of the topology of D is not complete, since it cannot be entirely 
characterized by sequences; there are nets {p,) converging to zero in °) which do not satisfy 
(8.1.1). The correct topology of °D is the inductive limit topology of (say) the sequence o) 
where °),, is the (Frechet) space of all p € °) with support in |r| <n endowed with the topology 
of uniform convergence of all derivatives; the inductive limit topology is the finest (that is, the 
largest) one making all injections /,,: °),, > D continuous. A fundamental property of this 
inductive limit topology is that an operator U: ) —> E is continuous if and only if all its 
restrictions U, to °),, are continuous. It follows then that our definition of continuity (8.1.2) is 
the correct definition of continuity with respect to the topology of D); moreover, since each oN 
is a Frechet (thus a metric) space, we may well use a sequence {@,) in (8.1.1) and (8.1.2). The 
same observations apply to arbitrary Q. 
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and behaves in an entirely similar way. When f is a continuous, piecewise 
continuously differentiable function with values in E, its ordinary derivative 
defines the same distribution as the one obtained differentiating f as a 
distribution. 


8.1.1 Lemma, Let U €°%)'(Q; E) satisfy 


UM =0 
for some m> 0. Then U coincides with a polynomial 
me) 
P(t)= bi tu, (t€Q), (8.1.6) 
Via) 


where Uo,...,U = De 


LA =| 

Proof. We consider first the case m = 1. Since U’ = 0, it follows that 
U(g’) = 0 for all p € D(Q) or, equivalently, that U(y) =0 if [pdt =0. Let 
Qo be any function in )(Q2) with nonzero integral n = {gy dt. If PY = D(Q), 
we write p= P— AG, A=(1/n) fy dt. Then {pdt =0 and U(~) = AU(g,) 
= (1/n)U(q_) fy dt, showing that U=u=(1/n)U(q,). If m > 1, we obtain 
using the previous result that U’"~ |!) = u for some u € E from which (8.1.6) 
follows by repeated integration. 


We define convergence in the space °)’(Q; E). In order to do this, we 
introduce first an auxiliary notion. A set  C %)(Q) is bounded if for every 
sequence {y,) C KH and every sequence of real numbers {¢,,) with ¢, > 0 we 
have 

é9, 0 in %(Q). (8.1.7) 
It is immediate to verify that a set H is bounded if and only if: 


(a) There exists a compact set K C Q such that 


supp(y) CK (peX). (Sure) 
(b) For every m > 0 there exists a constant C,, < oo with 
eC, pe ve ke) (8.1.9) 


A sequence (or generalized sequence) (U,} of distributions in )’(Q; E) 
is said to converge to a U € %)’(Q; E) if and only if 


U,(p) > U(e) 
uniformly on bounded subsets of 4%). 

It is easy to see that if {f,} is a generalized sequence of piecewise 
continuous (or, more generally, locally integrable) functions such that f, > f 
pointwise and || f,(7)]| < g(¢), where g is locally integrable, then /, > fin the 
sense of distributions. 

A distribution U € %)’(Q; E) is said to vanish in an open subset Q’ of 
Q (in symbols, U = 0 in Q’) if 

U(~)=0 (8.1.10) 
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whenever supp(¢) € Q’. Denote by 2(U) the union of all the open subsets 
of Q where U vanishes. We define the support of U (in symbols supp(U )) as 
follows: 

supp(U) =Q\Q(U). 
It is clear that supp(U) is closed in 2. We may easily verify that the present 
definition of support coincides with the usual one when U is a smooth 


function. The following result shows that the property that U=0 can be 
“pieced together.” 


8.1.2 Lemma. U=0 in Q“\supp(U). 


Proof. A local compactness argument easily shows that there exist 
two countable families of open intervals {J,,)},{J,,} such that (i) Les O(a) 
U 1, =Q\supp(V). (iti) J, 05,4; #2. (iv) J, 5, =9 if n<m—1. (vy) 
U=0 in J,. Let @, be a nonnegative function in )(Q) with support in J, 
which equals | in J,. The sum ®(t) = Lg,,(t) (where all the terms, except for 
at most two, vanish for each f) is positive in 2. Then, if y, =, /®, it is 
clear that y, € )(Q), supp(y,,) C J,, and Ly, (t)=1 (t © Q(U)). Hence if 


gp € D(Q) and supp pg C 2Q\supp(U ), 


U(~)=U(~L¥,) =LU(ey,) =0 (8.1.11) 


since supp(py,,) C J,, and U vanishes in J,,. Note that the introduction of U 
into the series is justified by the fact that the py, vanish identically except 
for a finite number. 


1, 


n 


In— 1 Jy a feiss 
FIGURE 7.1.1 


In the case 2=R, we shall make use of several subspaces of 
0)’(Q; E)= )’(E). We denote by &’(E) (resp. Dj(E)) the set of all ele- 
ments of °})’( £) with compact support (resp. with support in ¢ > 0). We shall 
also write &}(E) = &’(E)N25(E) and denote by )’,(£) the subspace of all 
U €°%)'(E) with supp(U) bounded below. Use will be made of /(Q; E) 
(distributions in °)’(Q; E) with support in ¢ > 0) and of the similarly defined 
66(Q; E). 

The results in the remainder of this section will show that, at least 
locally, a E-valued distribution U is nothing more than the derivative (in the 
sense of distributions) of a continuous function, which can be chosen to 
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vanish in ¢ < a if U does. Moreover, this correspondence between functions 
and distributions can be established in such a way that boundedness in 
°)’(Q; EZ) translates into local boundedness of the corresponding sequence 
of continuous functions. 


8.1.3 Lemma. Let U€%)(Q; E), K a compact subset of Q. Then 
there exists an integer p > 0 and a constant C > 0 such that 


UCP) < Cllell, (8.1.12) 
for every » €°)) with support in K, where 
lel, = sup sup |p/?(z)}. (8.1.13) 


O<j<p —w<t<oo 


Proof. Assume (8.1.12) does not hold for any p. Then there exists a 
sequence {qg,) C % such that 


supp(9,,) C K (8.1.14) 
and 


Ue > allel, (n>). (8.1.15) 


Let v, =9,/nll9,||,,- Clearly ||, ||, =” |'—20 as n— 00, which, together 
with (8.1.14), implies that p, > 0 in °). But it follows from (8.1.15) that 
||U(,,)|| > 1, which is a contradiction. This ends the proof. 


Let K be, as before, a compact set. We denote by (Kk ) the space of 
all p times continuously differentiable functions defined in R with support 
in K endowed with the norm (8.1.13). It is clear that 6) (K) is a Banach 
space. 


8.1.4 Lemma. Let K be a compact subset of Q. Then, given p€ 
6) (K) and 8 > 0, there exists y © %)(&) such that 


llp— vl, <9, 
where ||-||,, indicates the norm in %}),( Ks), Ks = {t; dist (t, K) < 8). 


The proof is a standard application of mollifiers (Section 8) and is 
thus omitted. 


8.1.5 Structure Theorem. Let U€ )’(Q; E), Q’ an open bounded 
subset of Q with XY CQ. Then there exists a continuous function f:R — E, and 
an integer m > 0 such that 

U=f™ in’ (8.1.16) 
(the derivative understood in the sense of distributions ). 
Proof. Let K = and let e> 0 be such that K, = {t; dist(t, K) < e) 


is contained in 2. Applying Lemma 8.1.4 to K, (see (8.1.12)), we deduce that 
U can be extended by continuity to all elements of CK) and that the 
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extension (which we denote by the same symbol) satisfies 
IW(@)I<Cliel, (e=,(K,)), (8.1.17) 


where ||-||,, indicates the norm of “) (K,). Loosely speaking, this partial 
result states that “a distribution can be applied to a sufficiently differentia- 
ble function.” Define now 


ee pote ae Cr = 6) 
n(t) = | or (821-18) 


Clearly 7 is p times continuously differentiable. Then if x € “) and supp x € 
K,, the function x(5)n(¢ — $) belongs to Ck) for each t and, moreover, 
the map t > x(S)n(t—S) from R into ),(K,) is continuous (as can be 
easily verified by repeated differentiation). Hence, the function 


f(t) =U(x()) alt —8)) (8.1.19) 
from R into E is as well continuous. We observe next that if p € %, 


fol) s(0) dt =U(¥), 


where y is the element of “) defined by 


¥(s)=x(s) fn(t—s)e(0) at 
=x(s) [n()p(s +1) dt 


(this can be easily proved approximating the integrals involved by Riemann 
sums). Take now x with x(¢)=1 for t€ K and g © with support in 
Let m= p +2. Then 


f° (@) = (-1)" fpr (e) f(t) at 
SUG ave), 
where 
Ym(8)=x(s) f(t—s) p(t) at 


= (-1)"9(s) (8.1.20) 
since y(s) = 0 outside of K. This ends the proof. 


As the classical example 


U= ¥ 8™(t-n) 
n=0 
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shows, Theorem 8.1.5 and the equivalent Lemma 8.1.3 do not admit a global 
version even in the scalar case. 


8.1.6 Remark. Note that if U=0 for ¢ <a, it results that f = 0 for t <a. 
This follows from the fact that n(t — s) = 0 for s > t. Note also that if U has 
compact support (that is, if U < &’(E)), then the function f can be chosen 
in such a way that (7.1.16) holds in Q (we only have to take Q’ containing 
the support of U); the result is global in this case. 


As an immediate consequence of Theorem 8.1.6, we obtain 
8.1.7 Corollary. Let U €%)'(Q; E), and assume 
supp(U ) = {0}. 
Then 
U=88u,+ 8’@u,+ --- +6@u,, (8.1.21) 
for some integer m and Uo, Uy,...,U, © E. 


Proof. Write 
u= fm), 


where f(¢) = 0 for t< 0. Since U=0 in ¢ > 0, it follows from Lemma 8.1.1 
that f must coincide there with a polynomial of degree < m —1. Differenti- 
ating, (8.1.21) follows. 


We close this section with a “uniform” version of Theorem 8.1.5. 
Bounded set of distributions are defined in the same fashion as for test 
functions: a set % C %)’(Q; E) is bounded if and only if, for every sequence 
{U,,} C UW and every sequence {e,,} of real numbers with e, > 0, we have 


e,U,>0 in )’(Q; E). (8.1.22) 


It is easy to see that % is bounded if and only if for every bounded set 
KH C %)(Q) there exists a constant C such that 


IV(PI<c (peK, UE). (8.1.23) 


8.1.8 Theorem. Let UW be a bounded set in %)’(Q; E), Q’ a bounded 
open subset of St with Q’ CQ. Then the integer m in (8.1.16) can be chosen 
independently of U and the functions f are uniformly bounded on compact 
subsets of R. 


Theorem 8.1.8 is a consequence of the following uniform version of 
Lemma 8.1.3. 


8.1.9 Lemma. Let be a bounded set in %)’(Q; E), K a compact 
subset of Q. Then there exists an integer p > 0 and a constant C independent of 
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U such that 
UP <Cllell, (8.1.24) 
for all U € W and all ¢ € YD with support in K. 


The proof is much like that of Lemma 8.1.3. If (8.1.24) does not hold 
for any p, there exists a sequence (q,,) in °), each g,, with support in K, and 
a sequence (U,) in W such that 


(Pd > Pally (21). 


We consider this time the sequence ¥, = @,/||®,||,- Obviously, {y,,} is 
bounded in %(Q), but ||U,(,,)|| is unbounded, contradicting (8.1.23). 


To prove Theorem 8.1.8 we only have to recall that the functions f 
are given by (8.1.19) and use (8.1.24). 


A generalized sequence (U,) in )’(Q; E) is said to be boundedly 
convergent to U € %)’(Q; E) (in symbols, U, 3 U) if and only if U, > U and 
{U,} is bounded. It is easy to see that bounded convergence and convergence 
coincide for sequences, but this is not the case for arbitrary generalized 
sequences. 


8.1.10 Theorem. Let {U,} be a generalized sequence of distributions 
converging boundedly to zero in )’(Q; E), Q’ an open bounded subset of Q 
with Q/CQ. Then there exists a generalized sequence {f,) of continuous 
E-valued functions in R, bounded and converging to zero uniformly on compact 
subsets of R such that 


U, = fi in Q. 


This result is an immediate consequence of Theorem 8.1.8: it suffices to note 
that the functions f, are defined by (8.1.19) with U=U,,. 


8.2. VECTOR-VALUED DISTRIBUTIONS. 
CONVOLUTION, TEMPERED DISTRIBUTIONS, 
LAPLACE TRANSFORMS 


We shall only define convolution in a very particular case. Throughout this 
section E, F,G will be three Banach spaces, (u, v) > uv a bounded bilinear 
map from E x F into G, UE 9)’ (E), V € D'.(F). Assume, for the sake of 
simplicity, that U and V have support in t > 0 and let c > 0. Making use of 
Theorem 8.1.5 we see that there exist two nonnegative integers m, p, a 
continuous E-valued function that vanishes for <0 and a continuous 
F-valued function g equal to zero in t <0 such that 


U = £)(F e (8.25))) 
V=g)) (t<c). (8.2.2) 
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We define 
UsV=(fxg)"” (8.2.3) 


in ¢<c, that is, for every y € “) with support in (— 00, c). Here f * g is the 
ordinary convolution of f and g, 


(f*8)(t) = [f(e—s)a(s) ds, (8.2.4) 


where the interval of integration is actually 0<s<t. (Note that f* g is 
continuous.) Since c may be arbitrarily large, it is clear that the definition 
above works for any m € %), but it is not immediately apparent that it does 
not depend on the choice of the representations (8.2.1) and (8.2.2), which 
are obviously not unique. Assume, say, that we replace (8.2.1) by 


Ue cy): 


We may assume that m<m, and c<c, (the other possibilities are dealt 
with in a similar way). Since (f — f("~™)°" =0 in t<c, it follows from 
Lemma 8.1.1 that f — f(”'~” is a polynomial in ¢ < c. But both f and f, are 
zero for t < 0, thus f =f" and f, is continuously differentiable at least 
m,—m times in t <c. Then we have, after a clearly permissible differentia- 
tion under the integral sign, 


Cheam fu as) pee) 


in t<c. This proves that U*V is defined independently of the particular 
representations (8.2.1), (8.2.2) chosen. The definition can be easily extended 
to the case where U=0 for t< a, V=0 for t < b; we omit the details. 

It is a rather simple consequence of the construction of U * V that 


(Ut V)? =U «V=Us Vv (8.2.5) 


for any U,V and any integer k > 0. 

It can also be easily seen that if U=0 int<a and V=0 int<b, 
then U*V=0 int <a+tb. On the other hand, assume that U=0 fort >a’ 
and V=0 for t > b’. Take c so large that the interval ¢ < c contains both the 
supports of U and V. Then the function f in (8.2.1) must be a polynomial of 
degree <m-—1 in ¢>a’ and g must likewise be a polynomial of degree 
<p-—1int>b’. Hence f*g is a polynomial of degree <m+p—1 in 
t >a'+b’, which implies that V+V=0 in t>a’+b’. We can summarize 
these observations in the formula 


(supp(U*V))° c (suppU)* +(supp(V))°, (8.2.6) 


where (_)° indicates convex hull. 

It is immediate from its definition that the map (U,V) > U*V from 
)’ (E)x 2’, (F) into )’,(G) is bilinear. We also have the following con- 
tinuity property: 
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FIGURE 8.2.1 


8.2.1 Theorem. Let {U,} (resp. (V,) be a generalized sequence in 
O)’ (E) (resp. D',(F)) such that U,3U (resp. V,3V) and such that U, =0 
fort <a (V,=0 fort <b). Then U, *V,3U *V in D’,(G).* 


The proof is a direct consequence of Theorem 8.1.8 and will be left 
to the reader. 


We note, finally, the following associative property of the convolu- 
tion. Let E, F,G, H, K, X be six Banach spaces and let the two-tailed 
arrows in Figure 8.2.1 indicate bounded bilinear maps. Then if the maps 
themselves associate (which means the trilinear maps from E X F X G into 
X obtained from each diagram coincide), we have 


(U*V)*W=U*(V*W) (8.2.7) 


for arbitrary U € 9’ (E), Ve (F), W € 9 (G). 

We introduce a subspace of “)’,(£) consisting of distributions of 
“moderate growth at infinity” with a view to the definition of the Laplace 
transform. To this end we use instead of °) the Schwartz space 5 of rapidly 
decreasing functions consisting of all infinitely differentiable functions » 
defined in R and such that t/p*)(t) > 0 as |t| > 00 for all j,k. A sequence 
{y,,) in 5 converges to zero if and only if 


IPullje 79 (n> 0) 


Note that U (resp. V) must vanish for t < a (resp. for t < b). Theorem 3.2.1 is as well 
valid for convergence (see Schwartz [1955: 1]), but the present particular case is sufficient here. 
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for all integers j, k > 0, where 


lplljn = sup sup (1+ [2|/) pO (0). (8.2.8) 
O</l<k -—w<t<o 

The space 5’(E) of tempered E-valued distributions consists of all linear 
operators U,V,... from 5 into E that are continuous (that is, S(@,) > 0 in E 
whenever , > 0 in 5). As in %, a set H CS is bounded if e,9, > 0 in 
whenever {q,,} is a sequence in ‘ and the numerical sequence {¢,,} tends to 
zero. It is easy to see that KH is bounded if and only if for any two integers 
Jj, k there exists a constant C; , <0o such that 


lPllin<Gn (PEK). (8.2.9) 


Convergence of a sequence of distributions {U,} in 5’(£) is again defined as 
uniform convergence on bounded subsets of 5. 

It is plain that a linear continuous operator from 5 into E is as well 
continuous in the topology of %), since °) C5 and the inclusion map is 
continuous. In other words, 5’(E) € )’(E).? Moreover, a set { bounded in 
) is also bounded in 5, thus this inclusion is also continuous. We can apply 
to distributions in 5’(£) all the results in this section and in the previous 
one. However, most of these results take a considerably simpler form when 
applied to distributions in 5’(£). For instance Lemma 8.1.3 and Theorem 
8.1.5 become global in 5’(£). In fact, we have 


8.2.2 Lemma. Let U €©5'(E). Then there exists an integer p >0 
and a constant C > 0 such that 


IU(P)I<Clll,» (PEs). (8.2.10) 


8.2.3 Structure Theorem. Let U © 5'(E). Then there exist two in- 
tegers m,r > 0 and a continuous function f:.R > E such that 


uU=f™ inR (S201) 
(= Oe") (tl > 00). (8.2.12) 


The proof of Lemma 8.2.2 is entirely similar to that of Lemma 8.1.3 
and will thus be omitted. To prove Theorem 8.2.3 we make use of (8.2.10) to 
extend U to the space 5, ,, where 5, , is the Banach space of all k times 
continuously differentiable functions Me Aes in —0o<t<oo such that 
lPll 4 <0, endowed with the norm ||-||;,,- * Assume first that U has 
support contained in ¢> 0, and let x be a C‘~ function that equals 1 in 


3We are using here implicitly the fact that two distributions in 5’(£) that take the 
same values in D must coincide. This follows from denseness of % in 5 
4An approximation argument of the type of Lemma 8.1.4 is used here. 
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t > 0 and vanishes in t < —1, 7 the function defined in (8.1.18). Then it is 
not difficult to see using arguments similar to those in the proof of Theorem 
8.1 that the E-valued continuous function 
f(t) =U(x(S) (4 - 8) (8.2.13) 

satisfies (8.2.11) for m= p +2. The verification of (8.2.12) follows from the 
fact that the ||-||,,,,-norm of x(S)n(t — 5) grows no more than a power of ¢ 
as t > oo. Obviously, the argument extends to distributions U with support 
ih tS a: 

In the general case we choose an infinitely differentiable function y 
that equals 1 in, say, t > 0 and vanishes in t < — 1, write 


where U, = YU, U, = (1— y)U and apply the previous particular case to U, 
and to U, defined by U,(p(S)) = — U,(9(— S)); if f, f are the correspond- 
ing continuous functions, then f(t) = f,(¢)+(— 1)”f,(— ¢) will be the func- 
tion required in (8.2.11). 


It results clearly from the proof of Theorem 8.2.3 that f may be asked 
to vanish in t <a if U does. Note also that the following sort of converse 
holds: 


8.2.4 Lemma. Let U €%)’(E). Assume that U admits the represen- 
tation (8.2.11), where f is a E-valued continuous function satisfying (8.2.12). 
Then U €95"(E) (strictly speaking, U can be extended to a distribution in 
&(E)). 


The proof is rather simple and left to the reader. 


We prove next that the spaces 5’(£) are closed under convolution. 
We write 5’. (E) = ',(E)N5'(E£); in other words, 5’,(£) is the set of all 
U €5"(E) with support bounded below. 

8.2.5 Theorem. Let U €9',(E),V €5'(F). Then U*V €5/,(G). 


The proof is immediate. Let f, g be two E-valued continuous func- 
tions vanishing for large negative t, growing no more than a power of ¢ as 
t > oo, and such that 


U=f™, V=gMinR. 
Then, using the definition of convolution 
UsV=(fxg)"*” inR, 


where it is immediate that f * g grows at most like a power of t when t > 00 
as well. Applying Lemma 8.2.4, the result follows. 


We define now the Laplace transform of distributions in Oo(E) = 
)}(E)N5'(E). It will be convenient to introduce here some new spaces; we 
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denote by 5/(E£) the space of all distributions U in )’(E) with support in 
t > 0 and such that 


exp(—wt)UES'(E), (8.2.14) 


where w is a real number. The Laplace transform of U €5/(E) is by 
definition the function 


U(A) = £U(A) = U(exp(— Az)) 
= (exp(— wi)U)(exp(—(A—w)7)) (ReA>w). (8.2.15) 
Formula (8.2.15) requires some explanation. Its right-hand side does not 
make sense a priori, since exp(—(A — w)/) does not belong to S for any X. 
We define it to mean V(x(tyexp(—(A —w)t))(V= 6 8 Os wt)U), where x is 
any infinitely differentiable function that equals | in ¢ > 0 and vanishes for 
t<a<0O. It is easy to show that this definition is independent of the 
particular x used. Also, since 5/(E) C 5/,(E) for w < w’, we may replace w 
in (8.2.15) by any w’> w; it can be immediately shown that this does not 
modify the definition. 
We begin by observing that 2U, which is defined for ReA > w, is 
analytic there. In fact, we have 


h-'(£U(A + h)-£U(A)) = (exp(— wf)U)(@(7,d)), 
where 
9 (4, A) = x(i)h- {exp(— (A+ 4 @))—exp(—(A - #)/)) 
> —x(f)texp(—(A-—w)t) ES. 
We obtain as a consequence the familiar formula 
(LU) (A)=-L(tU) (RedA>w) (8.2.16) 
(note that *U © S/(E) if U €5/(E). Observe next that 
V’(x()exp(-(A-#)/)) 
= —V(x'(t)exp(—(A — )t)— (A ~ &) x ()exp(—(A — &)¢)) 
= (A-w)V(x(Dexp(—(A-w)7)). 
Applying this to V = exp(— wt)U, we obtain the no less familiar equality> 
RU(A)=ALU(A) (ReA>w), (8.2.17) 


where the left-hand side makes sense since U’ € 5/(E). Note finally that if 
U€5/(E), then 
exp(at)U €S/, (E) 


wta 


SIf U coincides with a differentiable function f in t > 0, we have U’= f(t) + d@/f(0), 
hence (8.2.17) becomes the classical formula £f’(A) = ALS(A)+ (0). 
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and 
exp(— wf )(exp(at)U )(x(¢)exp(— (A — w)t)) 
= exp(— wi) U(x (A)exp(—(A-a-#)i)) 
for ReA > w +a so that 
R(exp(ai)U)=(LU)(A—a) (ReA>wta). (8.2.18) 


Let'U 3" (E). Then exp(— wt)U € S,(E) and, according to Theo- 
rem 8.2.3, it admits the representation (8.2.11), where the function / satisfies 
(8.2.12). Making use of (8.2.17) and (8.2.18), we obtain 


RU(A) =£ (exp(wr)(exp(— w)U)) 
=N"(Lf)\(A-—w) (RerA>w). 
But |\(&f (A)|| < C/|ReA| for ReA > 6 > 0. We obtain the following result: 


8.2.6 Theorem. Let U © 5/(E). Then there exists an integer m such 
that 


LUA) <C, (+ |Al)” (RedA> o’) (8.2.19) 
for any 0’ > w. 
A partial converse of this result is 


8.2.7 Theorem. Let h(X) be a function with values in E, defined and 
analytic in ReX > w. Assume that 


IA(A)I <CO+ Al)” (RedA>w). (8.2.20) 
Then there exists a (unique) U © 5/,(E) with 
h=LU. (8.2.21) 


Proof. Clearly h must be analytic in an open region containing 
Red > w. Define 


‘ehh w + 190 At, —m-—2 
f(t) = ee eA—m-2h(r) dr. 


A deformation-of-contour argument shows that f(t)=0 for t<0; more- 
over, 


IF()l< Cee’ (40). 
An easily justifiable interchange of the order of integration yields 
(Lf )(A)=A-™ PACA). 


Clearly f € 5,,(£). Then it follows from (8.2.17) that U= f‘"*» belongs to 
d/,(£) and satisfies (8.2.21). It only remains to be proved that U is unique. 
To this end, we observe that if U,,U, are two distributions in 5/(E) with 
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the same Laplace transform, then we have £f,(A)=A "LU,(A) = 
A-™LU,(A)=Lf(A), where f;, f, are the functions provided by Theorem 
8.2.3; then f, =f, by uniqueness of ordinary Laplace transforms and a 
fortion U, = Uj. 

We characterize next the Laplace transforms of certain distributions 
with compact support: 


8.2.8 Theorem. Let U € &'(E) with support in 0 <t<a. Then its 
Laplace transform h(X) =2U(A) is a E-valued entire function and satisfies 


|A(A) <CQ+ Al)” (RedA>O), (8.2.22) 

A(A)I <C(+ JA})"e 284) (ReA <0), (8.2.23) 

for some integer m. Conversely, let h be an E-valued entire function satisfying 

(8.2.22) and (8.2.23). Then there exists a (unique) distribution U in &'( E) with 
support in 0 <t<a such that 

h(A)=LU(A). (8.2.24) 

Proof. Let the support of U be contained in 0 <?t <a. By virtue of 


Remark 8.1.6, there exists an integer m and a continuous function f/:R > E 
vanishing in ¢ < 0 and such that 


U=f™ in R. (8.2.25) 
Since U=0 for t >a, f must be a polynomial of degree <m—1 int>a 
(Lemma 8.1.1). Write f= f, + f,, where f, =0 int <a, f,=0 int>a. We 
have 
IEAAII<C (Redr>0), 


IEA AMI <Ce“a8* (Red <0). 


On the other hand, since f, is a polynomial of degree <m-—1 in t>4a, 
Pf, (A) =e *I1(1/A), where II is a polynomial of degree < m. Inequalities 
(8.2.22) and (8.2.23) then follow immediately from the fact that 2U(A) = 
NE F(A) =A"(LAA)+LA(A)), a consequence of (8.2.17). 

Conversely, let h be an entire E-valued function satisfying (8.2.22) 
and (8.2.23). As a consequence of the first inequality and of Theorem 8.2.8, 
we obtain that (8.2.24) holds for some distribution U €54(£); conse- 
quently, it only remains to be shown that U=0 for ¢ > a. To see this, let f 
be a continuous £-valued function vanishing for ¢<0, growing no more 
than a power of ¢ at infinity and such that 


U=f. 


We may evidently assume that n > m +2. Clearly 2 f(A) =A "A(A) and by 
virtue of the classical inversion formula for Laplace transforms, 


ay @ + 100 Wistar 
Ol ppd e“A-"h(A) dA, 


@ — 100 
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where w > 0. A deformation of contour then shows that if tf > a, 


ened OIC Seer 
f (asec eA-"h(A) dA 


= (Hi Tiee 


1 de hear, 
z (n-1)! (ax fee ea 
where the second term on the right-hand side is a polynomial in ¢ of degree 
<n-—1. As for the first term, observe that it does not depend on w > 0 and 
that, by virtue of (8.2.23), if t > a the integrand tends to zero as w > oo and 
is uniformly bounded by a constant times (1+ |A|)~?. Letting w — 00, we 
see that the integral vanishes and thus that f coincides in t>a with a 
polynomial of degree <n—1; a fortiori U=0 in t >a, as we wished to 
prove. 

We observe that, in the proof of the direct part of the theorem, the 
integers m in (8.2.25) and (8.2.22) may be taken to be equal. 


8.2.9 Theorem. Let UES/(E), VEd{(F). Then U*V €5/(G) 


and 
L(U*V)(A)=LU(A)EV(A) (ReA>w). (8.2.26) 
Proof. If UE )j(E) and V € %)5(F), then the formula 
exp(at)(U*V) = exp(at)U *exp(at)V, (8.2.27) 
valid for any a, can be easily verified. Making use of (8.2.27) for a= —w 


and of (8.2.18), we see that we may limit ourselves to prove Theorem 8.2.8 
in the case w = 0, where the fact that U* V © 55(G) follows from Theorem 
8.2.5. Let UE 55(E), V € 55(F), and let f (resp. g) be a E-valued (resp. 
F-valued) continuous function growing at most as a power of ¢ at infinity 
and such that U= ff”) (resp. V=g"")) for two integers m,n. We use 
(8.2.17) and obtain 


P(U«V)=E((f*s)" ”) 
SINE) 
= NCEP AA (Lg )A) = (LU (A)(EV (A). 


We have made use here of formula (8.2.26) for f and g; this can be proved 
essentially as in the classical theory of Laplace transforms and is left to the 
reader. 


We close this section with a definition. For a> 0, let 


ai ee ake a (8.2.28) 


0 (t <0). 
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Then Y, € 5, and the following properties can be easily verified: 


Yi=6 (8.2.29) 

(note that Y, is just the Heaviside function Y,(t) = 3(1 +sign ¢)), 
Vania You Wasp 0), (8.2.30) 
Y=Y,_, (a>1). (8.2.31) 


The distribution Y, can actually be constructed for any complex a (Schwartz 
[1966: 1]), but this shall not be used here. Y, is used to define derivatives of 
fractional order. If, say U € ‘Dj(E) and £ > 0, we set 


DEU = DEY, perp *U, 


where n is an integer such that n>. It is not difficult to see that this 
definition does not depend on n and coincides with the usual one when B is 
an integer. 


8.3. CONVOLUTION AND TRANSLATION 
INVARIANT OPERATORS. SYSTEMS: 
THE STATE EQUATION 


The operator 7, of translation by h in )’(E) or D’,(E£) is defined by the 
formula 


(7,U )(9(2)) =U( p(t + h)) =8(¢—h) *U 
for any real h. It is not difficult to verify directly from the definition that 
convolution commutes with translation operators, that is, 
U*(7,V) = (7,0) *V=7,(U*V). (3:3-1) 
Conversely, any linear continuous map that commutes with translation 


operators must be given by a convolution. Precisely, we have 


8.3.1 Theorem. Let E, X be two arbitrary Banach spaces, 
MN: D(E) > D(X) a linear operator, continuous in the following sense: if 
F, is a generalized sequence in °))’,(E) such that F, 30 and F, = 0 for t < a for 
all a, then MNUF,— 0 in °)’(X). Assume, moreover, that Ni commutes with 
translation operators, that is, 


MN (7,0 ) = 7,(OU ) (8.3.2) 


for any real h, and that UF = 0 in t < a whenever F = 0 int <a. Then there 
exists a unique distribution S € °)’,((E, X)) with support in t > 0 such that 


MF = S$ * F. (8.3.3) 
Proof. We define S by the formula 
S(p)u=M(6@u)(p) (PEND, UEE). (8.3.4) 
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For any fixed y, S(q) is a linear operator from E into X. Continuity (or 
boundedness) of S(@) follows from the fact that if {w,,) is a sequence in E 
converging to zero, then 6®u, 0 in D’(E), whereas 6@u,, =0 for ¢ <0; 
hence M.(d@u,) > 0 in D(X), and then so does S(q)u,, in X. Since the 
map g > S(~) € (E, X) is linear, in order to show that S € °)’((E, F)), we 
only have to prove that S(@,) > 0 whenever , — 0, {,} a Sequence in of), 
In order to do this, we need some more information on the topology of 
distribution spaces. Let E be, for the moment, an arbitrary Banach space, & 
an open interval in R. 


8.3.2 Lemma. Let ¥§ C%)’(Q; E) be a bounded set, and let {¢,,} be a 
sequence converging to zero in %)(&). Then 


lim F(@,) =0 
uniformly for F in § 


Proof. By virtue of Lemma 8.1.9, we know that given a compact 
subset K of Q, there exists an integer p > 0 and a constant C such that 


IF(p)I<Cllell, (FE) (8.3.5) 


for any » € %) with supp(@) C K, where ||-|| p is the semi-norm defined in 
(8.1.13). In view of the definition of convergence in °), Lemma 8.3.2 follows. 


End of proof of Theorem 8.3.1. Consider the set % = (6 u; ||u|| < 1} 
Cc °)(E). Direct application of the definition shows that % is bounded. 
Then QL’ = SIU(2L), being the image of a bounded set through the operator 
OM, must be as well bounded. According to Lemma 8.3.2, NL (6@u)(@,) = 
S(q,,)u tends to zero uniformly for ||u|| <1, which shows that S$: °) > (E, X) 
is a continuous operator, that is, S<°)’((E, X)). It results from the 
definition of S and from the hypotheses that S=0 in + <0, so that to 
complete the proof of Theorem 8.3.1, we only have to show (8.3.3). In order 
to do this we begin by observing that Si commutes with differentiation, that 
is, 


(UF) = MF” (8.3.6) 


for any integer m > 0. This results for m=1 observing that if F = D’,(E), 
—h~\(1,F — F)3 F’ in )’(E) and for m>1 by induction. We note next 
that we only need to verify (8.3.3) “locally,” that is, in all intervals (— 00, c), 
c>0Q. Making then use of Theorem 8.1.5 we conclude that it is only 
necessary to show that (8.3.3) holds when f is a continuous function with 
values in E whose support is bounded below. Let then c > 0, m a nonnega- 
tive integer, and g a continuous function with values in (E, X) such that 


S=g™ int<c (ee) 
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and g(t)=0 int <a. Then we have 
Saf alge) a 
= Di" {a(i-s) f(s) ds 


non, 7~ n 
a Ae NK k 
a i Cyr ee a 
pi am. 1 eee) 
= lim — Ds re | 
no © k= 09 
= lim — 3 . o(ses(=)] 
nea ee: k/n n 


=f (t<c). (8.3.8) 


Justification of the different steps in (8.3.8) runs as follows. The fourth 
equality results from the fact that the Riemann sums for g * f approximate 
it uniformly for ¢ on compact subsets of R, thus in the sense of distribu- 
tions, and from continuity of the differentiation operator in “)’(E). The 
fifth is evident, and the sixth follows from the definition of S. Finally, the 
seventh is a consequence of the easily verified fact that n~'D1, jn Bf(k/n) 
converges boundedly to f, its support remaining bounded below. 

The uniqueness of S results from the fact that any S € )’((E, X)) 
that satisfies (8.3.3) must also satisfy (8.3.4); in fact, we must have Su = 
S *((8@u)) = MN (6@u) = Su for all ue E. 


Theorem 8.3.1 bears on (a version of) system theory. Generally speaking, a 
system is a map from a set § of inputs into a set © of outputs or states. In the 
continuous time version, inputs and outputs are functions of ¢ (or, more generally 
distributions), the input describing the exterior influence applied to the system at 
time t while the output represents the state of the system at the same time ¢. A very 
general version of this kind of situation can be formalized as follows. 

A linear system is a linear map MI: D’,(E) > %)’,(X), which enjoys the two 
following properties: 


(a) Causality. If F=0 for t<a, then WF =0 fort<a. 


(b) Continuity. If {F,} is a generalized sequence in %)’,(E) such that F,3 in 
OS)’ (E) and F,=0 for t<a (a independent of «), then MNF, 0 in 
oH)’ (xX). 
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Condition (a) is rather natural in that it simply prescribes that cause 
precedes effect; in other words, the output QU F cannot make itself felt before the 
input F that originates it begins to act. That some continuity condition like (b) must 
be imposed it is obvious, if only on mathematical grounds; in fact, if inputs that 
differ by little could produce outputs that lie wide apart, the usefulness of our 
system as a model for a physical situation would be small, since any kind of 
prediction based on the model would be impossible (or, at least, extremely sensible 
to observation errors.) However, it is not necessarily true that the notion of 
continuity that we are using is the adequate one in each application. The same 
comment can be made about the choice of input and output spaces; while to use 
distributions as inputs seems to be natural in view of, say, the interpretation of 
5(f— t))®u as an “impulsive excitation” at time fg, so useful in applications, it is 
not necessarily true, however, that distributional outputs will have any physical 
interpretation. 

Leaving aside the question of motivation we go back now to the linear 
system MU: 9’, (E) > D(X). We call the system time-invariant if Sl commutes 
with translation operators, that is, if (8.3.2) holds for all h. Roughly speaking, this 
means that “the result of the experiment does not depend on the starting time” or, 
that “the system itself does not change in time.” It follows from Theorem 8.3.1 that 
there exists in this case a unique S € °)’((E, X)) with support in t > 0 such that 


U=WF=S*F (FeE’,(£)). (8.3.9) 


We call S the Green distribution of the system. Observe that, since Su= DL(6@u), 
the distribution S can be computed “experimentally” by feeding inputs of the form 
§®@u to the system and observing the corresponding outputs. 

We call the system invertible if 1 =~ ': D(X) > D’,(E£) exists and is 
continuous in the same sense as SIL, and 9UU = 0 in t< a whenever U=0 int <a. 
It follows from Theorem 8.3.1 that there exists a distribution P € %)’((X; E)) with 
support in ¢ > 0 that relates input and output through the equation 


P*U=F (UE (X)). (8.3.10) 


We call (8.3.7) the state equation of the system. It is immediate that P is the 
convolution inverse of S; in other words, 


P*S=850!], S*P=68®J, (8.3.11) 


where / is the identity operator in E, J the identity operator in X. In practice, it is 
usually the state equation that is given, and our task is to reconstruct the system OR 
from it, which of course amounts to finding the Green distribution S by solving the 
equations (8.3.11), that is, finding a convolution inverse of P with support in 
t>0. 

We deal in the sequel with an invertible system. Up to now we have 
exclusively considered the case where the system is initially at rest (which simply 
means that the state is zero before the input is applied). However, the following 
situation often arises in practice: we know the history of the system up to some time 
1 = to (we may assume that ¢ = 0), that is, we are given an initial state Uy, which is 
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an element of “) ,(X) with support in ¢ <0. For the sake of simplicity we assume 
this initial state to be a smooth function. At time t = 0 the state equation (8.3.10) 
takes over and determines from then on the evolution of the system. If U € D(X) 
represents the state of the system for t > 0, we must then have 


P*(U+U)=F (t>0), (8.3.12) 


where F is the input applied after ¢ = 0. In other words, the state of the system after 
t= 0 and its past history must stand in the following relation: 


P*U=—P*Ut+F (t>0). (8.3.13) 
Since U = 0 for ¢ < 0, the only solution of (8.3.13) (if any) must be 
Us=S*«{PsUjp+F)., (8.3.14) 
where {-), indicates “truncation at zero”; 


(V),=Vfort>0, (V),=0 fort <0. (8.3.15) 


However, a distribution satisfying (8.3.15) may not exist at all. 
8.3.3 Example. Let 


v(9)= & 719, |-(-=}! (pe). 


Then V € %)’. However, there is no W € %)’ such that W={V),. 


Consequently, (8.3.13) will only make sense for certain inputs F. 

We look at (8.3.14) more closely. It is clear that, in general, the state of the 
system at ¢ > 0 will depend on all of its past history (the system has “infinitely long 
memory’). The system has finite memory if P has compact support, say [0, a]; in that 
case only the history of the system for t > — a has any relevance on its behavior for 
t > 0. Finally, the system is memoryless if supp( P) = 0; here the past of the system is 
unimportant and only its present or “initial state” matters for its future evolution. 
We know from Corollary 8.1.7 that supp( P) = (0) if and only if 


P=8@P,+ 6'@P,+---+d™OP_, 
where Pp, P,...,P, €(X; E), so that we immediately obtain the following result: 


8.3.4 Theorem. The time-invariant, invertible linear system MN is memory- 
less if and only if its state equation is purely differential: 


PU+ P\U’+ ---+ PU =F, (8.3.16) 
WHEE Pe AE eeeg Fo SA) 


We go back now to the equation (8.3.12). Even in the case where the system 
has infinitely long memory, some restrictions on P are reasonable. To justify this we 
invoke the principle of fading memory of rational mechanics (Truesdell [1960: 1)). 
Roughly speaking, the principle asserts that “the effects of what happened in the 
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remote past will be felt but little in the present.” This can be of course formalized in 
many ways. We choose the following precise statement: if K is a compact set in R 
and UW is a bounded set of distributions in %'(X) such that supp(U) C K for all 
U € 2, then 


lim P*7,U=0 in 9’(E) (8.3.17) 


R= 00) 


uniformly for U in W. 

It is not difficult to see that, if P is the derivative (of arbitrarily high order) 
of a (X; E)-valued function tending to zero at infinity, (8.3.17) holds with all the 
stipulated conditions. We shall take this comment as a justification for taking P in 
56(X; E) in the next section. 


We note the following notational convention to be used in the sequel. 
Given a set e&R bounded below, we define 


(e)“=[m, 00), (8.3.18) 


where m = inf e. In this way, the causality relation (a) can be written 


(supp(OUF))* ¢ (supp( F))*. (8.3.19) 


8.4. THE CAUCHY PROBLEM IN THE SENSE 
OF DISTRIBUTIONS 


We examine in this section the equation 
P*U=F, (8.4.1) 


where P € %1)j((X; E)), X and E two arbitrary Banach spaces. 
We say that the Cauchy problem for (8.4.1) is well posed in the sense of 
distributions if: 


(a) For every F€°)'(E) there exists a solution U €%)’,(X) of 
(8.4.1) with 


(supp(U))“ ¢ (supp(F)) “ (8.4.2) 


(the symbol (-)? was defined in (8.3.18)). 

(b) If {F,} is a generalized sequence in °})’,(E) with supp( F)\ie [ay @) 
for all a and some a>—oo, F,30 in 9’(E), and CUES a 
generalized sequence in °))’(X) with P *U, = F,, then U,—> 0 in 
D(X). 


Clearly (b) implies uniqueness of the solutions of (8.4.1) in the 
following sense: if P*U=0 and U €%)’,(X), then U=0 (but there might 
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well be nonzero distributions in “)’( X) that are annihilated by P.) In fact, 
the following more general uniqueness result holds: if F €)’,(E) and 
U €%)’ (X) is a solution of (8.4.1), then (8.4.2) must hold (if this were not 
true, let U the solution of (8.4.1), (8.4.2) provided by (a); then P «(U—U) 
= 0, which implies U = U, absurd). 


8.4.1 Theorem. Let P <%)j((X; E)). The Cauchy problem for (8.4.1) 
is well posed in the sense of distributions if and only if P has a convolution 
inverse with support in t > 0, that is, if there exists S € Dj((E; X)) satisfying 


P*S=650l1, S*P=688/, (8.4.3) 
where I (resp. J) is the identity operator in E (resp. X). 


Proof. If P has a convolution inverse S € )j((E; X)), then it is 
clear (making use of the associativity property (8.2.7) of the convolution) 
that U=S* F satisfies (8.4.1) and (8.4.2) (this last relation follows from 
(8.2.6).) Moreover, U is the only solution of (8.4.1) in D(X), since 
U=S*(P*U) for any U €%)’(X). The continuity condition (b) follows 
then from continuity of the convolution (Theorem 8.2.1). Conversely, as- 
sume that conditions (a) and (b) are satisfied for equation (8.4.1). Then the 
map I: YD’. (E) > D(X) defined by the equation satisfies all the condi- 
tions in Theorem 8.3.1; accordingly, there exists a S € °)5((E; X)) such that 


MF=S*F (Fe (£)). 


It remains to be shown that S is the convolution inverse of P. To see this, 
take F=6@u (uE€ E); then (UF=S* F=Su and P * Su=6®u, which 
shows the first equality (8.4.3). Taking now U=6é®u with ue X and 
observing that P*U= Pu, we must have 6@u=O(Pu)=S* Pu. This 
proves the second equality. 


It is not hard to see that the Cauchy problem in the sense of 
distributions generalizes the Cauchy problem defined in Chapter 1. To see 
this, take A©C, and consider S(-), the propagator of u’(t) = Au(t). Let 
X = D(A), endowed with its graph norm, and define 


S(p)u=f p(t)S(t)udt (vEE,pe®). (8.4.4) 
0 
It is a direct consequence of Lemma 3.4 that if u € D(A), then S(g)u © D(A) 
with 

AS(p)u=— @(0)u— f '(t)S(t)udt, (8.4.5) 

0 

Since the right-hand side of (8.4.5) is a continuous function of u, and A is 
closed, it follows that S(q@)u © D(A) and (8.4.5) holds for any u€ E. This 


clearly shows that S(g,) > 0 in (E; X) if », > 0 in ©) and therefore that 
S€%)((E; X)). It is evident that supp(S) is contained in ¢ > 0. 
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Consider now the distribution P = 6’@I —8@®A €%((X; E)). It fol- 
lows immediately from (8.4.5) that P * S = 6@®/J; on the other hand, since A 
and S(t) commute for all t, we must also have S * P =6@J. It results then 
from Theorem 8.4.1 that the Cauchy problem for the equation 


(D— A)U=(6'@I -8@A)*U=F (8.4.6) 


is well posed in the sense of distributions, the only solution of (8.4.6) in 
o)’ (X) given by 

U=S*F. 
This reduces to the familiar formula 


U(t) = [’S(t—s) F(s) ds 


of Section 2.4 when F, say, coincides with a (£; £)-valued continuous 
function in ¢t > 0. 


We note that, in Chapter 1, the definition of well-posed Cauchy problem 
involved only the homogeneous equation u’= Au with arbitrary initial condition; 
the inhomogeneous equation u’ = Au + f was an afterthought and the results for its 
solutions in Section 2.4 and elsewhere a consequence of the postulates for the 
homogeneous case. The emphasis here is, on the contrary, on the inhomogeneous 
equation (8.4.1), while (8.4.2) plays the role of the initial condition u(t,) = 0 for fy 
to the left of the support of F. This shift in orientation is unavoidable in the present 
context since distributions cannot be forced to take values at individual points; this 
precludes the consideration of arbitrary initial conditions. Moreover, it is rather 
unclear what “initial condition” means since P may be, say, a differential operator 
of fractional order or an even more general entity. 

In relation with the comments at the end of the previous section, we note 
that conditions (a) and (b) are exactly what is needed in order that the equation 
(8.4.1) be the state equation of a linear, time-invariant invertible system. 


It follows from general properties of inverses that there can be only 
one solution to (8.4.3) in °)’((E£; X)). This uniqueness result also holds 
locally, as the following result shows: 


8.4.2 Lemma. Let S,, S, € Dj((— 00, a);(E, X)) be two solutions 
of (8.4.3) in t<a. Then S, = S, int <a. 


In fact, S;=S,*(6@/)=S, *(P*S,)=(S,* P)*S, =(58J)* S, 
= S, int <a. We use here the easily verified fact that a convolution U * V in 
t <a depends only on the values of U in t <a if V=0 for t <0. This is an 
immediate consequence of the definition. 


This local uniqueness result has a local existence counterpart, namely, 


8.4.3 Lemma. Assume that, for each a>QO we can construct 
S, € D6((— 00, a);(E, X)) satisfying (8.4.3) in t<a. Then there exists 
S € D5 ((E, X)) satisfying (8.4.3) in —0<t<oo. 
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To prove Lemma 8.4.3 we simply define $=, in t <a and apply 
Lemma 8.4.2 to show that S, = S,, in t < aif a <a’, which gives sense to the 
definition. 


We introduce some notational conventions. Distributions P € 
N5((X; E)) and S € Dj((E; X)) related by (8.4.4) will be naturally denoted 
S = P~', P=S~'. This and the following notations will only be used in the 
spaces °), that is, if both P and S have support in t>0. We write 
PED (CX; E)ADS(E; X))~', or simply P € ((E; X))~" to indicate 
that P~' exists, that is, that there is a solution of (8.4.3) in (CE; X)). 
When no danger of confusion could arise we simply write P € D0. D5~! or 
P €°%)~'. Similar interpretations will be attached to expressions like P € 
oOo, , PES,.Oo) \-and so on. 

Our main goal is to characterize those distributions P that belong to 
the class )j((E; X))~'. We assume here that PE 3o((X; E)) (see the 
comments at the end of the previous section) although a result for the case 
P €%)’ ((X; E)) is also available (Corollary 8.4.9). 

We define the characteristic function % of P by 

(A) = BA; P)=LP(A), (8.4.7) 
where & indicates Laplace transform. It is a consequence of the results in 
Section 8.2 that $8(A) exists and is a (X; E)-valued analytic function in a 
region containing the half plane ReA > 0; we shall denote by p(P) the 
largest open connected region (containing Re A > 0) where ‘{ is analytic. It 
follows from standard arguments on operator inverses (Section 1) that r(P), 
the subset of p(P) where ‘8(A) is invertible, is open (although it may be 
empty), and that ®(A)~'=R(A) is a (E; X)-valued analytic function in 
t(P). By analogy with the operator case we shall call r( P) the resolvent set 
of P and R(A)= (A; P) the resolvent (or resolvent operator) of P. The 
complement $(P) of r(P) is the spectrum of P. 

Our first result is a characterization of those P in 5’ that possess an 
inverse in 5/. 


8.4.4 Lemma. Assume that P © 55((X; E))N5,(E; X))~' for 
some wER. Then R(A)=B(A)~! exists for ReX > w and there exists an 
integer m such that 


IRM xy < CoA |AL)™ (Red > ow’) (8.4.8) 
for every w’ > w. Conversely, assume that (2) exists in ReX > w and 
IRIE <CU+FIAI)™ (Rer> w). (8.4.9) 


Then PES/((E; X))7!. 


The proof is an immediate consequence of Theorems 8.2.6 and 8.2.7. 
In fact, if P€5/~', we obtain from (8.4.3) and Theorem 8.2.9 that 


B(AJES(A)=1, LS(A)B(A)=J (ReA>w) 
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so that #(A)=E£S(A) and Theorem 8.2.6 applies. On the other hand, 
assume that (8.4.9) holds. Then it follows from Theorem 8.1.7 that 


R(A)=LS(A) (ReaA>ow), 
where S is a distribution in 5/((E; X)). Then £(P * SA) = B(A)ES(C) = 
I, £(S * PA) =LS(A) P(A) = J, thus both equalities 8.4.3 follow from 
uniqueness of the Laplace transform (see the end of the proof of Theorem 
Sei ye 


8.4.5 Example. Let 4 be a closed operator in E with domain D(A). We 
consider the equation 

(D— A)U=F. (8.4.10) 
Here X = D(A) (endowed with the graph norm ||u|| y = ||u||+||Au||) and 
P =6'8@1—6@4A. Clearly $(A) = AI — A (so that p(P) =C). According to 
our general definition r(R) consists of all those A such that AJ — A (as an 
operator from X= D(A) into E) has a bounded inverse (A). Since 
\|u|| < lull y (ue X), it follows that (A) € (EZ, £) and 


ROAD ce, 2) SRO ce, x9 (8.4.11) 


On the other hand, assume that (A) =(AJ— A) | €(E, E). Then, since 
AR(A)=AR(A)—T, it is clear that R(A) € (E; X) as well and 


IRM Ey S1+ C+ ADI O Dice, zy: (8.4.12) 


It follows that r(P)=p(A) and that (A; P)= R(A; A); moreover, in- 
equalities (8.4.8) or (8.4.9) will hold in the norm of (£, X) if and only if 
they hold (with a different integer m) in the norm of (E, E). 


8.4.6 Example. We take now two closed operators A, B with domains 
D(A) and D(B) and X= D(A)N D(B) endowed with the “joint graph 
norm” 


lull = lel] +] Aull + || Bae]. 
It is easy to see that ||-||, makes X a Banach space. We consider the 
equation 
(D? — BD— A)U=F. (8.4.13) 


Here P = 8” @I — 8’@B—5@A, p(P)=C, P(A) =NI-AB— A, r(P) is 

the set of all A for which X°J — XB — A has an inverse (A) bounded as an 

operator from E into X. Clearly Cae holds as well now; on the other 

hand, if R(A)= (NJ —AB— A)~! exists and belongs to (E, E) together 

vay ria we obtain from the equality BR(A) =AR(A)—A~!AR(A)— 
T that 


ROM SIAL EFF IADR ODI Cy FCF IAL SIAR ODI Ce 2) 
(8.4.14) 
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Consequently inequalities (8.4.8) or (8.4.9) hold in the norm of (E, X) if 
and only if they hold (with a different m) for #(A) and AR(A) in the norm 
of (£; E). A similar statement holds if we change AR(A) by BRA); if 
either A or B are bounded, the estimate on (A) in the (£; E) norm 
suffices. 

We note that if (A7J —-A.B— A)! exists and belongs to (E, E), it is 
also bounded as an operator from E into X (we only have to apply the 
closed graph theorem to the operators AR(A) and BR(A)). 


8.4.7. Example. Let 
P=6'8!l-uy, (8.4.15) 


where X C E and p is a measure with values in (X, E.); assume in addition 
that 


fi Wn(ae)h <2. 
Here p(P) contains the half plane ReA > 0 and 
BA) =I — fe Mu(de) 
0 
(the precise extent of p(P) depends of course on p). Equation (8.4.1) is the 
integro-differential equation 
DU(t)=*U(t)+ F(t) 
= ['U(i-s)p(ds)+ F(Z). (8.4.16) 
0 


A particular instance is that where X = D(A)N D(B) (A and B as in the 
previous example) and w»=96(t)®A+6(t—h)®B for some h>0; here 
p(P)=C, B(A) =Al— A— e-*“B, and (8.4.16) is the difference-differential 
equation (or delay differential equation) 

U'(t) = AU(t)+ BU(t—h)+ F(t). 


The next theorem is a characterization of the class 559 %j~'. In 
order to state the result, we introduce the following definition. A logarithmic 
region in the complex plane is a set A of the form 


A=A(a,B)={A; ReA>B + alog|Al}, (S4517) 


where a, 8 are two nonnegative numbers. (See Figure 8.4.1.) 


8.4.8 Theorem. A distribution P © 4((X; E)) is an element of 
ODA(CE; X))~! if and only if R(X) = B(A)~! exists in a logarithmic region A 
and 


ROAD Ge x9 SCU+ IAL)” (AEA) (8.4.18) 


for some C > 0 and some nonnegative integer m. 
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Proof. Denote by SC, the set of all functions in % that equal | in 
<t<a and vanish in t>2a. Assume that P€%)j((E; X))~' and let 
=P"' If pe X,, it follows from (8.4.3) that 


P*pS=68I1-®, gS*P=60J-Y¥, (8.4.19) 


where ® = P *(1—)S, ¥=(1—¢)S* P. Since 9 = 6@/ — P* MS and oS 
belongs to € &j((E; X)), a fortiori to 54((E; X)), it follows from Theorem 
8.2.5 that P * pS, thus also ®, belongs to 55((£; E)); on the other hand, the 
support of (1— q)S is contained in t >a thus we obtain from (8.2.6) that 
®=0 for t<a. We use then Theorem 8.2.3 to deduce the existence of a 
(E; E)-valued continuous function f vanishing for t<a and growing at 
most like a power of ¢ at infinity, such that 


0 
S 


@=/), 
Since f vanishes for t < a, we have 
IED») ce y= ClAPer te * (REX SI): (8.4.20) 
| 
A=€+in 


Re dX = B + a log |A| 
or 


n = (exp(2(E — 8)/ax) — &2)!/2 
(a-- a loga<fB) 


A(a,B) 


£—alogé =8 


FIGURE 8.4.1 
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We choose now y, 0 < y <1 and take A in a logarithmic region A(a, 8) with 
a=p/a and B>a_'log(Cy~') so large that A(a, B) is contained in the 
half plane ReA >1 (see Figure 8.4.1). Then we deduce from (8.4.20) that 


IPE <¥ (AS ACa, B)). (8.4.21) 


On the other hand, since pS € 5)((E; X)), we obtain from Theorem 8.2.6 
that, if m is large enough, 


PPO an = COPIA (Rea Su) (8.4.22) 
Taking the Laplace transform of the first equation (8.4.19) it follows that 
BP(A)L(pS)(A) =1-L@(A). (8.4.23) 


We use (8.4.21) to deduce that (J —£®(A))~'=L%_,(L@(A))” exists in 
A(a, 8) and 


I(T-£®(A)) ey <(-y) | (8.4.24) 


there. Postmultiplying (8.4.23) by (I—£@(A))~', we see that #(A)= 
L(pS (AT —£®(A))~' is a right inverse for B(A) in A(a, B) and, in view 
of (8.4.22) and (8.4.24), we have 


IR” ay <CU+ IAI)” (AE Aa, B)). (8.4.25) 


We apply identical arguments to the second equation (8.4.19); we prove, 
modifying if necessary the parameters a, B, that (J — &W¥(A))~! exists and 
belongs to (X, X) in A(a, 8). Taking the Laplace transform of the second 
equation and premultiplying by (J—£W(A))~', we show that #,(A)= 
(I-E£¥(A))'L (mS) is a left inverse for B(A). It results that R(A) 
(= #,(A) = 8 ,(A)) exists and satisfies (8.4.18) in A(a, 8). 

We prove now the converse. Assume the conditions of Theorem 8.4.8 
are satisfied, let I be the boundary of the logarithmic region A(a, B) 
oriented clockwise with respect to A, and let p > m +1 be a positive integer. 
Define 

ee) Sai fd PMR) dX. (8.4.26) 

The integrand grows no more than |A|*‘?*” as |A| oo; thus 7, is a 
continuous (£; X )-valued function in 


—0<t<(p-—m-1)/a (8.4.27) 


and a standard deformation of contour in the integral shows that 7,(¢) = 0 
fort <0. 

Since P € 55((X; E)), there exists an integer q and a continuous 
(X; E)-valued function f vanishing in ¢ < 0, growing no more than a power 
of ¢ at infinity and such that 


p=, (8.4.28) 
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We have 
(f*T,)(t) = aap ft [em fe f(s) ds) R(A) ad 


(0<t<(p—m-1)/a), (8.4.29) 


where the interchanging of order of integration is justified by the fact that 
the integrand (of the double integral) grows at most like |A|*“~*) ?*”" when 
|A| > 00. Let now 


n(A)= eufCes sia) ds. 


t 


We have 
[n(A)| =O(|ReA|~') ([ReA| oo). 


It follows then from yet another deformation-or-contour argument that 
1 
Tail n(A)R(A) ddA =0, 


therefore the upper limit in the inner integral in (8.4.29) can be replaced by 
coo. Doing this and making use of the equality B(A)=A7(LF)(A) that 
results from (8.4.28), we obtain 


(f*T,)(1) = (sap frrteewan | 
uaa 


=Yig(f)1 (0<i<(p—m-l)/a), ~ (8.4.30) 
where Y,, is the distribution defined at the end of Section 8.2. If we define 
S, = D?T,, the following equality results: 

P+S,=80I (t<(p—m—1)/a). (8.4.31) 


The convolution S, * f can be computed using essentially the same devices; 
we obtain 


Spt =08) (t<(p—m-1)/a). (8.4.32) 


Making use of (8.4.31), (8.4.32) of the arbitrariness of p and of the 
“construction-by-pieces” Lemma 8.4.3, Theorem 8.4.8 follows. 


Theorem 8.4.8 can be extended—if in a somewhat awkward form—to 
the case P € %)}. In fact, let IC = U ,. 9. Then we have 


8.4.9 Corollary. Let PE Dj((X; E)). Then PED ((E; X))~! if 


and only if pP €N3((E; X))~' for all pe XK, that is, if @~P satisfies the 
hypotheses of Teoria 8.4.8 for all pe K. 


Proof. Let peX,, a>0. If pP]€%5~', then there exists S, © Dj 
with pP +S, = 681, S,* pP =5®J. But pP = Pino so that P* S, = 
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68, S,*P=6@8J in t<a and Lemma 8.4.3 applies. Conversely, let 
Pe)! and let S= P7'. Then, if pe K,, we have pP * pS = 68] - , 
gS * pP = 6@] — ¥, where 
®=d68!1—-qP*oS 
=-(1-q@)P*(1-@)S+(l-g)P*S+P*(l-g)S 
belongs to 5j((E; E)) and vanishes for t<a; as for ¥, which admits a 
similar expression, it belongs to 54((X, X)) and vanishes in t < a. We can 
then proceed just as in the proof of the first half of Theorem 8.4.8 to show 
that R(A; pP) = B(A; pP)~! satisfies the assumptions there; hence pP € 
o),', as claimed. 
8.4.10 Example. : Assume f= X, B Ge (ESE): 
(a) Let P(t) = 6(t)@/ — 6(t —h)@B. Then PESOS, | and 
SiGe eae) 
=Y,(t)@I1+Y,(t-h)®B+Y,({-2h)@B*+---, 
the series convergent in 5,((E; E)). Here p(P)=C, B(A)=AI—e *B, 
t(P) is the set of all A such that Ae*” € p(B) and #(A; P) = e*"R(Ae*"; B); 
in particular, r(P) includes the set {A; |Aje’®** > r), where r is the norm of 
B (or, more generally, its spectral radius). (See Figure 8.4.2.) 
(b) Let P(t) = 6(t)@/ + 6(t —h)@B. Then PES, ND)! (but not 
to 5, ' for any w) and 
NES 1G, 
= §(1)@1+6(t—h)@®B+8"(t-2h)@B*+---, 
the series being convergent in °)((E; E)). We have p(P)=C, B(A) = 1 — 
Ne **B, v(P)={A; A 'e** = p(B), and R(A) =A _e*”*R(A~ e™*: B). The 
resolvent set r(P) includes the set (A; |A| ~'e”®°’ > r}, r the spectral radius 
of B. (see Figure 8.4.3.) _ ; 
(c) Let P(t) = 6(t)@/ — 6(t— h)@B. Then P€&,N5% | and 
S(t) =6(t)@1+6(t—h)@®B+8(i—2h)@B?+---, 


the series convergent in 54. Again p(P)=C. Now we have (A) = — 

e*B. r(P) is the set of all A such that e*”€ p(B) and R(A; P)= 

e"R(e*"; B). The resolvent set contains the half plane ReA > h7'logr. 
(d) Let P = 6’@J — wp, » a measure with values in (£; £) with 


J in (at)]\ = @ <0. 
Then P € S/~' and 
Se Ds vane 
n=0 


where * 7 indicates convolution powers. Here p(P) contains the half plane 
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A=E&+m 


|\leARed = 
or 


He (r2e- 2hE = &2)1/2 


FIGURE 8.4.2 


ReA > 0 and 
B(A)=ArT- foe Mu (at) 
0 


Lv Fey 
={7-5f : u(dt)). 
Accordingly r(P) contains the set of all A for which 
] (ere) 
aris. —(ReA)t 
nd, oe a(aeyil <1 
and 
one . J i —At ‘ 
H(a=z Els f e a(dr)| 


for those A. 
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A=E+im 


|\|-leARed = 


or 


n = (r-2e2%h — £2)1/72 


FIGURE 8.4.3 


8.4.11 Example. Let 4 be a closed operator in E, X = D(A) with the 
graph norm, P = 6’@/ —6@A. Then P © 9"! if and only if p(A) contains 
some logarithmic region A and 


RAI CU+IA/)™ (AEA), 
where ||-|| indicates the (£; E)-norm (see Example 8.4.5). 


8.5. THE ABSTRACT PARABOLIC CASE 


In accordance with the notation introduced in the previous section, a 
distribution P €5,((X; E))ND5(E; X))~! is said to be an element of 
C‘)((0, 00);(E; X))~! (or simply of (C‘®?)~') if the solution of (8.4.3) is 
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an infinitely differentiable (£; X )-valued function in ¢ > 0. In keeping with 
the nomenclature introduced in Chapter 4, we call P abstract parabolic in 
this case. We characterize the abstract parabolic distributions in &5((X; E)) 
in the next result. 

8.5.1 Theorem.. Let P © &)((X; E)). Then P is abstract parabolic if 
and only if for every a> 0 there exists B = B(a)>0 such that r(P) contains 
the reverse logarithmic region 


Q(a,B) = (A; RerA > B— alog|A}} (8.5.1) 
and 


IR (Alley <CUFIAN)”™ (AEQ(a, B)), (8.5.2) 
where C (but not m) may depend on a. (See Figure 8.5.1.) 


A=E+m 


Q(a,8) 
Re \ = B — a log |A| 


or 


n = (exp2(B — £)/a— £7)! 


n = exp(8/a) 


E+ alogt =8 


FIGURE 8.5.1 
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Proof. Assume the hypotheses are satisfied. Then so are those of 
Lemma 8.4.4 and P €5/((E; X))~' for some w > 0. Let S= P~'. We may 
deform the contour of integration in (8.4.26) to .(a), boundary of Q(a, B(a)) 
oriented in the same way as [. The integrand in the resulting integral grows 
no more that |A|~%-?*™ as |A|— oo so that if t>(m+1)/a we can 
differentiate p times under the integral sign obtaining 


S(1)= x55 [eM M(A) AA (Ge (mel\ fare oes 


Moreover, the same type of argument shows that (8.5.3) can be differenti- 
ated n times under the integral sign if > (m+n+1)/a. Since @ is arbitrary 
this establishes that S(-) is infinitely differentiable in ¢ > 0.° 
We prove the converse. Assume that S = P~' © C‘™)((0, 00);(E; X)) 

and that P€&{((X; E)). Let supp(P)¢ [0,5] and, given a>0, choose 
a> 0 and an integer p in such a way that 

p2a(lt+b), a<t, a<(it+b)/2p. (8.5.4) 
Let gy € JC,. As in Theorem 2.5 we have 

P*qoS=6@I-—®, gS+P=S58I-¥, (8.5.5) 


but now ®=P*(1l—qy)S=6@l—P* gS is an infinitely differentiable 
(E; E)-valued function with support in a<t<2a+b, whereas V is a 
( X; X)-valued function enjoying the same privileges. After repeated integra- 
tion by parts, we obtain 


RO(A)= AP fe MB(t) dt, 


whence 
DO) ep CINla? al Rev= 0) (8.5.6) 
and 
WED eeey CIA tee SES (REN <0): (8.5.7) 


Let 0 <y <1. Choose B in such a way that every A € Q(a, B) satisfies the 
inequality 


|A| > max(w, 1) (8.5.8) 
with w =(C/y)'/”; then it follows from (8.5.6) that 
IEP(MIe,ey¥<¥ (AE Q(a, B)) (8.5.9) 


©This half of Theorem 8.5.1 does not make use of the hypothesis that P € &); it is 
sufficient to assume that P € 59. 
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if ReA > 0. Taking B larger, if necessary, we can assume that 
Ce~BQ4+) < y, 

Also, by virtue of the first two conditions (8.5.4), we have 
p>a(2at+b), 


so that it follows from the last two estimates, from (8.5.7), and from (8.5.8) 
that inequality (8.5.9) actually holds for all A € Q(a, f). 

We write next pS = S +(m—1)S and deduce that there is an integer 
q independent of » such that for every y ©‘ there exists a continuous 
(E; X)-valued function f, vanishing for ¢ < 0 and such that 


pS = f{? in R. (8.5.10) 


Since pS =0 for t > 2a, f, must be there a polynomial of degree <q —I. 
Proceeding now exactly as in the proof of Theorem 8.2.8, we obtain 


IE (@S)O™») ces xy SCIAIY. (REA > 0, [A] > 1) (8.5.11) 
and 
IP (PS) DICE: xy < ClAI%e7-778* (ReA <0, JA] >1). (8.5.12) 


Let A € Q(a, B). We deduce from the first and third inequalities (8.5.4) that 
—2aRed < 2aalog |A| —2aB < (a(1 + b)/p)log|A| —2aB < log|A| —2aB 
so that (8.5.11) and (8.5.12) combine to yield 


IE (PSM ey SCIAITT (A Q(a, B)). (8.5.13) 


We make use now of (8.5.13) and of (8.5.9) in the style of Theorem 8.4.8 to 
show that # (A) =£(pS)(A)\T — 2 ®(A))~! is a right inverse for (A) in 
Q(a, 8) satisfying (8.5.2) for m= q+1. The fact that #,(A) is a two-sided 
inverse follows, again as in the proof of Theorem 8.4.8, from arguments of 
the same type applied to the function V in the second equality (8.5.5). 


8.5.2 Remark. As a byproduct of the proof of Theorem 8.5.1, we have 
obtained that a distribution P in (C‘~))~' must be in 5/7! for some w > 0. 
But more is true: in fact, it follows from the representation (8.5.3) and a 
simple estimation that there exists a w > 0 such that for every e>0 there 
exists a constant C,> 0 with 


ISCOesy < Ger (t>0). 


8.5.3 Remark. Theorem 8.5.1 implies Theorem 4.1.3 on the characteriza- 
tion of operators A in the class C® (see the remarks on the relation between 
the Cauchy problem in the strong sense and in the sense of distributions 
after Theorem 8.4.1). To see that the estimate (8.5.2) can be strengthened to 
(4.1.6), it suffices to notice that the integer q in (8.5.10) can be chosen equal 
to zero in this case; although /, = pS is merely strongly continuous, the 
argument works. The estimation must of course be carried out in the 
(E; E)-norm. 
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8.6. APPLICATIONS; EXTENSIONS OF 
THE NOTION OF PROPERLY POSED 
CAUCHY PROBLEM 


There exist abstract differential equations for which the Cauchy problem, 
although perfectly natural, does not fit into the mold of properly posed 
problems introduced in Chapter 1. We examine below an instance of this 
situation. 


8.6.1 Example (Beals [1972: 2]). Consider the following system of partial 
differential equations for two functions u(x, ft), v(x, ¢): 


Du=Du+Do, Dvo=Dwo (xE€R,t>0) (8.6.1) 
with initial conditions 
u(x,0)=u,(x), v(x,0) =0,(x). (8.6.2) 
We can write (8.6.1) as a differential equation 
u(t) = Mu(t) (8.6.3) 
in the space L7(R); in matrix notation the operator Y% is 
le a (8.6.4) 
0 1D: 6. 


whose domain D(2) consists of all u = (u,v) € L?(R)* such that u’, v’ € 
L*(R) (that is, D(A) = H'(R)? = H'(R)x H'(R)). We analyze (8.6.3) using 
Fourier transforms as in the examples in Chapter 1. The operator T= 
F UF! in L7(R,)* is the operator of multiplication by the matrix 


(0) = ~io] | ‘| (8.6.5) 


with domain D(X) consisting of all (@, 6) € L*(R,)’ with of, o6€ L?(R,). 
In view of the isometric character of %, we may examine 


i’(t) = Aa(z) (8.6.6) 
instead of (8.6.3). We have 


ive) E k 
As — jot ] 
exp(ri(o))= EIT ki) 
bs Hse Fe sa (8.6.7) 
If t= (a, 0) € D(W’) =(4, 5H) € L?(R,)’, 0°, 0°6E L7(R,)), then f(t) = 
6(t)(4@, 6) = exp(tU(o))(a, 6) is a genuine solution of (8.6.6) in ¢>0 (in 


fact, in —oo<t<oo), although the operator S(t) is not bounded in 
L?(R,,)° if ¢ + 0. However, it is plain that there exists a constant C such that 


[aC cI < CCF [e]) (a +t) (— 20 <t <oo). (8.6.8) 
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Obviously, the same conclusion holds for the original equation (8.6.3): the 
assumption on the initial condition u = (u, v) is that u,v © H?(R). 


We take this example as motivation for the following definition, 
where additional generality is attempted. 

Let A be a densely defined operator in an arbitrary Banach space E. 
The Cauchy problem for the equation 


u’(t) = Au(t) (8.6.9) 
is mildly well posed in t > 0 if and only if 


(a) The subspace D = D(A”) = %_,D(A") is dense in E and for 
each uy € D there exists a solution’ u(-) of (8.6.9) in t > 0 with 


u(0) = uy. (8.6.10) 


(b) For every T>0 there exists an integer p= p(T) and a constant 
C =C(T) such that 


Ile (tI < C(I|u(O)||+ 4? u(O)I)) (8.6.11) 


for any solution u(-) of (8.6.9) defined in 0 <t<T and such that 
u(0) € D(A”). 


We note that the first assumption coincides with (a) in the definition 
of well posed Cauchy problem in Section 1.2 (except for identification of 
D). Note also that (b), unlike its counterpart in Section 1.2 applies to 
solutions not necessarily defined in ¢ >0 but only in a finite subinterval 
0 <t<T. Obviously, it implies uniqueness of any such solution u(-), at least 
in0<t<T, if u(0) € D(A”), p the integer corresponding to T. If we assume 
that p( A) = 2, uniqueness follows in general: if u(-) is an arbitrary solution 
of (8.6.9) in 0 <t<T, then v(-) = R(A)?u(-) is a solution to which unique- 
ness applies, and v(0) = 0 if u(0) = 0. 

The mildly well posed Cauchy problem in — oo <t<oo is corre- 
spondingly defined. 


8.6.2 Theorem. Let A be a densely defined operator with p( A) #@ 
and assume the Cauchy problem for (8.6.9) is mildly well posed in t > 0. Then 
the Cauchy problem for (D — A)U = F is well posed in the sense of distribu- 
tions, that is, there exists S € Dj((E; D(A))) such that 


(0’@1—8@A)*S=5@1, S*(8'@I—6@A)=S58J, (8.6.12) 


where I (resp. J) is the identity operator in E (resp. D( A)). Conversely, let the 
Cauchy problem for a closed, densely defined operator A be well posed in the 
sense of distributions. Then the Cauchy problem for (8.6.9) is mildly well posed 
int>0. 


’Solutions are defined as in Chapter 1. 
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Proof. Assume the Cauchy problem for (8.6.9) is mildly well posed 
in t>0 with p(A) +2. As in Section 1.2 we define the propagator S(-) of 
(8.6.9) for ue D by 


S(t)u=u(t), 


where u(-) is the solution of (8.6.9) with u(0) =u provided by assumption 
(a). Unlike in Section 1.2, however, S(t) is in general unbounded and not 
defined in all of E. 

We begin by observing that if A € p(A), then the norms ||u||+|| A? u|| 
and |(AJ—A)?u|| are equivalent in the space D(A”). Accordingly, it 
follows from (b) that ||S(t)u|| < C\(AZ — A)?ul| (0<t<T, u€ D). Hence 
S(t)R(A)? is bounded in D, uniformly in 0 <t<T. We note next that 


R(A)’S(t)u=S(t)R(A)?u (8.6.13) 


for 0<t<T,ueé D. To prove this equality we observe that the right-hand 
side of (8.6.13) is a solution of (8.6.9) in ¢ > 0, and so is R(A)?S(-)u (note 
that we obviously have (AJ — A)?D =D). Since both solutions have the 
same initial value, they must coincide everywhere and (8.6.13) results. Using 
the uniform boundedness of the right-hand side and the continuity of S(-)u 
for u€ D, we deduce that R(A)?S(t) has an extension R(A)’S(t), uni- 
formly bounded and strongly continuous in 0 <¢ <T. We shall use this fact 
to show that 


1 t -1 
Y, * Su)(t) =———— | (t-s)’ S d. 8.6.14 
(¥,*Su)()= ay [(e-s)?'S(s)uds (8.6.14) 
(in principle defined only for u© D) admits as well a uniformly bounded 


and strongly continuous extension (Y, * S) (t) in 0 <t<T. To see this we 
write equation (8.6.9) for u(s) = S(s)u (u€ D), subtract AS(s)u from both 
sides and premultiply by R(A), obtaining 


(Y, * Su)(1) = f'S(s)uds 
= f'R(A)S(s)uds — R(A)S(t)u+ R(A)u, 


(8.6.15) 


which proves our claims about Y, * S in the event that p=1. An obvious 
iteration argument takes care of the case p > 1. 

The distribution S € )j((E; X)) promised in the statement of Theo- 
rem 8.6.2 is defined as follows: if @ is a test function with support in ¢ <T 
and u€ E, we set 


S(p)u= (=I P" (Fare S)(huge* (1) dt. (8.6.16) 
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If u& D, we have 
A(Y,,1*S)(t)u=(¥,.,* AS)(t)u 
Ty Seer *S’)(t)u 
= (¥, *S)(t)u—¥, 4184. 
An approximation argument then shows that 
(¥,.,*S)(s)EC D(A) 


with 


A (Ya * SM(QE=(¥,#S)(t)u-Y,, 1 


so that (8.6.16), used for arbitrary T > 0 (and p depending on 7) defines a 
distribution in %)’((E; X)); that the definition is consistent for different 
values of T (and p) is a simple matter of integration by parts. 

Finally, we verify both equations (8.6.12). To show the first we check 
that (6’@/ — 6@A)* Su=6®u for u€ D and extend to u € E by denseness 
of D. The second equation reduces in an entirely similar fashion to 
S *(6’@u —6®@Au)=6®u for u€ D, and this can be shown proving that 
AS(t)u = S(t)Au for u € D. This is done arguing as in the proof of (8.6.13) 
and we omit the details. 

We prove now the converse. Assume that 6’@J]—-—6@AE 
6), ((E; X))~' and let S € ),((E; X)) be the solution of (8.6.12). We begin 
by checking assumption (a). To show denseness of D, we consider S —as we 
may—as a distribution in %)j((£; E)) and define the adjoint distribution 
S* € Di((E*; E*)) by 


S*(p)=S(p)* (pe). (8.6.17) 


Since AS(p) = S(@)A, it follows that S(@)A is a bounded operator (with 
domain D(A)) for each y € %), thus the second equality (4.8) implies that 
A*S()* = (S(p)A)* is bounded. Accordingly S(q)* € (E*; D(A*)), D( A*) 
endowed with the graph norm. Also, it follows that S(@)* and A*S()* 
depend continuously on g as (£*; E*)-valued functions, thus S*€ 
°)}((E*; D(A*)). Taking adjoints in (8.6.12), we obtain the corresponding 
adjoint versions: 


(5’@I*— 5@A*)* S*=S5@I*, S**(8’@I*—5@A*) =5OJ*, 
(8.6.18) 
where /* (resp. J*) is the identity operator in E* (resp. in D( A*)). We note, 
incidentally, that D( A*) may not be dense in E*. 
Let © be the subspace of E consisting of all elements of the form 


S(p)u, p]D((0O,00)), we E. Since AS(p)u=— S(q’)u, it is clear that 
© C D(A~). Assume © is not dense in E. Then there exists u* + 0 in E* 
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such that (S*(p)u*, u) = (u*, S(p)u) = 0 for all p € (0, 00)), uE E, so 
that S*(p)u* = 0 for all such my. This means that S*u* = 0 in t > 0; since S* 
itself has support in ¢ > 0, it follows that supp S*u* = (0). Applying Corollary 
8.1.7, we deduce that 


S*u* =8@ue+ ---+d8°@u* 


m? 


where u},...,u* © D(A*) (m>0). Replacing this expression in the first 
equality (8.6.18), we deduce that 


(5’@1* — §@A*) * Stu* = 8’ Burt --- +8" * V@ut 


— 6@A*u, — --- —8°M@A*u* =5@u"*. 
Equating coefficients we obtain A*uy = — u*, A*ut =uj,...,A*u* =u*_,, 
u* =0, which implies that u*_,=--- =u'=u*=0, whence a contradic- 


tion results. This proves that ©, thus D, is dense in EF. 

To construct the solutions postulated in (a) we use Theorem 8.4.8. 
Let A= A(a, B) be the logarithmic region where R(A) exists and satisfies 
(8.4.18), [ the boundary of A oriented clockwise with respect to A. For 
p>m-+1, we define 


Dial 


a(t) aad 


Sie! 


t/ 


: ] 
J eas Pert P 
(4 Uy + ae e'R(A) A? uy (8.6.19) 


in0<t<t,=(p—m—2)/a. (See Example 2.5.1). We check that u,(-) is a 
solution of (8.6.9) in 0 <¢<t, with u(0) = uy. To prove (as we must) that 
u,(t)=u,(t) if t<z, when p’> p, it is obviously enough to show that any 
solution u(-) of (8.6.9) in a finite interval O<t<T with u(0)=0 must 
vanish identically. This is done observing that the function u(-) satisfies 
(6’@I —6@A)* u(t) = 6(t)®u(0) and convolving both sides on the left by 
S; the formula 


u(t) =S(t)u(0) (8.6.20) 


results. 

We shall use (8.6.20) as well to prove (b). Let T > 0, p an integer, 
such that T< 1, =(p—m—2)7a, u(t) an arbitrary solution of (8.6.9) in 
0<t<T with u(0) € D(A”), u,(¢) the solution provided by (8.6.19). By the 
uniqueness result (8.6.20), u(t)=u,(¢) and the estimate (8.6.11) can be 
instantly obtained from (8.6.19). We omit the remaining details. 


We note the following particular case of Theorem 8.6.1, which is 
proved using essentially the same arguments. 


8.6.3 Theorem. Let A be a closed, densely defined operator such that 
5’@1 —8®A€5/ ((E; X))~'. Then the Cauchy problem for (8.6.9) is mildly 
well posed in t > 0. Moreover, for each w’ > w there exists a constant C and an 
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integer p such that any solution of (8.6.9) in t > 0 with u(O0) € D(A”) satisfies 
llu(t)\| <Ce?(||ul|+||A?ull) (¢> 0). (8.6.21) 


In the following result another relation between the Cauchy problem in the 
sense of distributions and the ordinary Cauchy problem is established. Although the 
latter will be properly posed, we need to use here linear topological spaces. 

Let A be an arbitrary operator in E such that p(A)*@. We introduce a 
translation invariant metric d(-,-) in D(A”) as follows: 


co 
d(u,v)= ¥ 2-"A"u— A*o||(1+||A"u— A”o|l) 
n=0 


It can be easily shown that existence of R(A) implies that all powers A” are closed, 
thus d makes D(A”) a Fréchet space (Dunford-Schwartz [1957: 1]). We note that a 
sequence (u,,) in D(A®) converges to u € D(A®) if and only if A”u,, > A”u as 
m— oo forn=0,1,.... Note also that the operator A is continuous in D(A®): in 
fact, d(Au, Av) < 2d(u, v). 


8.6.4 Theorem. Let A be a closed, densely defined operator in E such that 
8’@I—8@A € D5((E; D(A)) |. Then the Cauchy problem for 


u’(t) =Au(t) > 0) (8.6.22) 


(A the restriction of A to D(A®)) is well posed; more precisely, for every u€ D(A”) 
there exists a solution of (8.6.22) and solutions depend continuously on their initial data 
(equivalently, A generates a uniformly continuous semigroup in D(A®~)). Conversely, 
let A be an operator with p(A)#@ and D(A®) dense in E, and assume the Cauchy 
problem for (8.6.22) is well posed with every u€ D( A®) as initial datum of a solution. 
Then 6'®I —§®@A € j((E; D(A))“!. 


This result is little more than a restatement of Theorem 8.6.2. Assume that 
6’@I1—8®@AE Nj ((E; X)), and let S be the solution of (8.6.12). Let up € D(A®) 
and let u(t) be the solution of (8.6.9) constructed “by pieces” using formula 
(8.6.19). An examination of this formula shows that u(t)< D(A”) for t>0; 
moreover, given an arbitrary integer q we can take p large enough in (8.6.19) and 
show that lim A/(A~ '(u(t + A)— u(t)) exists and A/u’(t) is continuous in0<1<T 
for j = 0,1,...,q. This covers the existence statement (a) in the definition of properly 
posed Cauchy problems. The continuous dependence assumption (b) follows essen- 
tially as in the proof of Theorem 8.6.2. 

We must finally show that the propagator $(t) of (8.6.22) is continuous in 
the topology of (D(A®%)) (that is, that S(t)u—> u in D(A”) uniformly for u in 
bounded sets of D(A®)). This is a rather obvious consequence of the equality 


S(t)u- u= ['S(s) duds 


and of the fact that a set is bounded in the space D(A) when and only when 
{A"u; u€ XK) is bounded in n for each n = 0,1,2,.... 

To prove the converse, let S(t) be the semigroup generated by 4 in IDX ZU). 
It follows from the definition of the topology of D(A”) that, given T> 0, there 
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exists an integer p and a constant C such that 
S(t) ul] < C(AL— 4)? ul] (we D(A%),0<t<T). (8.6.23) 


We check easily that A commutes with $(t); thus if \ € p(A), R(A) commutes with 
A, and we deduce from (8.6.23) that R(A)?S(t)—a priori only defined in 
D(A”)—possesses an extension R(A)”S(t), uniformly bounded and strongly 
continuous in 0 <t<T. After this is established the proof proceeds in essentially 
the same way as that of the corresponding portion of Theorem 8.6.2 (see the 
comments following (8.6.13)). We omit the details. 


8.6.5 Remark. In some situations where A is a differential operator (such 
as the one examined in Example 8.6.1) the norm of the space D(A”) is 
equivalent, say, to a Sobolev norm involving norms of partial derivatives of 
order less than or equal to a multiple of p. In these instances, the mildly 
well-posed Cauchy problem is related to the Cauchy problem in the sense of 
Hadamard (see Section 1.7 for a thorough discussion). However, the equiva- 
lence is not complete in that the use of Banach spaces imposes global rather 
than local convergence (see again Section 1.7). In other cases, the norm of 
D(A?’) may not be equivalent to a Sobolev norm. 


We close this section with an example where the framework of mildly 
well-posed Cauchy problems proves too restrictive to handle the initial value 
problem for a partial differential equation. 


8.6.6 Example (Beals (1972: 2]). We consider the following lower order 
perturbation of the system (8.6.1): 


Du=D,u+Do, Do=Dotu (xER,t>0) (8.6.24) 


with initial conditions (8.6.2) and write it as an abstract differential equa- 
tion 


u(t) = Bu(t) (8.6.25) 
in L7(R)*, with 
=a D, D, 
B= ‘cago 


The domain of % is again H'(R)?. The Fourier analysis of (8.6.25) is 
essentially the same as that of (8.6.3): this time the equivalence is with 


ii’(t) = Bir), (8.6.26) 


where 8 is the operator of multiplication by 


B(o)= | oe sd 


— 10 
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with domain D(%) consisting of all f= (a, 6) with of, 06 L’(R,). We 
have 
cosh(—io)'/71 (—io)'/*sinh(— io)'*t 

(—io)7'sinh(—io)'/7t cosh(—io)'”*1 

If t=(a,6) has, say, compact support in L*(R,)*, then G(t)u= 
exp(1B(a))u is a solution of (8.6.26). However, S(t) is an unbounded 
operator if ¢>0. Unlike in Example 8.6.1, the unboundedness of S(7) 
cannot be remedied by measuring the initial condition u in the norm of 
some D( 8”). However, a sort of extension of the notion of mildly well-posed 


problem works here: in fact, it is obvious that if a> 1, solutions of (8.6.25) 
satisfy an inequality of the form 


Iu(I<c y (n a A 8"u (0). (8.6.27) 
n=0 

This motivates the introduction of the abstract Gevrey spaces G(a; A) 
associated with an operator A in an arbitrary Banach space E. These are 
subspaces of D(A”) consisting of all wu such that L(n!)~ °K "|| A” u|| < oo for 
some K > 0 (equivalently, sup(n!) °%K”||A”u|| < oo for some K > 0). Theo- 
rem 8.6.2 has a generalization to this situation, the notion of Cauchy 
problem well posed in the sense of vector-valued distributions being ex- 
tended to the realm of wltradistributions, linear continuous operators in 
spaces of test functions restricted by growth conditions on the derivatives. 
See Beals [loc. cit.], Chazarain [1971: 1], and Cioranescu [1977: 1] (where 
more general types of ultradistributions are considered). 


exp(18(o)) =e" 


8.6.7 Example. We have seen in Example 1.4.1 that the Cauchy problem 
for the Schrédinger equation 


u(t) =@u(t) (8.6.28) 
is not well posed in L’(R”) if r+ 2. However, the Cauchy problem for 
(8.6.28) is mildly well posed in L’(R”) for 1 <r <.; in fact, an estimate of 


the type of (8.6.21) holds in the L’ norm (with w = 0) if p is large enough. 
This is a consequence of the fact that the operator 


Bu=F '((i+|o/?) ‘ele? Fu) 


is bounded in L’(R™) (1 <r <0) independently of «. The required proper- 
ties of B follow from Theorem 8.1. 


An entirely similar analysis applies to the symmetric hyperbolic 
equation (1.6.21). 


8.7. MISCELLANEOUS COMMENTS 


The theory of distributions with values in a linear topological space was 
developed (and nearly preempted) by L. Schwartz in [1957: 1] and [1958: 1]. 
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Almost all the definitions and results here can be found there in enormously 
general versions. Theorem 8.3.1 is due to Lions [1960: 2], who also intro- 
duced the notion of the Cauchy problem in the sense of distributions for the 
equation 


U’— AU=F. (8.7.1) 


The generalization to the convolution equation (8.4.1) is due to the author 
[1976: 1]. In [1960: 2] Lions defines a distribution semigroup as an operator- 
valued distribution S € %)’((0, 00);(E; E)) satisfying the generalized semi- 
group equation 


S(p*v) =S(p)S(y) (8.7.2) 


for arbitrary test functions g, y € °)’((0,00)). This is the analogue of the 
second equation (2.3.1); semigroup distributions are thus natural generaliza- 
tions of the semigroups in Section 2.5(a), where no specific behavior near 
t=0 is postulated. If certain assumptions regarding that behavior are 
introduced the distribution semigroup in question is called regular by Lions 
and an infinitesimal generator A can be defined (roughly, as the closure of 
lim S(/,), where {¢,,} € %D((0,00)) and g, > 6). The distribution S can be 
shown to belong to °)’((E; D(A)) and to satisfy 


S’'— AS=881, S’-SA=88J. (8.7.3) 


Conversely, any solution of (8.7.3) is a regular distribution semigroup with 
infinitesimal generator A, thus establishing a relation between the abstract 
differential equation (8.7.1) and distribution semigroups very similar to that 
between the equation (2.1.1) and strongly continuous semigroups. The 
central problem of the theory is of course, the identification of the genera- 
tors A or equivalently of those operators A such that 6’@/J — 6@4A possesses 
a convolution inverse. This was done by Lions [1960: 2] only in the case 
where S grows exponentially at infinity. At the same time, Foias [1960: 1] 
coinsidered semigroup distributions of normal operators in Hilbert space, 
identified in general their infinitesimal generators and gave growth condi- 
tions on S based on the location of the spectrum of A in subregions of 
logarithmic regions. The general case was handled by Chazarain [1968: 1], 
[1971: 1], who also extended Lions’ theory to the case of ultradistribution 
semigroups (where S belongs to a space of vector valued Roumieu-Gevrey 
ultradistributions) in [1968: 2], [1971: 1]; the corresponding results for 
Beurling ultradistributions and for Sato hyperfunctions are respectively due 
to Emami-Rad [1973: 1] and to Ouchi [1971: 1]. Semigroup distributions 
that are smooth in ¢t > 0 have been studied by Da Prato-Mosco [1965: 1], 
[1965: 2] in the case where S coincides with a vector-valued analytic 
function in a sector containing the half axis ¢>0 and by Barbu [1968: 2] 
[1969: 1] when S is infinitely differentiable in ¢ > 0; we note that his result 
generalizes the result of Pazy (Theorem 4.1.3) commented on in Section 
4.11. Barbu also gives necessary and sufficient conditions on A in order that 
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S possess different “degrees of smoothness” for ¢>0 related to a priori 
bounds on its derivatives; in particular, a characterization is obtained for 
those A that make S real analytic in ¢ > 0. These theorems are new even in 
the semigroup case. 

Among other results we mention an “exponential formula” of the 
type of the Yosida approximation due to the author [1970: 1] (for additional 
material on this score see Cioranescu [1972: 1], who provided as well a 
perturbation result in [1973: 2]). The connection between distribution 
semigroups and ordinary semigroups in the Fréchet space D( A”) (Theorem 
8.6.3) was established by Fujiwara [1966: 1] for distribution semigroups of 
exponential growth and by Ujishima [1972: 1] in the general case (see also 
Oharu [1973: 1] and Guillement-Lai [1975: 1]). The extension to ultradistri- 
bution semigroups is due to Cioranescu [1977: 1]. An earlier and somewhat 
different (but essentially equivalent) treatment is due to Beals [1972: 1], 
[1972: 2] (see Example 8.6.6). This is an abstract version of a method due to 
Ohya [1964: 1] and Leray-Ohya [1964: 1] for the treatment of hyperbolic 
systems with multiple characteristics of which those in Examples 8.6.5 and 
8.6.6 are particular cases. For additional results on distribution semigroups 
and on the equation (8.7.1) in the sense of distributions see Cioranescu 
[1974: 1], Emami-Rad [1975: 1], Da Prato [1966: 3], Krabbe [1975: 1], 
Ujishima [1969: 1], [1970: 1], Malik [1971: 1], [1972: 1], [1975: 2], Larsson 
[1967: 1], Shirasai-Hirata [1964: 1], Mosco [1965: 1], [1967: 1], Yoshinaga 
[1963: 1], [1964: 1], [1965: 1], [1971: 1]. Several portions of the theory have 
been generalized to distribution semigroups with values operators in a linear 
topological space: we mention the results of Vuvunikjan [1971: 3] and 
[1972: 1] (see also the reviews in MR) where generation theorems are given 
using “resolvent sequences” in the style of T. Komura, Dembart, and 
Okikiolu (see Section 2.5(d)); moreover, extensions of the results of Barbu 
on smoothness of S can be found as well. See also Vuvunikjan-Ivanov 
[1974: 1]. 

Many of the results above on distribution semigroups do not involve 
in any essential way the difference between the equation (8.4.6) and its 
generalization (8.4.1); for instance, Chazarain’s results on characterization 
of generators are in fact stated for a P involving combinations of (possibly 
fractional) derivatives. It was shown by Cioranescu [1974: 2] that Chazarain’s 
theorems extend to an arbitrary P having compact support, both in the 
distribution and ultradistribution case; in fact, Cioranescu coinsiders also 
the case of several time variables. A somewhat different proof (Theorem 
8.4.8) was given by the author [1976: 1], where the restriction that P have 
compact support is removed (see also Corollary 8.4.9). Theorem 8.5.1 is a 
generalization (due to the author) of Barbu’s result mentioned above for 
infinitely differentiable distribution semigroups. The rest of Barbu’s results 
on quasianalytic and analytic classes was also generalized by the author 
({1980: 1]). Other results for the equation (8.4.6) (such as the Trotter-Kato 
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theorem and the Lax equivalence theorem) have been extended to the 
general equation (8.4.1) (see the author [1982: 2]). 


Hereditary Differential Equations. The systems described shortly 
after Theorem 8.3.1 do not in general satisfy Huygens’ principle; the state of 
the system at a single time s <1? does not suffice to determine the state at 
time ¢ (compare with Section 2.5(b)). That this type of situation is common 
in physical phenomena was well known more than a century ago, although 
its mathematical modeling had to wait for some time. Hereditary equations 
were introduced (and named) by Picard [1907: 1]. Their importance in 
physical, and especially biological phenomena was recognized by Volterra 
[1909: 1], [1928: 1], [1931: 1], who undertook a systematic study of what 
would be called now ordinary integro-differential equations. We quote from 
[1931: 1, p. 142]: “L’état dun systeme biologique 4 un moment donné 
semble donc bien devoir dépendre des rencontres ayant eu lieu pendant une 
période plus on moins longue précédant ce moment; et dans les chapitres 
qu’on vient de développer, on a, somme toute, négligé la durée de cette 
periode. I] convient de tenir compte maintenant de l’influence du passé.” 

“On rencontre, en physique, dans létude de Télasticite, du 
magnétisme, de lélectricité, bien des phénoménes analogues de retard, 
trainage ou histérésis. On peut dire que dans le monde inorganique il existe 
aussi une mémoire du passé, comme la mémoire du fil de torsion dont la 
déformation actuelle dépend des états antérieurs.” 

A few lines below, Volterra remarks: “Mais lorsqu’en physique 
Phérédité entre en jeu, les équations différentielles et aux dérivées partielles 
ne peuvent pas suffire; sinon les données initiales détermineraient l’avenir. 
Pour faire jouer un role a la suite continue des états antérieurs (infinite de 
parameétres ayant la puissance du continu) il a fallu recourir a des équations 
intégrales et integro-différentielles ot figurent des intégrales sous lesquelles 
entrent les paramétres caractéristiques du systeme fonctions du temps 
pendant une période antérieure a l’instant considéré; on a méme introduit 
des types plus généraux d’équations aux dérivées fonctionnelles.” 

After these investigations, interest in hereditary differential equations 
faded for almost two decades, except for work such as that of Minorski 
[1942: 1], where delay differential equations x'(t) = f(t, x(t), x(t —h)) are 
examined. Beginning in the late forties, an intense revival occurred, stimu- 
lated in part by control theory; the objects of study were functional 
differential equations, in general of the form 


x'(t) = f(t, x;), (8.7.4) 


where for each ¢, f is a vector-valued functional defined in a suitable 
function space of vector-valued “histories” x,={x(s), —0o<s <1}. As- 
suming the histories are continuous functions, the functional is continuous, 
linear and time independent, and the system has finite memory, one obtains 
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the linear autonomous equation 
0 
x(t) =f u(ds)x(t+s), (8.7.5) 


where p. is a matrix-valued measure of appropriate dimension. For an 
excellent treatment of functional differential equations, we refer the reader 
to the recent monograph of Hale [1977: 1], where extensive references and 
many examples can be found. We point out in passing that there exists an 
interesting and important relation between the equation (8.7.5) and the 
theory of the abstract Cauchy problem in Chapter 2, which can be roughly 
described as follows. Let x(-) be, say, a continuously differentiable solution 
of (8.7.5) with 


x(t) =xo(t) (FH r<t<o): (8.7.6) 
Consider the function 
t>u(t)=({x(t+s); —r<s<0} 


defined in ¢ > 0 with values in the “space of histories” , of all (vector- 
valued) continuous functions defined in —r <t <0. Then u(-) satisfies the 
abstract differential equation 


u'(t)=Au(t) (t>0) (8.7.7) 
in the space E = ‘,, where A is the differentiation operator 
Ax(s)=x’'(s) (8.7.8) 


with domain consisting of all continuously differentiable functions x(-) 
satisfying the “nonlocal boundary condition” 


x(0)— f w(ds)x(s) ds = 0. (8.7.9) 


Conversely, if u(-) is a ,-valued function satisfying (8.7.7), we must have 
u(t)(s)=x(t+s)(—r<s <0) because of the definition of A; thus condi- 
tion (8.7.9) guarantees the functional differential equation (8.7.5). This 
equivalence was used by Krasovskii, Hale and Shimanov (see Hale [1977: 1, 
Ch. 7]) to derive many deep results for the linear autonomous equation, as 
well as for their nonlinear counterparts. 

The study of functional differential equations in infinite-dimensional 
spaces is of very recent data. Some (but not all) of the literature below 
makes use of variants of the “reduction to differential equations” outlined 
above for the equation (8.7.5). See Artola [1967: 1], [1969: 1], [1969: 2], 
[1970: 1], Datko [1976: 1], [1977: 1], Dickerson-Gibson [1976: 1], Hlavatek 
[1971: 1], Korenevskii-Festenko [1975: 1], R. K. Miller [1975: 1], Monari 
[1971: 1], Pachpatte [1976: 1], Slemrod [1976: 1], Travis-Webb [1974: 1], 
Webb [1974: 1], [1976: 1], Zamanov [1967: 1], [1968: 1], [1968: 3], [1969: 1], 
and Zaplitnaja [1973: 1]. 
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The theory in this chapter formally contains the theory of functional 
differential equations of the form (8.7.5), but only in reference to the 
Cauchy problem in the sense of distributions. A theory of the Cauchy 
problem for (8.4.1) in the strong sense (as that in Chapter 2 for differential 
equations) seems to have been developed only in particular instances (some 
of which one references quoted above). In most of them P = 6’@/7 — 6@A — 
P,, where P, is in some sense subordinate to A. Also, nonlinear equations 
are studied in many cases by application of the theory of nonlinear 
semigroups. Spaces of histories have been studied, among others, by 
Coleman-Mizel [1966: 1]. 
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Notation and Subject Index 


A (closure of an operator), 13 
A*, see Adjoint (of an operator) 
A* (Phillips adjoint), 79 

Ag, 125, 127, 199, 200 


A,, 206 

(— A)* (fractional power of an operator), 
360 

Af, 307 


ex-lim,, , .4,, (extended limit of a sequence 
of operators), 322 

A(B), 135, 218 

Ao(B), 220 

A,(B), 142, 236 

A.p(B), 236 

A( Bo, B,), 143 

A, (Bos By): 146 

A(t), 428 

(0, A), 94 

(1, A), 94 

Geld 

@(p), A(p —), 176 

A-admissible Banach spaces, 307 

Abel mean, 94 

Abel—Poisson semigroup, 115 

Absolute value (of an element in a Banach 
lattice), 160 


Abstract Cauchy problem, see Cauchy 
problem 
Abstract elliptic operators, 173 
Abstract Gevrey spaces, 504 
Abstract Goursat problem, 108 
Abstract parabolic distributions, 493-496 
Abstract parabolic equations, 172-187; 
time-dependent, 390-419 
Accretive operators, 167 
Addition of infinitesimal generators, 338-340 
Addition problem, 338 
Adjoint 
of bounded operators, 4 
formal, see Formal adjoints 
Hilbert space, 16 
of operators in C, C,, 77-80 
of ordinary differential operators, 129, 
134-135, 138, 142, 146 
of elliptic partial differential operators, 
221, 235-237 
Phillips, see Phillips adjoint 
of symmetric hyperbolic operators, 148 
of unbounded operators, 5-14, 16 
of vector-valued distributions, 500 
Adjoint boundary condition 
for ordinary differential operators, 138 


627 


628 


for elliptic partial differential operators, 

213 

Adjoint equation, 77—80 

Alaoglu’s theorem, 15 

Analytic continuation of a semigroup, 
176-179 

Analytic functions (with values in a Banach 
space), 5—6 

Analytic semigroups, 176-187 

Approximate resolvent, 103 

Approximation of abstract differential 
equations, 316-336 

Approximation of Banach spaces, 317 


Approximation theory and semigroup theory, 


85, 115-116 
Associated map (of a boundary patch), 205 


By(u, v), 216 
By g(u, 0), 217 
BC(— ©, 00), 348 
BED (Reyes 
B, Bo, B), see boundary condition 
B’, see adjoint boundary condition 
Banach lattices, 160-166 
Banach spaces, | 
A-admissible, 307 
approximation of, 317 
reflexive, 5, 125 
separable, 15 
Banach-Steinhaus theorem, | 
Bessel potential operator, 311 
Boundary condition 
for ordinary differential operators, 135, 
142 
for elliptic partial differential operators, 
DOG AIS) 
of types (I), (II), 135, 142, 215 
Boundary patch V”, 205 
associated map, 205 
Boundary value problem 
for abstract differential equations, 378 
for the wave equation, 378-380 
= (bounded convergence of vector-valued 
distributions), 468 
Bounded operator, | 
Brownian motion, 95 
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CUD) CO Gas 
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C‘*) (domain of class), 204 
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C‘*)(Q) (operator of class), 223 
Co(— 00,00), 126 
Co[0, 20), Co,o[0,00), 135 
C[0, /], Co[0, 4], C/[0, 4], Co, ,[0, 4], 143 
C,-(Q), 236 
C(2)g, 220, 235 
CHU OTE), 59 
Conn o48 
CH(A*), 89 
CY’), 56 
(0, C,), 94 
(1,C,), 94 
C”, v-dimensional unitary space 
Ce Cia), C(G7 0) CC (a nea): 
72-73 
CAG, OE), | Ca UE) 300 
Cea i475 
COC (EX) (CR) 493 
Cauchy data, 54 
Cauchy-—Poisson semigroup, 116 
Cauchy—Polya theorem, 80 
Cauchy problem (or initial value problem) 
abstract, in t > 0, 29-32, 63 
abstract, in — 00 <t<oo, 43, 72 
abstract, for time-dependent equations, 
382 
incomplete, 352-354, 372-374, 378 
in the sense of Hadamard, 55 
in the sense of vector-valued distributions, 
482 
mildly well posed, 498 
reversed, for abstract parabolic equations, 
354-357 
Cauchy—Schwarz inequality, 4 
Causality (of a system), 479 
Cesaro mean, 94 
( )* (convex hull), 469 
Chapman-Kolmogoroff equation, 96 
Characteristic function (of an operator-valued 
distribution), 485 
Closable operators, 13 
Closed graph theorem 
for Banach spaces, 7 
for Frechet spaces, 56 
Closed operators, 7 
Closure of an operator, 13 
Complex vs. real spaces, 123-125 
Conormal derivative, 206-207 
Invariance of, 209 
weak, 231, 235 
Conormal vector, 207 
= (convergence in a sequence of approximat- 
ing Banach spaces), 316 
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Conservation of norm (of solutions of 
abstract differential equations) 
in t>0, 155-156, 159 
in ¢ > 0 for positive solutions, 165-166 
in —09 <t<oo, 121-122, 159 
Conservative operators, 154-156 
Convolution 
equations, 482 
of functions, 23 
of vector-valued functions, 269, 469 
of vector-valued distributions, 468-470 
inverses, 480, 483 
Cosine functional equation(s), 99 
Cosine functions 
in Banach spaces, 99-101 
infinitesimal generator, 100 
in linear topological spaces, 103-104 
representation (by groups), 100 
Coulomb potential 
for a particle, 293, 296 
for a system of n particles, 294 
Cover, 205 
partition of unity subordinate to a cover, 
205 
Crossover of initial conditions in singular 
perturbation, 343 


( 4, 482 

D (subspace of initial data), 29, 382 

Dk = 3/ 0x; 

D® (derivative of fractional order), 477 

D’ (conormal derivative), 206-207 

D(x, v), 274 

D(A“) (denseness of), 71, 501 

(2), D, D* (2), DQ), D(Q), 23-24 

O56 

D7, 89 

aD K ), 465 

5)'(2; E) )’( E), 462 

(2, E) DoE), 464 

o)’ (E), 464 

(EE, X)), D(X; E)), 477, 480 

Do ( X; E)), DoE, X)), 483 

SD)’, ((E, X)), 477 

Dp ((— 00, a); (E, X)), 484 

D(C Xs ENO DCE: X))~', DOCE; Rs 
Deer LD 1,.485 

6-sequence, 23 

Deficiency indices d,, d_, 19 

Delay differential equations, 487 

Densely defined operator, 7 

Difference-differential equations, 487 

Diffusion equation, 32-39 
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Dirac equation 
for a free particle, 52-53 
for a particle, 296-297 
perturbation theory of, 296-297 
Dirichlet boundary condition (or boundary 
condition of type (II)), 215 
Discrete semigroups, 329 
generator, 329 
Dispersive operators, 162-165 
Dissipative operators, 120-125, 154-159 
closure of, 122 
extensions of, 122-123, 156-159 
generation properties of, 121-122 
in Hilbert space, 154-159 
in real spaces, 124-125 
with respect to a duality map, 120-125 
Dirichlet kernel of the half-space, 254 
Discrete semigroups, 329 
Distribution semigroups 
infinitesimal generator, 505 
with values in a Banach space, 505 
with values in a linear topological space, 
506 
Domain (of an operator), 6 
Dual space 
of a Banach space, 4 
of a Hilbert space, 16 
of L?(Q; 1) spaces, 20 
of C(K), C;(K ), Co( K ) spaces, 21-22 
Duality maps, 120 
proper (in a Banach lattice), 161 
proper (in C(K), Co(K), L?(2,p1)), 
161-162 
Duality sets, 118 
in L?(Q2), 119 
in C(K), C,(K), Co(K), 120 


E*, see dual space 
E, (nonnegative elements of a Banach 
lattice), 161 
(Eats) (CE) sal 
{E,,, Jes 317 
&'(E), &(E), 464 
64 ((X; E)), 494 
n (map associated to a boundary patch), 205 
Eigenspaces, 10 
generalized, 10 
Eigenvalues, 10 
Eigenvectors, 10 
generalized, 10 
Elliptic (second order) partial differential 
operators 
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analyticity of semigroups generated by, 
255-258, 261-263 
assignation of boundary conditions in 
L?(Q), 206-208; in C(2), 209-213 
of class: C“), 223 
compactness of semigroups generated by, 
263-264 
degenerate, 221-222 
in divergence form, 199 
formal adjoint, 203 
formally self adjoint, 203 
m-dissipative extensions in L*(Q), 214-222 
m-dissipative extensions in L?( 2), 
235-236, 243, 255-258 
m-dissipative extensions in L!(Q), 235-236, 
251, 258-260 
m-dissipative extensions in C(2), C,-(Q), 
235-236, 244, 260-261 
perturbation of, 304—305 
regularity theorems for, 223-235 
transformation under change of variables, 
208-209 
variational form, 199 
Ergodic theory, 97-98 
E-valued distributions: see vector-valued 
distributions 
Evolution equations, 455 
Evolution function, 95 
Evolution operator, see Propagator 
Existence (of solutions of an abstract 
differential equation), 104 
exp(tA), 92 
Explosive solutions 
of abstract differential equations, 349 
of the heat equation, 348-349 
Exponential equation(s), 62-63 
Exponential formulas, 92, 506 
Extended limit of a sequence of operators 
(ex-lim A,,), 322 


f * g (convolution of functions), 23, 269, 469 
f(1), 462 
FE 306 
§, F~', see Fourier transform 
Faedo-Galerkin method, 460 
Finite difference approximations to abstract 
differential equations, 329-336 
Finite difference schemes 
explicit, 334-335 
implicit, 335-336 
Flow, 95 
Focusing of waves, 49 
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Fokker-Planck equation, 98 
Formal adjoint 
of ordinary differential operators, 129 
of elliptic partial differential operators, 
203 
of symmetric hyperbolic operators, 147 
Fourier transform (or Fourier—Plancherel 
transform), 24 
Fractional derivatives, 477 
Fractional powers of operators, 357—372, 
375-378. 
Friedrichs’ lemma, 167 
Functional calculus 
for bounded operators, 11 
for unbounded operators, |1 
for normal operators, 18 
Functional differential equations, 507 
linear autonomous, 508 


Y, Yo: Y, See Boundary conditions 
y’, see Adjoint boundary condition 
I'(A) (graph of an operator), 7 
Poh i2t 208 
Generalized eigenspaces, 10 
Generalized eigenvectors, 10 
Generalized solution (of an abstract 
differential equation), 30, 382 
Generalized sequences, 15 
Geometrical optics, 49 
Gevrey spaces (abstract), 504 
Goursat problem (abstract), 108-109 
Graph of an operator, 7 
Greatest lower bound (of two elements in 
a Banach lattice), 160 
Green function, 144-145 
Green distribution (of a system), 480 
Gronwall’s lemma, 384 
Groups 
isometric, 121-122 
isometric in Hilbert space, 159 
strongly continuous, 83 
strongly measurable, 86 
translation, 74-75 
uniformly continuous, 84 
unitary, 159 


H/(Q), H/, 24 

H3(R"), HS, HS(R™)”, 25 

H4(Q), 215 

SC (x; uw) (Hessian matrix), 200 

Hadamard’s formulation of the Cauchy 
problem 54-58, 503 
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Heat-diffusion equation, 27-29, 32-39, 
348-354 
analyticity of solutions, 37 
compactness of solution operator, 37 
conservation of L'-norm of nonnegative 
solutions, 38 
explosive solutions, 348 
in C,(Q), 27-29 
in L?({2), 32-39 
nonuniqueness of solutions, 349 
reversed Cauchy problem, 350-354 
Hereditary differential equations, 507 
Hessian matrix, 200 
Higher order abstract differential equations, 
98-102 
reduction to first order, 98, 101, 103 
Hilbert spaces, | 
Hilbert space adjoints, 16 
Hille-Yosida theorem, 82-83, 91 
Hille approximation, 92 
Hyperfunctions, 505 
Histories (spaces of), 508-509 
Huygens’ principle, 94-95, 507 


§ (space of inputs of a system), 479 
s(x) (incoming vectors for neutron transport 
equation), 273 
Inclusion of operators, 14 
Incomplete Cauchy problem 
for the Laplace equation, 352-354 
for abstract differential equations, 372-374 
Infinitesimal generator 
of a semigroup, 81 
of a distribution semigroup, 505 
of a cosine function, 100 
Inhomogeneous abstract differential 
equations 
time-independent, 86-91, 111-112 
time-dependent, 415—419, 452-454 
Impulsive excitation, 480 
Input (of a system), 479 
Integral equations (for construction of the 
propagator), 391 
Integro-differential equations, 507 
Integration (of functions with values in a 
Banach space), 3—4 
Interior patch V', 205 
Invertible operators, 2 


Joint graph norm, 486 
J,, (mollifier operators), 23 


L?(Q:; p), L?(2), L?(Q; wy”, L?(2)”, 20 
L?(K; pe, L?(Q; w)R, 22 


L?(9; p)*, 20 

Lig( 2), 25 

LP(L), 219 

L7(R™), L7(R™), 25 

L?(Q),, L?(&2)%, 258-259 

EX (OM oeten (Ox) sl O3 

£ f(A) (Laplace transform of a vector-valued 
function), 31 

£ U(X) (Laplace transform of a vector-valued 
distribution), 473 

A(a,B), A (logarithmic region), 487 

Lagrange identity, 129, 138, 148, 203, 213 

Lagrange formula, 87 

Laplace transform 

of vector-valued functions, 31 
of vector-valued distributions, 473 

Lattice, 160 

Lax equivalence theorem, 337 

Lax—Milgram lemma, 214, 460 

Least upper bound (of two elements in a 
Banach lattice), 160 

Left (product) integral, 456 

Lie’s exponential formula, 338 

Limit circle, 168 

Limit point, 168 

Linear functionals, 4 

Logarithmic convexity, 375-376 

Logarithmic region, 487 

Lyapunov’s theorem, 166 


m(u), 126, 200 
m-dissipative operators, 123 
Markov processes, 95-98 
Chapman-Kolmogorov equation, 96 
Fokker—Planck equation, 98 
temporally homogeneous, 96 
transition probability, 96 
Maximal dissipative operators, 156-158 
Maximal symmetric operators, 19, 158-159 
Maxwell equations, 43-49 
conservation of norm of solutions, 45 
focusing of waves, 49 
in L*(R*)°, 44-45 
in L?(R*)°, 45-48 
in Cg(R3)°, 48-49 
time-reversibility, 45 


Method of lines, 325 

Mollifiers, 23 

Mollifying sequence, 23 

Mild solution (of an abstract differential 
equation), 88 

Modulus (of an element in a Banach lattice), 
160 
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Multiplicity, 10 
generalized, 10 

vy (outer normal vector), 204 

y (conormal vector), 207 


Negative part (of an element in a Banach 
lattice), 160 
Nets, 15 
Neumann kernel of the half-space, 253 
Neutron transport equation, 272—286 
in L?(92), 273-280 
in C(Q), 280-286 
incoming vectors, 273 
spectrum of neutron transport operator, 
286 
velocity groups, 286 
Nonlinear equations, 170-171 
Nonlinear semigroups, 170-171 
Nonnegative elements in a Banach lattice, 
161 
Normal operator, 16 


© (space of outputs of a system), 479 
2(a, 8) (reverse logarithmic region), 494 
Open map theorem, 7 
Operational differential equations, 459 
Operators (see Ordinary differential 
operators, Partial differential operators) 
accretive, 167 
bounded, | 
closable, 13 
closed, 7 
conservative, 154—156 
dispersive, 162-165 
dissipative, 120-125, 154-159 
dissipative with respect to a duality map, 
120-125 
dissipative in Hilbert space, 154-159 
normal, 16 
positive, 162 
resolvent, 2, 7-9, 14 
resolvent set, 2, 7, 14 
self adjoint, 17 
spectral radius, 6 
spectrum, 2 
unitary, 17 
unbounded, 6 
Ordinary differential operators 
analyticity of semigroups generated by, 
187-199 
assignation of boundary conditions in 
Co[0, 00), 135-137, in L?(0, 00), 137-138, 
in C(O, /], 143-144, in L?(0,/), 144 
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compactness of semigroups generated by, 
198 

formal adjoint, 129 

formally self adjoint, 134 

m-dissipative extensions in Co(— 00,00), 


129-134 
m-dissipative extensions in L?(— 00,00), 
129-134 


m-dissipative extensions in C,[0,00) 
Cp.0[0, 00), 139-141 
m-dissipative extensions in L?(0, 00), 
139-141 
m-dissipative extensions in C[0, /], 
Co, Cy, Co, 1, 143-145 
m-dissipative extensions in L?(0,/), 
143-145 
variational form, 134 
Orthogonal of a set, 12 
Outer normal vector, 204 
Output (of a system), 479 


P(dX) (resolution of the identity associated 
with a normal operator), 18-19 
Pld 
p(P), 485 
B(A; P), B(A) (characteristic function of 
an operator-valued distribution), 485 
Paley—Wiener theorem, 105 
Parabolic partial differential equations, 
125-146, 187-266, 419-424 
analyticity of solutions, 187-199, 255-263 
boundary conditions, 135-136, 143-144, 
204-214 
compactness of solution operators, 263-264 
conservation of L'-norm of nonnegative 
solutions, 264 
in spaces of continuous functions, 131-133, 
141, 145, 244-245, 258-261 
in L? spaces, 131-133, 141, 145, 214-222 
in L? spaces, 131-133, 141, 145, 236-243, 
244-258, 419-424 
in one space variable, 125-146, 187-199, 
419-423 
in several space variables, 199-266, 
423-424 
nonnegative solutions, 263-264 
time-dependent, 419-424 
Partial differential operators (see Elliptic 
operators, Symmetric hyperbolic 
systems) 
Partition of unity (subordinate to a cover), 
205 
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Perturbations 
of the Dirac operator, 296-297 
of elliptic differential operators, 304-305 
of essentially self-adjoint operators, 290 
of infinitesimal generators, 338 
of m-dissipative operators, 286-290 


of the neutron transport operator, 279-280, 


285-286 
of operators in @, 290-292 
of operators in C,, 268-272 
of operators in C, (1,0), 286-290 
of the Schrodinger operator for | particle, 
292-293, 297-304 
of the Schrodinger operator for n particles, 
293-296 
of self-adjoint operators, 290, 301-302 
of self-adjoint operators by symmetric 
sesquilinear forms, 302 
singular, 340-345 
of stable families, 427 
Perturbation problem, 338 
Phillips adjoints (or #-adjoints), 77—80 
of elliptic partial differential operators, 
244-253 
of m-dissipative operators, 125 
of operators in C,, 77-80 
of operators in C, (1,0) 125 
of ordinary differential operators, 133-134, 
142, 146 
of strongly continuous semigroups, 77-80 
Poincare (asymptotic in the sense of), 71 
Poisson formula (abstract), 100 
Positive operators, 162 
Positive part (of an element in a Banach 
lattice), 160 
Positive propagators, 162 
Post formula (for inversion of Laplace 
transforms), 92 
Potentials 
Coulomb for | particle, 293 
Coulomb for n particles, 294 
with inverse quadratic singularities, 
300-304 
Principle of fading memory, 481 
Product integral, 425 
Projection, 17 
Propagators 
isometric in t > 0, 154-156 
isometric in — 00 <t<oo, 121-122 
isometric in Hilbert space, 159 
positive, 162-164 
of time-independent equations, 30 
of time-dependent equations, 382 
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Quasilinear equations, 112-115 
Quasi-reversibility methods, 344-345 


r, r(A) (spectral radius of an operator), 6 
R(A), R(A; A) (resolvent of an operator), 
2, 7-8 
p, P(A), (resolvent set of an operator), 2, 
7-8 
R(A), R(A; P) (resolvent of an operator- 
valued distribution), 485 
t, t(P) (resolvent set of an operator-valued 
distribution), 485 
tr, t(8; A), r(AQ), 186 
R”', m-dimensional Euclidean space 
R?, 239 
Real vs. complex spaces, 123-125 
Reflexive spaces, 5, 125 
Representation problem, 338 
Resolution of the identity for a normal 
operator, 18 
Resolvent 
of adjoint operator, 14 
analytic continuation of, 8-9 
of a bounded operator, 2 
of an operator-valued distribution, 485 
of an unbounded operator, 7 
Resolvent equation 
first, 8 
second, 9 
Resolvent set 
of adjoint operator, 14 
of a bounded operator, 2 
of an operator-valued distribution, 485 
of an unbounded operator, 7 
Reverse logarithmic region, 494 
Reversed Cauchy problem 
for the heat equation in a square, 350-352 
for abstract parabolic equations, 354-357 
by logarithmic convexity methods, 375 
Riesz potential operator of order — 1, 311 
Riesz representation theorem 
for L?(Q; w) spaces, 20 
for C(K), C,)(K ), Co(K ) spaces, 20-21 
Riesz transforms, 311 
Right (product) integral, 456 


S(t), S(t; A), 30, 80, 272 
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S(t; A) ¢, 307 

S, (1), 188, 261 

6, o(A) (spectrum of an operator), 2, 8 

$, 3(P) (spectrum of an operator-valued 
distribution), 485 
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8, 8(0; A), 186 
LK) 25K), 21-22 
X(— 00,00), 133 
42) 6236 

2=(~), 24(p), 175 
= 4(p —), 180 


x .(p, a), 2.(p —, a), 180 
S(R”), 5, 22 
5/(E), 471 
5, (E), 472 
&',(E), 472 
56((X; E)), 487 
Si ((X; ED) (CE; X))~', 493 
Shr Oe Leorveginsss 
Ss”, $0, 1), 204 
S$", 204 
Sg', 204 
Sato hyperfunctions, 505 
Scattering theory, 109-110 
Schrodinger equation 
abstract, 60 
conservation of norm of solutions, 40 
for a free particle, 39-41, 504 
for a particle, 292-293, 297-304 
for n particles, 293-296 
in L?(R”), 39-401, 292-296, 297-304 
in L?(R”'), 40-41, 504 
perturbation theory of, 292-304 
Self-adjoint operators, 17 
Semigroups 
analytic, 176-187 
contraction, 118 
discontinuous, 93—94 
discrete, 329 
generator of a discrete semigroup, 329 
hyperfunction, 505 
in the mildly well posed Cauchy problem, 
502-503 
infinitesimal generator of, 81, 505 
in linear topological spaces, 102 
isometric in ¢ > 0, 154-156 
isometric in — 00 <t<oo, 121-122 
isometric in Hilbert space, 159 
of class Co, 94 
of class (1, C,), 94 
of class (1, A), 94 
of class (0, C,), 94 
of class (0, A), 94 
of growth n, 94 
positive, 162-164 
special, 168 
strongly continuous, 80-86 
strongly measurable, 86 
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ultradistribution, 505 
uniformly continuous, 83, 85 
Semigroup equation(s), 63, 80 
generalized, 505 
Separable spaces, 15 
Sine functional equation(s), 99 
Singular differential equations, 110-111 
Singular perturbations, 340-345 
Sobolev imbedding theorems, 218-219, 234, 
249 
Sobolev spaces, 24-25 
Solution of an abstract differential equation 
explosive, 349 
generalized, 30, 113 
in t>0, 29 
in 00 <t<oo, 43 
mild, 88, 453, 455 
for time-dependent equations, 382, 387; 
definition (A), 395; definition (B) for 
homogeneous equation, 406; definition 
(B) for inhomogeneous equation, 415; 
definition (B’), 409; definition (C), 427; 
definition (D), 436, 440; definition (E), 
455 
weak, 30, 89, 406, 415 
Solution operator, see Propagator 
Special semigroups, 168 
Spectral measure, 17 
Spectral radius of an operator, 6 
Spectrum 
of an operator, 2, 
of a vector-valued distribution, 485 
Stability constants C, w (of a stable family), 
425 
Stable families of operators, 425 
State equation (of a system), 480 
State space, 94 
Stone’s theorem, 91 
Strong extension (of a symmetric hyperbolic 
operator), 167 
Strongly continuous (operator-valued) func- 
tions, 3 
Support 
of a function, 22 
of a vector-valued distribution, 464 
Symmetric operators, 16 
Symmetric hyperbolic systems 
with constant coefficients in L?(R”)”, 
43—45; in H*(IR")”, 45-46; in L?(R”™)”, 
49-50; L? and Cp estimates for 
solutions, 50-51 
with variable coefficients in L7(R”)”, 
146-154, 159; in H"(R’”’)’, 306-316 
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with time-dependent coefficients in 
E7CR™)".4371¢449=450; in HR)’, 
450-451 
Symmetric sesquilinear forms, 302 
Systems, system theory, 94-97 
causality, 479 
continuity, 479 
Green distribution, 480 
Huygens’ principle, 94-95, 507 
initial state, 480 
invertible, 480 
memoryless, 481 
Principle of fading memory for, 481 
reversible, 95 
state equation, 480 
time-invariant, 95, 480 
with finite memory, 481 


©(u) (duality sets), 118 
@ (duality map), 120 
tT, (translation operator), 477 
Test functions (spaces of) 
)(2), D, 22, 461 
©, 22, 470-71 
bounded sets in (2), 463 
bounded sets in 5, 471 
convergence in °)({2), 461 
convergence in 5, 470 
Time-dependent 
abstract differential equations, 381—460 
abstract parabolic equations, 390-419 
parabolic partial differential equations, 
419-424 
symmetric hyperbolic systems, 437-451 
Total variation |u| of a measure p, 21 
Tracey 219 
Translation operator in D’( E), 477 
Translation invariant operators in D’, (E), 
477 
Translation semigroups, 74-76 
Transmutation formulas, 105-108 
Triangle inequality in a Banach lattice, 161 
Trotter-Kato theorem, 337 
Truncation at zero, 481 


u* (element of dual space), 4 

u, (positive part of an element in a Banach 
lattice), 160 

u_ (negative part of an element in a Banach 
lattice), 160 

(u*,u), u*(u), (uu), 4 
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(u*, Uy, 193 
u V v (least upper bound of two elements 
in a Banach lattice), 160 
u / v (greatest lower bound of two elements 
in a Banach lattice), 160 
|u| (absolute value or modulus of an element 
in a Banach lattice), 160 
u,, => u (convergence in an approximating 
sequence of Banach spaces), 316 
U®u, 462 
U * V (convolution of two vector-valued 
distributions), 468-470 
Ultradistributions, 504 
Ultradistribution semigroups, 505 
Unbounded operators, 6 
Uniform boundedness theorem, | 
Uniformly bounded 
cosine functions, 170 
groups, 170 
semigroups, 170 
Uniform convergence on compacts of 
t>t(e), 342 
Uniformly elliptic partial differential 
operators, 214 
Uniqueness (of solutions of abstract 
differential equations), 104-105 
Unitary operators, 17 


V” (boundary patch), 205 
V' (interior patch), 205 
Vector-valued distributions, 461 
abstract parabolic, 494 
adjoint, 500 
bounded convergence, 468 
bounded sets in °)’(Q, E), 467; in 5’(E), 
471 
characteristic function, 485 
convergence in %)’(Q; E), 463; in5(E), 
471 
convolution in YD’, , 468; in 5‘,, 472; in 
5), 476 
convolution inverse, 480, 483 
derivative, 462 
fractional derivative, 477 
Laplace transform in 54(E), 473; of 
distributions with compact support, 
475 
resolvent set, 485 
resolvent, 485 
spaces of: %)’(2; E), D’( E), 462; D5( E) 
oD’ (E), D6(Q; E), 464; 
&'(E), &4(E), &§(Q; E), 464; 


’ 
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&'(E), 471; 54. (E), 472 5,(E), 473 
support, 464—465 
Volterra’s infinitesimal calculus, 425 


W1P?(Q), 24 

Wo”, 248 

Wi P(Q), 25 

WP(2)g, 235 

Wave operators, 109 

Weak convergence, 15-16 

Weak extension (of a symmetric hyperbolic 
operator), 167 
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Weak solutions (of abstract differential 
equations), 30, 89, 406, 415 
Weierstrass approximation theorem (by 
semigroup methods), 85 
Weierstrass semigroup, 116 


X= (Xho Keel oe. 


Yer 407 
Yosida approximation 
for time-independent equations, 92 
for time-dependent equations, 458 
Young’s theorem, 23 
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